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Phase diagram of strongly interacting matter

Figure from T. Kojo arXiv:1912.05326 [nucl-th]
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pQCD vs 2M⊙ compact stars

E. Annala, T. Gorda, A. Kurkela, J. Nättilä, A. Vuorinen, Nature Physics 16, 907 (2020)

Existence of parameterization consistent with pQCD and 2M⊙

⇓

Argument in favor of quark cores?
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Quark matter in supernova explosions

2M⊙ stars formation?
(accretion is too slow)

Supernovae with
progenitor mass ∼ 50 M⊙

Quark-hadron transition
stabilizes collapse

T. Fischer et al., Nature Astronomy 2, 980–986 (2018)

Deconfinement is a supernova engine for massive blue giants
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Hybrid quark-hadron EoS

Absence of a unified quark-hadron approach

⇓

independent modeling of quark, hadron EoSs

Phase transition construction (e.g. Maxwell)

pq(µB) < ph(µB) ⇒ hadron phase

pq(µB) > ph(µB) ⇒ quark phase

pq(µB) = ph(µB) ⇒ mixed phase
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Special points of the mass-radius diagram

Quark EoS

p =
ε

3
− 4B

3

B - bag constant

Variation of B

⇓

family of hybrid quark-hadron EoSs

Special point - narrow range of intersection of M-R curves

A. V. Yudin et al., Astron. Lett. 40, 201 (2014)
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Special points vs properties of hybrid EoS

Weak sensitivity to hadron EoS

M. Cierniak and D. Blaschke, Eur. Phys. J. ST 229, 3663 (2020)

Weak sensitivity to details of
quark-to-hadron transition

M. Cierniak and D. Blaschke, Astron. Nachr. 342, 819-825 (2021)

Sensitivity to quark EoS only

⇓

SP can be used in order to test
quark EoS
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Goal:

To probe properties of quark matter with SPs

based on a microscopic model
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False quark dominance in hybrid quark-hadron EoS

Hadronic EoS consistent with astro (DDf4) + NJL model

⇓

False quark onset already @ T ≃ 60 MeV

Hadron decays are energetically favorable

Mq ≃ 330MeV
Mω = 783MeV
Mρ = 775MeV

⇒
Mmeson > 2Mq

quarks are too light
to be confined

Effective quark “confinement” is needed
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Model

L = q(i /∂ − m̂)q − U + LV + LD

Scalar & pseudoscalar interaction channels

U – χ-symmetric density functional (details below)

Vector-isoscalar interaction channel

LV = −GV (qγµq)
2

(motivated by gluon exchange, stiff EoS needed to reach 2M⊙)

Diquark interaction channel

LD = GD

∑
A=2,5,7

(qiγ5τ2λAq
c)(qc iγ5τ2λAq)

(motivated by Cooper theorem, color superconductivity)
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Relativistic density functional

U = D0

[
(1 + α)⟨qq⟩20 − (qq)2 − (qi τ⃗ γ5q)

2
]κ

Parameters

D0 - dimensionfull coupling, controls interaction strength

α - dimensionless constant, controls vacuum quark mass

⟨qq⟩0 - χ-condensate in vacuum (introduced for the sake of convenience)

κ = 1/3 κ = 1
⇓ ⇓

motivated by String Flip model Nambu–Jona-Lasinio model

USFM ∝ ⟨q+q⟩2/3

ΣSFM = ∂USFM

∂⟨q+q⟩ ∝ ⟨q+q⟩−1/3 ∝ separation

Dimensionality

[U ] = energy4

[qq] = energy3 ⇒ [D0]κ=1/3 = energy2 = [string tension]

self energy = string tension× separation ⇒ confinement
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Expansion around ⟨qq⟩ and ⟨qi τ⃗ γ5q⟩=0

U = UMF︸︷︷︸
0th order

+ (qq − ⟨qq⟩) ΣS︸ ︷︷ ︸
1st order

− GS (qq − ⟨qq⟩)2 − GPS (qi τ⃗ γ5q)
2︸ ︷︷ ︸

2nd order

+ . . .

Mean-field scalar self-energy

ΣS =
∂UMF

∂⟨qq⟩

Effective medium dependent couplings

GS = −1

2

∂2UMF

∂⟨qq⟩2
, GPS = −1

6

∂2UMF

∂⟨qi τ⃗ γ5q⟩2
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Expansion around ⟨qq⟩ and ⟨qi τ⃗ γ5q⟩=0

U = UMF︸︷︷︸
0th order

+(qq − ⟨qq⟩) ΣMF︸ ︷︷ ︸
1st order

−GS (qq − ⟨qq⟩)2 − GPS (qi τ⃗ γ5q)
2︸ ︷︷ ︸

2nd order

+ . . .

Mean-field scalar self-energy

ΣS =
∂UMF

∂⟨qq⟩

Effective medium dependent couplings

GS = −1

2

∂2UMF

∂⟨qq⟩2
, GPS = −1

6

∂2UMF

∂⟨qi τ⃗ γ5q⟩2
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Comparison to NJL model

L = q(i /∂ − (m +ΣS)︸ ︷︷ ︸
effective mass m∗

)q + GS(qq)
2 + GPS (qi τ⃗ γ5q)

2 + · · ·+ LV + LD

Similarities:

- current-current interaction
- (pseudo)scalar, vector, diquark, ... channels

Differences:

- high m∗ at low T , µ ⇒ “confinement”

⟨qq⟩ = ⟨qq⟩0 ⇒ m∗ = m − 2G0

3α2/3⟨qq⟩1/30

⇓

m∗ → ∞ at α → 0

- medium dependent couplings:

low T , µ, ⇒ GS ̸= GPS ⇒ χ-broken
high T , µ, ⇒ GS = GPS ⇒ χ-symmetric

T = 0

m
*	
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Model setup

(Pseudo)scalar interaction channels

(chiral condensate & π, σ mesons)

Pseudocritical temperature

Tc = 163 MeV

2m*
Mπ
Mσ

[M
eV

]
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T	[MeV]
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low T: 2mquark > Mπ,Mσ

(stable mesons, confined quarks)

high T: 2mquark < Mπ,Mσ

(unstable mesons, deconfined quarks)

Vector repulsion channel (ω-meson)

Mω = 783 MeV ⇒ ηV ≡ GV

GS
= 0.452

Diquark pairing channel (Fierz transformation) ηD ≡ GD

GS
= 1.5ηV = 0.678
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High density asymptotic at constant GV and GD

GV ̸= 0

p → GV ⟨q+q⟩2 ∝ µ2
B , c2S → 1

GV = 0, GD ̸= 0

p → GD |⟨qc iγ5τ2λ2q⟩2| ∝ µ6
B , c2S → 1

5

Perturbative QCD

p → 0.8pSB ∝ µ4
B , c2S → 1

3

A. Kurkela, P. Romatschke, A. Vuorinen, Phys. Rev. D 81, (2010)

Medium dependent couplings?
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High density asymptotic at constant GV and GD

GV ̸= 0

p → GV ⟨q+q⟩2 ∝ µ2
B , c2S → 1

GV = GI = 0, GD ̸= 0

p → GD |⟨qc iγ5τ2λ2q⟩2| ∝ µ6
B , c2S → 1

5

Perturbative QCD

p → 0.8pSB ∝ µ4
B , c2S → 1

3

A. Kurkela, P. Romatschke, A. Vuorinen, Phys. Rev. D 81, (2010)

Medium dependent couplings?
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Effective repulsion from non-perturbative gluon exchange

Fock energy with Dgluon ∝ 1
k2−M2

gluon

εrepulsion = GV ⟨q+q⟩2 with GV =
4παs/3

9M2
gluon + 8k2

F

, αs − frozen

Y. Song, G. Baym, T. Hatsuda, and T. Kojo Phys. Rev. D 100, 034018 (2019)

Density dependent coupling

kF =

(
6π2⟨q+q⟩
2 · 2 · 3

)1/3

⇒ GV =
G vacuum
V

1 + 8
9M2

gluon

(
π2⟨q+q⟩

2

)2/3

High density asymptotic

εrepulsion ∝ ⟨q+q⟩4/3 ⇒ c2S → 1

3
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Medium dependent couplings

GV (nV ) = G vacuum
V · f (nV ), GD(nD) = G vacuum

D · f (nD)

nV = ⟨q+q⟩, nD = |⟨qc iτ2γ5λ2q⟩|

Medium dependence

f (n) =

[
1 +

8

9M2
gluon

(
π2n

2

)2/3
]−1

Rearrangement terms (needed for thermodynamic consistency)

⟨f +f ⟩ = − ∂Ω

∂µf

⇓

Ω → Ω−ΘV +ΘD with Θi =

ˆ ni

0

dn n2
∂Gi (n)

∂n
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Asymptotically conformal EoS (symmetric matter @ T=0)

Conformal matter

ε ∝ µd+1 ⇒ c2S → 1

3
, δ ≡

Tµ
µ

3ε
=

1

3
− p

ε
→ 0

c S2
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Conformality is reached at µB/3 ≫ Mgluon
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Asymptotically conformal EoS of neutron stars

Setup: electric neutrality, β-equilibrium, Maxwell construction with DD2 EoS

Scanning over ηV = GV

GS

∣∣
vacuum

and ηD = GD

GS

∣∣
vacuum

The ω-meson value of ηV and the Fierz value of ηD
prefer early deconfinement?
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Speed of sound
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Mass-radius diagram

Observational data prefer early deconfinement?
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Tidal deformability

Observational data prefer early deconfinement?
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Conformality in neutrons stars?

Speed of sound

c2S = 1
3 in conformal matter

Compression modulus

KNM = 9n2B
∂2

∂n2B

E
A

KNM = − 3µB

2 < 0 in conformal matter

Both c2S and KNM contradict
conformality in neutron stars
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Summary of quark EoS

Phenomenological “confinement”

p ≃ −B at small densities

Asymptotically conformal

p ∝ µ4
B at high densities

Color superconductivity

correction ∝ µ2
B∆

2

ABPR-like parameterization (Mgluon = 600 MeV)

p = A4µ
4
B +∆2µ2

B − B

A4, ∆, B depend on ηV , ηD

C. Gärtlein et al., 2301.10765 [nucl-th]
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Special points of the mass-radius diagram

Variation of ηD at fixed ηV

⇓

Special point

SPs are equidistant

Mmax and Monset are anticorrelated

Mmax – observationally constrained

Monset – controlled by ηV , ηD
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Mmax, Monset and special point

Onset mass

Monset is controlled by ηV , ηD

Maximum mass

Mmax = MSP + δ |M∗
onset −Monset|2

δ depends on ηV and ηD

M∗
onset = 1.245 M⊙ - universal

C. Gärtlein et al., 2301.10765 [nucl-th]

ηV	=	0.23
ηV	=	0.29
ηV	=	0.35

M
m

ax
	[M

⊙
]

1.95

2

2.05

2.1

2.2

2.25

2.3

Monset	[M⊙]

0.25 0.5 0.75 1 1.25 1.5

Oleksii Ivanystkyi Compact stars and special points



Constraining vector and diquark couplings

No vacuum color-superconductivity

ηD < 0.78

O. Ivanytskyi, D. Blaschke, PRD (2022)

Mmax = 2.08+0.07
−0.07M⊙

E. Fonseca et al., Astrophys. J. Lett. 915, L12 (2021)

Not too early deconfinement

nonset > nsaturation

Stability of the quark branch
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Mω = 783 MeV ⇒ ηV = 0.452

Are the couplings constrained to the small region
suggesting Monset < 0.5M⊙ and Mmax > 2.4M⊙?
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Conclusions

Effective ”confining” chiral model with color superconductivity is derived
based on the χ-symmetric density functiobal

Medium dependent quark-meson couplings provide conformal limit

Neutron star matter is unlikely to be conformal

Simple analytical parameterization of the model

Constraint on the parameters of quark matter, suggesting an early
deconfinement and heavy compact stars
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Hyperon puzzle

Hyperons soften EoS, prevent neutron stars from reaching 2M⊙
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Context: Density functional theory

(Dirac)Brueckner-Hartree-Fock T-, G-matrix based theories

⇕

Density functional theory

Many body problems

Quantum chemistry

Skyrme-type models for nuclear physics

String Flip model for quark matter

...

Oleksii Ivanystkyi Compact stars and special points



Bosonization

Hubbard-Stratonovich transformation

exp

[ˆ
dx G (qΓ̂q)2

]
=

ˆ
[Dϕ] exp

[
−
ˆ

dx

(
ϕ2

4G
+ ϕqΓ̂q

)]
Vertexes: Γ̂S = 1 ⇒ scalar-isoscalar σ-field

Γ̂PS = iγ5τ⃗ ⇒ pseuscalar-isoscalar π⃗-field

Γ̂µV = γµ ⇒ vector-isoscalar ωµ-field

Γ̂µI = γµτ⃗ ⇒ vector-isovector ρ⃗µ-field

Γ̂AD = iγ5λAτ2 ⇒ scalar diquark ∆A-field

Bosonized Lagrangian (m∗ = m+ΣS - effective mass, QT = (q qc)/
√
2)

L+ q+µ̂q = QŜ−1Q − σ2

4GS
− π⃗2

4GPS
+

ω2

4GV
+

ρ⃗2

4GI
−∆A∆

∗
A

4GD
− UMF + ⟨qq⟩(ΣS + σ)

Ŝ−1 =

(
Ŝ−1
+ i∆Aγ5τ2λA

i∆∗
Aγ5τ2λA Ŝ−1

−

)
, Ŝ−1

± = i /∂−m∗−σ−iγ5π⃗·τ⃗±(γ0µ̂+/ω+/⃗ρ·τ⃗)
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Mean field

Field equations for σ and π⃗{
σ = 2GS(⟨qq⟩ − qq)
π⃗ = −2GPSqi τ⃗ γ5q

⇒ ⟨σ⟩ = ⟨π⃗⟩ = 0 ⇒ σ, π⃗ − beyond MF

comment: ⟨σ⟩ = 0 does not assume χ-symmetry since ⟨qq⟩ ≠ 0

Thermodynamic potential

⟨ωµ⟩ = δµ0ω, ⟨ρaµ⟩ = δµ0δa3ρ, |⟨∆A⟩| = δA2∆

⇓

Ω = − 1

2βV
Tr ln(βŜ−1)− ω2

4GV
− ρ2

4GI
+

∆2

4GD
+ UMF − ⟨qq⟩ΣS

Vector fields, diquark gap, χ-condensate

∂Ω

∂ω
= 0,

∂Ω

∂ρ
= 0,

∂Ω

∂∆
= 0, ⟨qq⟩ =

∑
f

∂Ω

∂mfOleksii Ivanystkyi Compact stars and special points



Superconductivity onset

Single quark energy and distribution

E±
f = sgn(Ef ∓ µf )

√
(Ef ∓ µf )2 +∆2

f ±f = [exp(E±
f /T ) + 1]−1

Gap equation

∂Ω

∂∆
=

∆

2GD
− 2∆

∑
f ,a=±

ˆ
dk

(2π)3
1− 2f af

E a
f

= 0

⇓

two solutions : ∆ = 0 or ∆ ̸= 0

Two solutions coincide ⇒ SC onset

∂2Ω

∂∆2

∣∣∣
∆=0

= 0 ⇒ µB = µB(GD)

T = 0

No vacuum superconductivity

⇓
ηD ≲ 0.78

(agrees with the Fierz value)
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Asymptotic of pressure

Perturbative QCD: p/pSB ≃ 0.8, δ → +0 in symmetric matter

Scanning over MgD vs MgV at different ηD

p∞/pSB

0

1

2

3

4

5

6
1.0 0.8 0.6 0.4

ηD	=	0.45

M
gD

	[M
eV

]

0

200

400

600

800

1000

MgV	[MeV]

0 100 200 300 400 500

p∞/pSB

0

1

2

3

4

5

6
1.0 0.8 0.6 0.4

ηD	=	0.75

M
gD

	[M
eV

]

0

200

400

600

800

1000

MgV	[MeV]

0 100 200 300 400 500

hatchet region: δ → −0 - contradiction with pQCD

MgV ≃ 400 MeV and MgV ≃ 800 MeV?
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How to define GV , GI and GD?

Mesonic correlations

L = ...+ q(σ + iγ5π⃗ · τ⃗ + /ω + /⃗ρ · τ)q − σ2

4GS
− π⃗2

4GPS
+

ω2

4GV
+

ρ⃗2

4GI

D−1
i (p2) = 1

2Gi
− - one-loop mesonic propagator

D−1
i (M2

i ) = 0 ⇒ mesonic masses

Fierz transformation - rearrangement of Dirac, color and flavor indexes

coefficients - proportional to couplings

GS : GV : GI : GD = 1 : 0.5 : 0.5 : 0.75
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Phase diagram (Q-neutral, β-equilibrium, Mgluon → ∞)

Normal quark matter

2 spin × 2 flavor × 3 color =12

2SC quark matter

2 spin × 2 flavor × 1 color+1=5

Quark pairing reduces
number of quark states

⇓

requires higher T
along adiabat
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