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QCD Phase diagram (Prediction)
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Where are the critical point and the phase transition line?
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Predicted critical points
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Where are the critical point and the phase transition line?
Lattice QCD at finite density: Existence of the sign problem
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Monte Carlo Method

Grand canonical partition function 5S¢ : Gauge action
D(pq) : Fermion matrix

Ny —S
Zace(pq) = /DU det D(pq)] €77 [tq : Quark chemical potential
Ny : # of flavors

Expectation value of an arbitrary operator

() / DU [det D(ji)]* e=5¢ O [U]

Ha ZGC ,uq

Degree of freedom for Gauge field “U”: (lattice size)x4x8

very large number integrations => impossible!
Monte Carlo Method

(O), = Jim ZO ] with Probability: [det D(y,)]* e=56
(importance sampling)
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S : Gauge action

Sig n P."Oblem D(ptq) : Fermion matrix

Ny : # of flavors
Monte Carlo Method _ _
(importance sampling)
(O)y, = lim_— Z O [U:] with Probability: [det D(u,)]" e=5¢

Hg = Real value O
pq 7 0 Complex value X (Sign Problem)
D(,qu) = Dyyy +m+ Hq™0
D(uq)t = —Duyy +m + pivo = vsD(—p)vs
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SG: Gauge action
Sig n PrOblem D(ptq) : Fermion matrix
N Ny : # of flavors
Monte Carlo Method | |
(importance sampling)
Oy, = MmN Z O [Ui] with Probability: [det D(y,)]"* e™5¢

Chemical

potential det D(p1q) Monte Carlo Method
fq = Real value O
g 7 0 Complex value % (Sign Problem)
Pure __ 5
Imag. Mg = tHql Real value O
D(p
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QCD Phase diagram (Prediction)
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Fourier transformation
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det D(iptqr)]" = det D(ipgr) O [det D(ug)]" = det D(—p1) P2

Pure imaginary chemical potential: #q = #q1
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Canonical Approach

Fugacity expansion

Grand Canonical partition function
Zac(pg, T, V) = Tr (e_(ﬁ_“qN)/T)
= Z (n| o~ (H—pgN)/T In)

n

= Z (n| e H/T n) emta/T

= Y Z(n,T,V)E" Fugacity: ¢ = etd/T

Canonical partition function
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Canonical Approach

Fugacity expansion

Grand Canonical partition function
Zac(ug, T,V) = > Zn,T,V)E"  Fugacity: & = ete/T

n=—aoo

Canonical partition function

Fourier transformation

A. Hasenfrantz & D. Toussaint,
Nucl. Phys. B371 (1992)

27 d T _
Z(nv T, V) — / (Iu;[/ ) e_anQI/TZGC (:uq — i/Lq], T, V)
O 7-‘- A

We can calculate Z;¢ with Monte Carlo
Method at pure imaginary p,.

[det D(ipqr)]” = det D(ipqr)
M. Wakayama 11/32




History

Basic Idea of Canonical Approach
A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)

X Numerical instability of (discrete) Fourier transformation
Sign Problem ? = No, this is caused by cancelation
of significant digits !
R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

1.234567890123456 — 1.234567890123455 = 0.0000000000000011
(16 significant digits) (1 significant digits)

l Multiple-precision arithmetic

1.23456789012345666666666
— 1.23456789012345555555555 = 0.000000000000001111111111

(24 significant digits) (10 significant digits)
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History

Basic Idea of Canonical Approach
A. Hasenfrantz, D. Toussaint, Nucl. Phys. B371 (1992)

X Numerical instability of (discrete) Fourier transformation
Sign Problem ? = No, this is caused by cancelation

of significant digits !

| — | ~ R.Fukuda, A.Nakamura, S.Oka, PRD93 (2016)

) A In double-precision arithmetic,
107 | digit— ] . . e 5o

X Nagie=5000 cancelation of significant digits
L0100 | occurs at high n region.
N=
T In multiple-precision arithmetic,
g2 | / we can evaluate Zn up to high n
4=1.80 region with accuracy.

102%° a=0.93

0 50 100150200250 300 350400450500
n
M. Wakayama 13/32



Number density formulation

, V.G. Bornyakov et al.,
How to calculate Zcc(pg = ipgr, T,V) PRD95, 094506 (2017)

Quark number density

Mg 1 0
—= = InZ
T3 VT2 op, = °°
1 / s 1 0D
= DU det D(jig) e ¢ T [D
VT3 Zac 1 Oug/T)
C T/T=0.99 —
- 55
067 ' Mg = Mgl 0 = %
m':T, 0.4 ) i ] _ _ _
- e Approximated by a Fourier series.
02t /S . L ]
e N n Nein
or TN qI Z fi. sin(k0)
0 01.2 01.4 O‘.6 0‘.8 1
qu/T
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Outline

Lattice QCD

Number density formulation

ng(pg = iper, T, V) v Bornyakov et al., PRD95(2017)

Ng 1 0
= In Z
T3  VT?dpu, Heae

ele (Mq = g1, 1, V)

% Fourier transformation

Z(n,T,V)

¥

Zac(pg, T, V)

= Y Zn,T,V)E"| ¢ =etalT

n=—oo

If we get Z, for all n, we can search at ANY density!

M. Wakayama
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Outline

Lattice QCD
: Number density formulation
ng(pg = iper, T, V) v Bornyakov et al., PRD95(2017)
Ng 1 0

= In Z
T3  VT?dpu, Heae

ZGC (Mq — ’qua T, V)
% Fourier transformation

Z(n,T,V)
%me

Zac(pg, T.V) = Y Zn,T,V)e"| &= eta/T
n=—Nmax

In numerical calculations, n is finite.

M. Wakayama 16/32



Lee-Yang Zeros

Zeros of Zgc called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.

T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)
Nmax

Zaolug T,V) = Y Zm,T, V)" =0 | &
n=—Nmax P %
There are 2N, LYZs "
in the complex ¢ = e#¢/T plane. )
0 T
?
N, .x ~ small
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Lee-Yang Zeros

Zeros of Zgc called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.

T.D. Lee & C.N. Yang, Phys. Rev. 87, 404&410 (1952)
Nmax

Zaolug T,V) = Y Zm,T, V)" =0 | &
n=—Nmax
There are 2N, LYZs ®%x
in the complex ¢ = e#¢/T plane. % )
0 ® 1 ~
% x % >

N...x ~ large
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Lee-Yang Zeros

Zeros of Zgc called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.
T.D. Lee & C.N. Yang, Phys. Rev. 87, 4048410 (1952)

| £

|

Nmax
Zao(pg, T, V) = Y Zn,T, V)" =0
N

N=——I1Nmax

There are 2N, LYZs
in the complex ¢ = e#¢/T plane.

Cey )

Phase Transition
N ax ~ infinity
(V ~ infinity)
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Lee-Yang Zeros

Zeros of Zgc called Lee-Yang Zeros contain a valuable

information on the phase transitions of a system.
T.D. Lee & C.N. Yang, Phys. Rev. 87, 4048410 (1952)
Nmax

Zao(ug, T,V) = Y Z(n,T,V)E" =0 \ £
N

|
There are 2N, LYZs
in the complex ¢ = e#¢/T plane. 7% R

Z(n) properties ,&0"; I
Zn,T,V)=Z(—n,T,V) ¢ o ¢!
Z(n,T,V) : Real values £ & & |

i1 (Temperature)

Phase Transition
N ax ~ infinity

——y e'uq/T o o - -
; * (V ~ infinity)
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Outline

Lattice QCD
: Number density formulation
ng(pg = iper, T, V) v Bornyakov et al., PRD95(2017)
Ng 1 0

= In Z
T3  VT?dpu, Heae

ZGC (Mq — ’qua T, V)
% Fourier transformation

Z(n,T,V)
%me

Zac(pg, T.V) = Y Zn,T,V)e"| &= eta/T
n=—Nmax

¥

Lee-Yang zeros

M. Wakayama Phase transition point 21/32




N...x. dependence (T/T.=0.99)
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As N_.., increases, right edges of LYZs
approach to the real positive axis.

Phase transition point: uz/7 ~ 3-3.5 ?
M. Wakayama

M.W., V. Bornyakoy,

D. Boyda, V. Goy,

H. lida, A. Molochkov,

A. Nakamura, V. Zakharoy,
PLB793, 227 (2019)
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N...x. dependence (T/T.=0.99)
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As N,..,. increases, right edges of LYZs D. Boyda, V. Goy,

ags - H. lida, A. Molochkov,
approach to the real positive axis. A. Nakamura, V. Zakia

Phase transition point: ig/7" ~ 3-3.5 ? PLB793, 227 (2019)
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Outline

NJL model Lattice QCD
ng(pg = thqr, T') ng(pg = tpqr, T, V)
ng 1 0 n 7
T3 VT2 Oq e
Zac(pg = tqr, T,V)
We can check whether % Fourier transformation
the canonical approach [7, 7 1)
works well or not from %
the NJL model. N oo
Zac(ug, T,V) = Y Z(n,T,V)E"|  &=etd/T
NJL model s Nmax

¥

N Lee-Yang zeros

M. Wakayama Phase transition point 23/32
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Susceptibility in the NJL model

_ 1dng oo s+ Two-flavor NJL
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Critical Point: (T,ug) ~ (49,981) [MeV]
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Phase transition of the NJL model

1% Two-flavor NJL
X5 90, G=5.5GeV-2
00 = m,=5.5MeV
xBT/A® x 10 0 N=631MeV
> 60
q)
z .. CP
C 40
20
0
800 900 1000 1100

Real /g [MeV]

Critical Point: (T,ug) ~ (49,981) [MeV]
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Number denS|ty In the NJL model

0.28
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/6 /3 /2 27/3 57/6 T

[0 T=79 [MeV]

T=59 [MeV]
O T=49 [MeV]
* T=39 [MeV]
+ T=29 [MeV]

Hzluql/T

Number density formulation (V. Bornyakov et al., PRD95(2017))

Ng 1

8 Nsin

T3 — VT2 8,LLq In ZGC ~ Z fk; Sln(ké’)

k=1

M. Wakayama

Number density

Ng 1 0

o _ - Y

T8~ VT2 gy, 400
g — i
Hqg — gl

We fit the number density as it
was done in the lattice simulations.
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N..x. dependence of ng (T=T,)

ol T=49 [MeV] 4 Exact ng calculated
vT3=23 ¢ | at the real pg region
50 Nsin=4 ’
40 Nmax=1000
" Nmax=0900
~ 30 Nmax=0700
< Nmax=0600
20 Nmax=0500
= o tNmax=0400
Nmax=0300
10 5. s N 2X=0200
< Nmax=0150
0 ¢ . : S R~ Nmax=0100

pe/T
Under the phase transition density, exact ng calculated at

the real pg region can be reconstructed from the results of
the canonical approach of N,,..,=200.
M. Wakayama 27132



Nax dependence (T=T;,)

y X T= 49[MeV]
: : =

X 4 sin —

0.005 | = “

Im[&,]

X Npax=0064
X *k N,,ax=128
* N,,.x=192
+ N, ,,ax=256

-0.005 0.0 CP 0.005

Re[¢g]

As N_.., increases, edges of LYZs approach to the real axis.

But we find that for the finite Nsin, edges of LYZs pass over
the expected CP.

M. Wakayama 28/32
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Schematic flows of the edges of LYZs

N;,: small
Ng;,,: medium
Ng;,: large
'J\T/" sin+ OC
£
Grand canonical partition function
Nmax
Zao(pg, T,V) = > Z(n,T,V)E"
n=—Nmax
0 L Integration method
0

el

Nsin
=a(0) o > fusin(k6)
k=1
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N..x.dependence (T =T_,)

0.005
T=49[MeV] + N,,.x dependence 5 — eluq/T
3 43 from 32 to 512
0.004 | VT =2
] Nsin=4 0 ono -
/ Grand canonical partition function
0.003 —a(bxg-cxg )/ (x+a Nmax
I_CI' y-l-bﬁ:—)(:o)‘sci)/(—(xj)_z ) ZGC(:LquT’ V) - Z Z(n’T’ V)é’n
L n=—Nmax
E- 0.002 :
= ; Integration method
0.001 o 1 9 in
y=b(x-xp)+c(x-x)” T(é = VTR o InZge ~ Z fr sin(k6)
0.0 e St
.......... CP 2ot = 0:33
] £ ' M.W., A. Hosaka,
0.0 0.002 0.004 0.006 PLB975, 548 (2019)
Re[¢q]

We have succeeded in subtracting a term associated with finite N,
effect from the fitted function. The resulting curve represented the dotted
curve nicely reproduces the expected critical point (CP) in the NJL model.
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N..x.dependence (T <T.,)

-5
9'10_5 T=29[MeV] + Npnax dependence T=39[MeV] T Niax dependence
8-10 vT3=23 from 32 to 512 vT3=23 from 32 to 512
7107 | Ng,=2 Ngin=3
6.10° L 2 0.001 2
—_— 5.10_5 Y—ab( Xg-CXg )/(X+25‘) —_ y=a(bxq-cxg )/(X+2a)
Iﬁ' \ 10-5 +b(x-x¢)+c(x-xo) g +b(x-xg)+c(x-%p)
g 3.107° é 0.0005
2.10°° y=b(x-xo)-+e(xx0)’ _AG=b(xxg)+c(xx0)’
1.10° -
010" 35 2/dof = 0.52 0.0 & 2/dof = 1.03
) 10_5 Xs/4o . VU = PTP x</dot = 1.
0,100 2.10‘5 4,10‘5 6'10-5 8-10-5 1,10‘4 0.0 0.0005 0.001 0.0015
Re[¢,] Re[{q]

This extrapolation procedure works well to obtain
the expected phase transition points (PTP).
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N..x. dependence (T > T,,)

— + N,,..x dependence T=79[MeV 1 Npax dependen
0.014 \'|;T51=9[2|\3/|GV] from 32pto 512 0.06 VT3=[23 eV] from 32ptO 51
0-012 Nsin=5 Nsin=7
0.01
_ 2 . 0.04
<% 0.008 y=ab§bxo-‘)3xo z/(x'l)‘za) "3
—= +b(x-xg)+c(x-x p—
£ 0.006 AR £
. - 0.02
0.004
0.002 e
y=b(x—x0)+c(x—x0.)..~' 0.0 PP.TP .
0.0 PPTP o y=b(x-x0) +c(x-x))”
0.0 0.004 0.008 0.012 o0.016 0.0 0.02 0.04 0.06 0.08
Re[¢,]  y2/dof = 29 Re[¢,] x¥dof = 1586

This extrapolation procedure does not work well to obtain
the expected pseudo phase transition points (PPTP),
which is consistent with the disappearance of PTP.
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Summary

@® We studied Lee-Yang zeros for Z, obtained from the
canonical approach in lattice QCD and the NJL model.

@® The phase transition points can be roughly estimated
from lattice QCD.

® We found the reasonable extrapolation procedure of the
edge of LYZs in the NJL model.

Future work

@® Other Example: Polyakov-loop-extended NJL model
-- It has the Roberge-Weiss symmetry.

@ Realistic lattice QCD calculations
and determine the QCD phase transitions
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