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DS SPACETIME

dBackground is the (D +1)}dimensional de Sitter spacetime, which is
described by open coordinates foliated with time slices having constant
negative curvature |

Hyperbolic coordinates

,» Spacetime curvature o —> Curvature radius

d (D + 1)-dimensi0nal dS spacetime as a hyperboloid
UMNZMZN =—a’,M,N=0,1,...,D+1

in(D +2)-dimensional Minkowski spacetime with the line element

dsiy,, = MywdZ" dZ"



DS SPACETIME

Hyperbolic coordinates (¢,r,9, ) Inflationary coordinates (¢,7,.3, @)
9=(6,...0),n=D-2 (planar) 9=(6,...0),n=D-2
0< 71 < 00 —o0 < t[<< +00

0<t<oo 0<r<ow
0<O,<7 k=12,...n 0<¢<2r
ds’ =dt* — o’ sinh® (¢ / @) (dr” +sinh” rd 0%, )| | ds® =di; =& (dif + 17, )

0<O<7m k=1,2,..n 0<¢<2r

—t/a

Conformal time =» sinh(z/a)=-1/sinh(n/a) Inflationary = 7, =-qe

conformal time o< <0
ds® =sinh™ (77 / a) [dnz -a’ (dr2 +sinh® m’QfD_l )] h
i . ds* =(a/n,) (dn —dr’ —r7dQ},.,)

L)

Static spacetime foliated by constant L)
negative curvature spatial sections Conformally flat form
Relations between the inflationary t, = aIn[cosh(¢ / &) +sinh(¢/ &) cosh 7|

—)

and hyperbolic coordinates 7, =ae "'“sinh(¢/ o) sinh 7 4



GEODESIC DISTANCE

[ dS invariant function
u(x,x")=cosh(¢/ a)cosh(t'/ o) —sinh(¢ / ) sinh(¢' / a)w
w=w(r,r',0) =coshrcoshr' —sinh rsinh 7' cos &

g — angle between the directions determined by (,¢) and (&',¢")

2 _ 2 A, :771’_771
I/l(x,x’) — (Anl) |Ar1 | +1

f 2 2 2 !
20, |An ['= 71" +1" =251 cost

[ Geodesic distance

u(x,x")>1 == u(x,x")=cosh|d(x,x")/ ]
u(x,x)<1 wep u(x,x")=cos[d(x,x")/a]

d(x,x") — geodesic distance between two points ~ x=(%,7,4,4) and

xl — (t_!, rf, 19', ¢I)



SCALAR FIELD MODES

4 Field equation (E1+m2 + fR)gp =0 [ — d'Alembert operator

1 Hyperbolic (H-) vacuum F( Iy D2—1 . izj

2

¢, (x)=c,

|2

PF,, (cosh(t/@)) By (coshr)
2N (m,)a”

sinh*™?(t/a)  sinh”*'r Y(mp;9,¢) |Ca
_[p2/a_ _
P/ (x) — Associated Legendre function of the 1st kindl "~ \/D /4-ED(D+1)
Y(m,;3,¢) — Hyperspherical harmonics
1 Bunch-Davies (BD) vacuum

C 2 7T
(Da(x) ;3-)7/7211 H(l)(ﬂ““]l |)J (/,i’r)Y(mpa‘g ¢) ‘ |CIO'| o 4N(mp)OtD_1

ei(v—v*)ﬁ/Z

HO () ;. Hunkel function of the 1st kind

J,(y) — Bessel function

2 2
a

Ref:
(H-vacuum)

Ref:
(BD-vacuum)

—— A. A.Saharian and T. A. Petrosyan, Phys. Rev. D 104, 065017 (2021).

— K. A. Milton and A. A. Saharian, Phys. Rev. D 85, 064005 (2012) 6



HADAMARD FUNCTION

G(x,x") = Zal[goa (x)o. (") + ¢, (x") @ (x)}

' (04 ® D_l .
G(x,x)zz(zﬂ)mzj dZZF( 5 -I—le

Z = (cosh(t/ ) P, (cosh(f'/ a)) P2 (1)

J - iz—1/2

J H-vacuum
2

[sinh(¢/ &) sinh(¢' / a)](D -2 (W2 - 1)(13—2)/4

] BD vacuum

N F(D /2 + V)F(D /2 — v) PV(:/lz))/z (—u(x,x'))
GBD (X,X ) — (272_)(D+1)/2 o> | uz(x x,) _1 |(D—1)/4




CONFORMALLY COUPLED MASSLESS FIELD

c=(D-1)/(4D) m=0 — v=1/2

J H-vacuum
D-1

: » |sinh(n7 / &) sinh(n'/ &) e
G(x,x):z(_l)[ 2y gh ] 8ij dzs1nh(7zz)

2 1-D/2+n
xcos(zAn/ a) F(Dz_l —n +izj Betn D(_?Qz
1-D

n=0,1,2,...

(w2 —1) 4
|

G(x,x") = [Qst (1), (7')] 2 G, (x,x")
G, (x,x") — Hadamard function corresponding to static spacetime

, a T ((D-1)/2
 BD vacuum G (4,3") = ( )

D+1 D-1

(27[)T [1 - u(x,x’)]T

Q: (n)=sinh?(n/a)

O Further simplifications for odd and even values of D 8



ODD VALUES OF D

n=(D-3)/2 , D-1 D-3 .
~ [sinh(y/ea)sinh(n’' /)| 2 ( 0, )2 2¢/sinh¢
H_Vacuum ‘ G (x, X ) E : h 5 5 5 w = COSh é/
(—=27) 2 " sinh ¢ & —(An) /a
1-D -3
BD vacuum === G (x x') __“ 9, :
BD b D+1 u [}
(2ﬂ)7 1 —u(x,x)
Using the relations 2,
0, =—sinh(n/ a)sinh(n'/ o) — h§ - u(x,x") = C?Shg ~ COS.h(AU, / a)
We obtain sinh(77/ &) sinh(n"/ @)
D-1 D-3
Gy (5,27) = [sinh(n7/ ar)sinh(n' /)| 2 ( 0, )2 1
AT (_27[)% o> sinh { cosh{ —cosh(An/ a)
6 (') G (") = [sinh(r7 / &)sinh(iy'/ )] 2
Final expression mmm (=27)" ™

){ o jz 2¢ /sinhg 1
sinh & .{2—(A77)2/a2 coshd —cosh(An/a) |9



EVEN VALUES OF D

n=D/2-1
d H-vacuum b -
G(x,x') = —— 7 [sinh(77/ &r)sinh(i7'/ @)] 2
-2
xoD*! jow dztanh(zz)cos(zAn/a)P, ,,(w)
4 BD vacuum '™ D-1

sinh(r7/ &) sinh(77' / &)

Gpyp (x,x') = DI2 [

(—27)

xoP* ! LOO dzcos(zAn/a)P, ,,(w)

20077 . I =
Y [sinh(r7/ @) sinh(77' / @) ]

G (x, x') -Gy (x, x') =

Final expression

onw ;.08 (zAn/a) B2 (w_)2

2rz D
e +1 (W2 _ I)T 10



VEV OF FIELD SQUARED

<g02> =<¢2>BD lhm G(x x) Gyp (x x’)}

|ZXAx |
! I

divergent finite

. . . 2 . .
BD vacuum is maximally symmetric mmmp <€0 >BD does not depend on spacetime coordinates

1.EvenD lim P20 (w ) _ 27T (iz+(D-1)/2)

oy s [ ) (iz—(D—-3)/2)

D-2 D/2-2

2[asinh(t/ )] (=, z [+1/2Y
(%) =40 - (47)""T(D /2) 4z I 757 ) #1| — negative

[=0

. ° . ” ) _ 1
Expressed in terms of Riemann zeta function — | (s) = 1 j ~

0 " +1 11




VEV OF FIELD SQUARED

2.0dd D
<¢2> _ <¢2> ~ 2|asinh(t/ a)]

|
2r) 2 b,

() ={9" )y - 12[asinh(t/ o))"

1-D
© z

z
(472')D/2 F(D / 2) jO 82”2 _1 [=0

193:1,1?5_11 b 191,19 2497 b _ 14797

3077 63077 63007 " 20790

3. General D

2\ /2 _ B,
<¢ >_<§0 >BD [OtSinh(l‘/Of)]D_l

D-2  (D-3)2

1 pex’ —1
{(S): F(S)‘..O o dx, Res>1
b
2 e D-2
B, - 2(4r) J~ 7s i A, (Z)D
I'(D/2)% e +(-1)

AD(Z):ﬁ{(zH/z—{D/z}TH}

1=0 4
[ =D/2-2+{D/2}
{w} —— fractional part of W
12



VEV OF FIELD SQUARED: RINDLER COORDINATES

(dMinkowski spacetime
Rindler coordinates — (Tg, X,Xg), Xp = (xﬁ,---,xff)

Line element — dsﬁd = szflzz - dlz — dXZR

(JMassless scalar field

B
VEYV of the field squared — <¢2 >FR - <¢2 >M B ZDD_I
/ \
Fulling-Rindler Minkowski
vacuum vacuum

Ref: — A. A. Saharian, Class. Quantum Grav. 19, 5039 (2002)
(for FR vacuum)

13



VEV OF ENERGY-MOMENTUM TENSOR

A<Tik> = <Tl >_ <Tik>BD
/A<Zk> - J1im3,0,[G (') ~ Gy (x.) ]+ Ké —%j gV, V" = &V.V, - fR,.k}(<¢2> ~(0"),)

x'—>x

Finite \v — covariant derivative operator

1

2
R, =Dgy /@ —— Ricci tensor for the dS spacetime

JRenormalization 1s not required

Problem symmetry s { ( lk1> 1S azfunctlon of E)he time coordln.ate alone
A<Tl >: A<T2 >: = A<TD > ) [sotropic vacuum stresses

S0V (=0 = a(m)=-oafr)
0, | sinh”(t/ )A(T}) |

- Dsinh®'(¢t/ a)cosh(¢/ &)
14

Continuity equation === V, <Tik> = () —) A<T1>

1




VEV OF ENERGY-MOMENTUM TENSOR

ATy} ==DA(T})

diag(1,-1/D,---,—1/D
A< > - o [SinhD(t / a)A<TOO>] <Tk> i <Tik >BD G lag[(a sinh(¢/ 05)]1)+1 )
'/ Dsinh®(¢/ ) cosh(z/ )

dBD vacuum CED s

<T"k >BD - (D + 1)aD+1

) =a’" <T,~i>BD — Determined by the trace anomaly

l.EvenD — C® =0 = Trace anomaly is absent

2.0ddD — C®” =1/(2407%), C*™ =—5/(40327%), C'*™ =23/ (345607*)

Ref: —— E.J. Copeland, D.J. Toms, Class. Quantum Grav. 3, 431 (1986)

(for odd D) 15



VEV OF ENERGY-MOMENTUM TENSOR

d H- vacuum

l.EvenD —— C,=- 211 (ZZT/;/; 0 s Z:Z:iDJEZI)
Special case:  C, :_293727 [ﬂz§(3)+15§(5)}
I-D _-DI2 D
2.0ddD —— C,= _21”(1;[/ ! dZZezjinzl)
Special cases: C;=- 48(1)722 ,C. =— 604381()71'3
=D -DI2 DA (s
3. General D — C, =— T/ dzem +lz(_1))D

1

=0 z

AD(Z):ﬁKHIM—{D/z}jZH}

& (¥) —— Riemann zeta function

<0

Energy density in the H-vacuum 1s smaller than that for the BD vacuum

J. D. Pfautsch, Phys. Lett. B 117, 283 (1982)

—_—

Ref:
(for D=3)

16



DENSITY OF STATES

JH-vacuum

sinh ™" 7'(¢/ &) J-oodE E° A (aE)

— E=z/a
BD 2D_17Z'D/2F(D/2) 0 e27raE + (—I)D

Vacuum energy density —— <TOO> = <TOO>

!

BD vacuum is a thermal state with respect to H-vacuum with the temperature 7 =1/(27za)

Thermal distribution
Even D | Fermi-Dirac type
Odd D Bose-Einstein type

Number of states in the energy range (E,E +dE) p(E)dE
2E"" A (aE)
. E — D
Density of states p(E) (47" T(D /2)

17



DENSITY OF STATES: RINDLER COORDINATES

Density of states for spin-0 massless particles in Minkowski spacetime — Pwm (E)=p(E)/ Ay(aE)
Minkowski vacuum 1s a thermal state with respect to Fulling-Rindler vacuum

For even D the average number of particles 1s given by Fermi-Dirac distribution

dS spacetime ()  \[inkowski spacetime (in Rindler coordinates)
Conformal relation

Coordinate transformations (TR, X ,XR) = (n,r,3,9)

D-3
_n o 2 D2 :
TR= A= coshr—sinhrcosd,” w” =sin, coi%,..., w’ = COS&D;LI sind,
Xy = yw'sinhr,[=2,....D w? ™" =cosg] | sind, w” =sing] | sind
i=1 i=1
ds; =y’ (d772 /&’ —dr® —sinh’ m’Qf)_l) ds® = Q. ds;,
. 2
ds* =dt* — o’ sinh® (¢/ &) (dr’ + sinh® rd Q] ) 0> — (coshr —sinhrcos6))
: sinh? (/ &)

H-vacuum —)  y]ling-Rindler vacuum

conformal counterpart 18



FLAT SPACETIME LIMIT

dS spacetime (hyperbolic coordinates) flat spacetime limit Milne universe
ds® = dt’ —a’sinh’ (¢/ &) (dr® +sinh® rdQY}, ) e—)  ds..  =dt’ =t (dr’ +sinh® rd Q7 )
o —> 0

H-vacuum ) (Conformal vacuum
BD vacuum messsssss)  Minkowski vacuum

Assuming that the renormalizing VEVs in the Minkowski vacuum are zero,

B
<¢2 >M, Ren =0 <¢2 >Milne - _tD__Dl
c, ..
<T;k>M, Ren - O <T;k >Milne = tDl—i?l dlag (1’ _1 / D’ T _1 / D)
Ref: —> A. A. Saharian, T. A. Petrosyan, Symmetry 12, 619 (2020).

(for conformal vacuum) 19



ASYMPTOTICS

U Early stages of the cosmological expansion ¢— 0

R

()= (T, )y =55 ding(1L1/ D=1/ D)

dLate stages of the expansion >«

<¢2> _ <¢2 >BD ~ e—(D—l)t/a
(T~ (T ="

Scalar field with  m? + ER > () BD Vacuu.m 18 the future attractor for
cosmological solutions

Ref: — P. R. Anderson, W. Eaker, S. Habib, C. Molina-Paris, E. Mottola, Int. J. Theor. Phys. 40, 2217 (2001)
20



SUMMARY

U VEVs of the field squared and of the energy-momentum tensor are investigated for a scalar
field prepared in the H-vacuum of dS spacetime, for the general number of spacetime
dimensions

L Hadamard function is decomposed into two contributions:

BD vacuum contribution + Correlation of the vacuum fluctuations in two vacua

(1 Renormalization of the VEVs for the H-vacuum is reduced to the renormalization for the BD
vacuum state
 Important special case is considered:
Conformally coupled massless field

1 BD vacuum is a thermal state with respect to H-vacuum

U Thermal distribution is of Fermi-Dirac type for even D, and of Bose-Einstein type for odd D

U At late stages of expansion the difference between the VEVs in the H- and BD vacua is
exponentially suppressed

U At early stages of expansion the VEV of energy-momentum tensor is large and the
backreaction of quantum effects on the spacetime geometry should be taken into account

Ref: — | A. A. Saharian, T. A. Petrosyan, V. S. Torosyan, Ann. Phys. 437, 168728 (2022) 21




THANK YOU
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