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Introduction QCD sum rules In-medium FESR Summary

Goal: reliable framework of in-medium QCD sum rules for vector mesons
⇒ constraints for the in-medium spectral properties

Motivation

} Spontaneous chiral symmetry breaking:

I quark condensate: 〈q̄q〉 , 0

I Goldstone bosons: π, K, etc.
pion decay constant: fπ ' 92.4 MeV

I mass splitting of chiral partners
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} Chiral symmetry restoration in nuclear medium:

I degenerate chiral partners⇒ modifications of hadron spectrum
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Restoration scenarios in medium

} Pole mass shift:

I masses of parity partners degenerate in medium.
I moving toward each other or going to zero (Brown-Rho).

Brown & Rho [ PRL 66, 2720 (1991) ]

} Width broadening:

I in-medium spectral functions are broadly distributed.
I the continuum merges the broadened spectral distributions.
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Figure 5: Left panel: vector and axialvector spectral functions as measured in hadronic
τ decays [50] with model fits using vacuum ρ and a1 strength functions supplemented
by perturbative continua [70]; right panel: scenarios for the effects of chiral symmetry
restoration on the in-medium vector- and axial-vector spectral functions.

does the dilute hadronic resonance gas rate evolve into the chirally restored, deconfined
QGP rate? At sufficiently low temperatures and/or baryon densities virial expansions in
a hadronic basis can provide initial insights. With increasing T and ̺B resummations
become necessary for which many-body approaches are a suitable tool. It is currently
an open question how far up in ̺B and T these calculations are reliable. Selfconsistent
schemes are, in principle, capable of describing phase-transition dynamics, which, ideally,
could be constrained by unquenched lattice-QCD calculations of the dilepton rate below
Tc (energy sum rules turn out to be particularly useful to connect spectral functions to
order parameters). Eventually, in the high-temperature limit, the LMR rate should recover
perturbative qq̄ annihilation, where a systematic evaluation of corrections becomes feasible
again. The remainder of this section is devoted to a discussion of these approaches. With
hindsight to Sec. 4, we will focus on models for which quantitative applications to dilepton
observables have been made, with the isovector (ρ) channel playing the leading role. In the
following, for brevity, we refer to the IJP =11± chiral partner channels as vector (V ) and
axialvector (A) ones. In the vacuum, both can be well represented by a low-lying resonance
pole (ρ and a1) and a continuum above, see left panel of Fig. 5. Two schematic scenarios
for the degeneration of vector and axialvector channels at chiral restoration (“dropping
mass” and “resonance melting”) are sketched in the right panel of Fig. 5.

3.2 Medium Effects I: Model Independent

In principle, model-independent assessments of medium effects do not involve free param-
eters. These can be realized by virial expansion schemes based on experimental input for
vacuum spectral functions (valid for dilute hadronic matter), perturbative QCD calcula-
tions (valid in the high-T limit) or first-principle lattice QCD computations.
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Figure 5: Left panel: vector and axialvector spectral functions as measured in hadronic
τ decays [50] with model fits using vacuum ρ and a1 strength functions supplemented
by perturbative continua [70]; right panel: scenarios for the effects of chiral symmetry
restoration on the in-medium vector- and axial-vector spectral functions.

does the dilute hadronic resonance gas rate evolve into the chirally restored, deconfined
QGP rate? At sufficiently low temperatures and/or baryon densities virial expansions in
a hadronic basis can provide initial insights. With increasing T and ̺B resummations
become necessary for which many-body approaches are a suitable tool. It is currently
an open question how far up in ̺B and T these calculations are reliable. Selfconsistent
schemes are, in principle, capable of describing phase-transition dynamics, which, ideally,
could be constrained by unquenched lattice-QCD calculations of the dilepton rate below
Tc (energy sum rules turn out to be particularly useful to connect spectral functions to
order parameters). Eventually, in the high-temperature limit, the LMR rate should recover
perturbative qq̄ annihilation, where a systematic evaluation of corrections becomes feasible
again. The remainder of this section is devoted to a discussion of these approaches. With
hindsight to Sec. 4, we will focus on models for which quantitative applications to dilepton
observables have been made, with the isovector (ρ) channel playing the leading role. In the
following, for brevity, we refer to the IJP =11± chiral partner channels as vector (V ) and
axialvector (A) ones. In the vacuum, both can be well represented by a low-lying resonance
pole (ρ and a1) and a continuum above, see left panel of Fig. 5. Two schematic scenarios
for the degeneration of vector and axialvector channels at chiral restoration (“dropping
mass” and “resonance melting”) are sketched in the right panel of Fig. 5.

3.2 Medium Effects I: Model Independent

In principle, model-independent assessments of medium effects do not involve free param-
eters. These can be realized by virial expansion schemes based on experimental input for
vacuum spectral functions (valid for dilute hadronic matter), perturbative QCD calcula-
tions (valid in the high-T limit) or first-principle lattice QCD computations.
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Dilepton spectroscopy

} Dilepton production in RHIC ( γ∗ → l+l− ):

I EM probe with pure information of the hot and/or dense region
I dilepton emission⇔ in-medium vector-meson spectroscopy
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General review of QCD sum rules
(in vacuum)
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General review of QCD sum rules

} Current correlation function:

Π µν(q) = i
∫

d4 x eiq·x〈 T j µ(x) j ν(0) 〉

I isovector vector- and axialvector-currents:

j µρ = 1
2

(
ū γ µu − d̄ γ µd

)
, j µA = 1

2

(
ū γ µγ5u − d̄ γ µγ5d

)
I invariant correlator: Π(q2) = 1

3 gµνΠµν(q)

} Operator product expansion (quark & gluon d.o.f.) at large Q2 = −q2:

12π2

Q2 Π(Q2) = −c0 ln
 Q2

µ2

 +
c1

Q2 +
c2

Q4 + · · ·

} Spectral representation (hadronic d.o.f.) at resonance region:

Π(q2) = Π(0) + q2Π′(0) +
q4

π

∫
ds

Im Π(s)
s2(s − q2 − iε)
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General review of QCD sum rules

} Borel transformation:

12π2Π(0) +

∫ ∞

0
ds R(s) e−s/M2

= c0 M2 + c1 +
c2

M2 +
c3

2M4 + · · ·

I dimensionless spectral function: R(s) ≡ − 12π
s Im Π(s)

} Coefficients cn:

c0 = 3
2

(
1 +

αs
π

)
+ · · · , c1 ∝ m2

q : negligibly small

c2 = π2

2

〈
αs
π G2

〉
± 6π2

(
mu〈ūu〉 + md〈d̄d〉

)

0.005 ± 0.004 GeV4 ' −m2
π f 2
π = −(0.11 GeV)4

Ioffe [ PPNP 56, 232 (2006) ] [ Gellman-Oaks-Renner ]
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General review of QCD sum rules

} Borel transformation:

12π2Π(0) +

∫ ∞

0
ds R(s) e−s/M2

= c0 M2 + c1 +
c2

M2 +
c3

2M4 + · · ·

I dimensionless spectral function: R(s) ≡ − 12π
s Im Π(s)

} Coefficients cn:

c0 = 3
2

(
1 +

αs
π

)
+ · · · , c1 ∝ m2

q : negligibly small

c2 = π2

2

〈
αs
π G2

〉
± 6π2

(
mu〈ūu〉 + md〈d̄d〉

)
c3 ∝ ∓〈( q̄q)2〉 uncertain value
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General review of QCD sum rules

} Borel transformation:

12π2Π(0) +

∫ ∞

0
ds R(s) e−s/M2

= c0 M2 + c1 +
c2

M2 +
c3

2M4 + · · ·

I dimensionless spectral function: R(s) ≡ − 12π
s Im Π(s)

I expand for s0 � M2 and compare term by term

} Coefficients cn:

c0 = 3
2

(
1 +

αs
π

)
+ · · · , c1 ∝ m2

q : negligibly small

c2 = π2

2

〈
αs
π G2

〉
± 6π2

(
mu〈ūu〉 + md〈d̄d〉

)
c3 ∝ ∓〈( q̄q)2〉 uncertain value
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Finite energy sum rules

} Hierarchy of finite energy sum rules for moments of R(s):

0th moment :
∫ s0

0
ds R(s) = s0c0 + c1 − 12π2Π(0)

1st moment :
∫ s0

0
ds s R(s) =

s2
0

2
c0 − c2

} Spectral distribution (resonance + continuum):

resonance

continuum

s

R(s)

s0
0

R(s) =

R(s) = Rρ(s) θ(s0 − s) + Rc(s) θ(s − s0)

I Assumption for vector channel;

√
s0 ' 4π fπ
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Finite energy sum rules

} Hierarchy of finite energy sum rules for moments of R(s):

0th moment :
∫ s0

0
ds R(s) = s0c0 + c1 − 12π2Π(0)

1st moment :
∫ s0

0
ds s R(s) =

s2
0

2
c0 − c2

} Spectral distribution (resonance + continuum):

resonance

continuum

s

R(s)

s0
0

R(s) =

R(s) = Rρ(s) θ(s0 − s) + c0 θ(s − s0)

I Assumption for vector channel;

√
s0 ' 4π fπ
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Consistency with current algebra

} Identification of
√

s0 with ΛCSB ' 4π fπ:

K̄
∗

K̄

ρ

π

a1

0

0.5

1.0

m
a
ss

[G
e
V

]

0−

1−

1+

Goldstone 
Boson

Dipole

Axial 
Dipole

Gap
4π fπ

I KSRF relation
Kawarabayashi & Suzuki [ PRL 16, 255 (1966) ]
Riazuddin & Fayyazuddin [ PR 147, 1071 (1966) ]

I Weinberg sum rules
Weinberg [ PRL 18, 507 (1967) ]

⇒ ma1 =
√

2 mρ = 4π fπ
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Consistency with current algebra

} Identification of
√

s0 with ΛCSB ' 4π fπ:

Consistency with current algebra  

Relation between        and the chiral symmetry breaking scale 
√

s0 4πfπ

Schematic example in vacuum, leading terms: 

resonance

continuum

s

R(s)

s0

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.)

resonance

continuum

s

R(s)

s0

relation between gap and chiral s.b. scale  
√

s0 4π fπ

examine ρ meson in vacuum,   leading terms: 

Rρ(s) =
12π2 m2

ρ

g2
δ(s − m2

ρ)

√
s0 = 4π fπ

assume:

0th moment: 1st moment:∫ s0

0

ds Rρ(s) =
3

2
s0

∫ s0

0

ds s Rρ(s) =
3

4
s2
0

m2
ρ = 2g2 f2π

(KSFR  +  Weinberg  +  Wess-Zumino)

g = 2π

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.)

resonance

continuum

s

R(s)

s0
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√

s0 4π fπ

examine ρ meson in vacuum,   leading terms: 

Rρ(s) =
12π2 m2

ρ

g2
δ(s − m2

ρ)

√
s0 = 4π fπ

assume:

0th moment: 1st moment:∫ s0

0

ds Rρ(s) =
3

2
s0

∫ s0

0

ds s Rρ(s) =
3

4
s2
0

m2
ρ = 2g2 f2π

(KSFR  +  Weinberg  +  Wess-Zumino)

g = 2π

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.)

resonance

continuum
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s0

relation between gap and chiral s.b. scale  
√

s0 4π fπ

examine ρ meson in vacuum,   leading terms: 

Rρ(s) =
12π2 m2

ρ

g2
δ(s − m2

ρ)

√
s0 = 4π fπ
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0th moment: 1st moment:∫ s0

0

ds Rρ(s) =
3

2
s0
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4
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(KSFR  +  Weinberg  +  Wess-Zumino)

g = 2π

QCD  SUM  RULES  for  
MOMENTS  of  SPECTRAL FUNCTIONS (contd.)

resonance

continuum

s

R(s)

s0

relation between gap and chiral s.b. scale  
√

s0 4π fπ

examine ρ meson in vacuum,   leading terms: 

Rρ(s) =
12π2 m2

ρ

g2
δ(s − m2

ρ)

√
s0 = 4π fπ

assume:

0th moment: 1st moment:∫ s0

0

ds Rρ(s) =
3

2
s0

∫ s0

0

ds s Rρ(s) =
3

4
s2
0

m2
ρ = 2g2 f2π

(KSFR  +  Weinberg  +  Wess-Zumino)

g = 2π

KSRF relation    +    Weinberg sum rules (                  )ma1
� 4πfπ

I KSRF relation
Kawarabayashi & Suzuki [ PRL 16, 255 (1966) ]
Riazuddin & Fayyazuddin [ PR 147, 1071 (1966) ]

I Weinberg sum rules
Weinberg [ PRL 18, 507 (1967) ]

⇒ ma1 =
√

2 mρ = 4π fπ

0th moment:∫ s0

0
ds Rρ(s) =

3
2

s0

⇒ m2
ρ = 2g2 f 2

π

1st moment:∫ s0

0
ds sRρ(s) =

3
4

s2
0

⇒ g = 2π
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Vacuum sum rule analysis

} Input: Rρ(s) from chiral effective field theory + vector mesons (VMD)

40 CHAPTER 4. VECTOR MESONS AT FINITE DENSITY
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Figure 4.2: Vector-isovector spectral function in vacuum showing the ρ resonance
and continuum parts as described in the text and compared to e+e− → π+π− (ρ
resonance region) and e+e− → nπ data with n even [26, 27].

within an error band determined by the uncertainties of the input summarized in
Table 4.1 and Eq. (4.21). This test turns out to be successful. The detailed analysis
of uncertainties performed with Eq. (4.32) for the first moment is shown in Fig. 4.3.
The resulting

√
s0 = 1.14±0.01 GeV is within 2% of the empirical 4πfπ ' 1.16 GeV

using the physical value fπ = 92.4 MeV of the pion decay constant. The postulate,
Eq. (4.23) identifying

√
s0 with the scale characteristic of spontaneously broken

chiral symmetry, appears to be working quantitatively.
The relation between first and the zeroth moment,

∫ s0

0

ds sRρ(s) = F(s0)

∫ s0

0

dsRρ(s) , (4.33)

thus involves a uniquely determined function of s0:

F(s0) =
s20

(
c0 +

3
2
ε1
)
− 2c2

2s0
(
c0 +

3
2
ε0
)
+ 2c1

, (4.34)

up to the estimated uncertainties in the quantities ci and εn (the largest error
being associated with αs(s0)). The squared mass given by m̄2

ρ = F(s0) ' 0.611±
0.013 GeV2 or m̄ρ ' 0.78±0.01 GeV, is very close to the physical ρ meson mass as

∫ s0

0
ds Rρ(s) = s0c0 + c1∫ s0

0
ds sRρ(s) =

s2
0

2
c0 − c2

√
s0 = 1.14 ± 0.01 GeV ' 4π fπ m̄ρ ≡

√ ∫
ds sR(s)∫
ds R(s)

= 0.78 ± 0.01 GeV
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Vacuum sum rule analysis

} Input: Rρ(s) from chiral effective field theory + vector mesons (VMD)
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√ ∫
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Sensitivity to threshold modeling

} replace the Heaviside step function with a ramp function:

R(s) = Rρ(s) θ(s2 − s) + Rc(s) W(s)

with the weight function W(s)

W(x) =


0 for x ≤ s1

x − s1

s2 − s1
for s1 ≤ x ≤ s2

1 for x ≥ s2

40 CHAPTER 4. VECTOR MESONS AT FINITE DENSITY
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Figure 4.2: Vector-isovector spectral function in vacuum showing the ρ resonance
and continuum parts as described in the text and compared to e+e− → π+π− (ρ
resonance region) and e+e− → nπ data with n even [26, 27].

within an error band determined by the uncertainties of the input summarized in
Table 4.1 and Eq. (4.21). This test turns out to be successful. The detailed analysis
of uncertainties performed with Eq. (4.32) for the first moment is shown in Fig. 4.3.
The resulting

√
s0 = 1.14±0.01 GeV is within 2% of the empirical 4πfπ ' 1.16 GeV

using the physical value fπ = 92.4 MeV of the pion decay constant. The postulate,
Eq. (4.23) identifying

√
s0 with the scale characteristic of spontaneously broken

chiral symmetry, appears to be working quantitatively.
The relation between first and the zeroth moment,

∫ s0

0

ds sRρ(s) = F(s0)

∫ s0

0

dsRρ(s) , (4.33)

thus involves a uniquely determined function of s0:

F(s0) =
s20

(
c0 +

3
2
ε1
)
− 2c2

2s0
(
c0 +

3
2
ε0
)
+ 2c1

, (4.34)

up to the estimated uncertainties in the quantities ci and εn (the largest error
being associated with αs(s0)). The squared mass given by m̄2

ρ = F(s0) ' 0.611±
0.013 GeV2 or m̄ρ ' 0.78±0.01 GeV, is very close to the physical ρ meson mass as

} No dependence on details of the threshold modeling
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Sensitivity to threshold modeling

} replace the Heaviside step function with a ramp function:

R(s) = Rρ(s) θ(s2 − s) + Rc(s) W(s)

with the weight function W(s)

W(x) =


0 for x ≤ s1

x − s1

s2 − s1
for s1 ≤ x ≤ s2

1 for x ≥ s2

Sensitivity to threshold modeling 

replace the step function with a ramp function:

thus involves a uniquely determined function of s0:

F(s0) =
s2
0

(
c0 + 3

2ε1

)
− 2c2

2s0

(
c0 + 3

2ε0

)
+ 2c1

, (26)

up to the estimated uncertainties in the quantities ci and
εn (the largest error being associated with αs(s0)). The
squared mass given by m̄2

ρ = F(s0) " 0.611±0.013 GeV2

or m̄ρ " 0.78 ± 0.01 GeV, is very close to the physical ρ
meson mass as expected. In fact the canonical relation
m̄ρ =

√
s0/2 =

√
2 · 2πfπ turns out to be satisfied again

at the 2% level, demonstrating the smallness of the next-
to-leading QCD corrections and of the condensate term
c2.

B. Sensitivity to continuum threshold modeling

The question arises whether the quantitatively success-
ful identification of the continuum threshold

√
s0 with the

chiral symmetry breaking scale (i.e. the consistency of
the QCD sum rule analysis with current algebra results)
is influenced by the schematic step-function parametriza-
tion (11). A test can be performed replacing the step
function by a ramp function to yield a smooth transition
between resonance and continuum region, as follows:

R(s) = Rρ(s)Θ(s2 − s) + Rc(s)W (s) , (27)

where the weight function, W (s), is defined as

W (x) =





0 for x ≤ s1

x − s1

s2 − s1
for s1 ≤ x ≤ s2

1 for x ≥ s2 .

(28)

The step function behavior is recovered for W (x) in the
limit s1 → s2.

Using the function W (s), the modified sum rules for
the lowest two moments of the spectrum R(s) become

∫ s2

0

ds Rρ(s) = s2

(
c0 +

3

2
ε0

)
+ c1 − 12π2Π(0)

− (c0 − Rρ(s2))

∫ s2

s1

ds W (s) , (29)

∫ s2

0

ds sRρ(s) =
s2
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Sets of intervals [s1, s2] are then determined so as to sat-
isfy both sum rules (29,30), and the scale s0 defined by

s0 =
s1 + s2

2
, (31)

is now introduced to characterize the continuum thresh-
old. As shown in Fig.3, the resulting

√
s0 is stable with

respect to variations in the slope (s2 − s1)
−1 of the ramp

function W (s), thus confirming that the step function
parametrization of the continuum is not restrictive: the
smooth “ramping” into the continuum1 produces values
of

√
s0 that fall within the narrow (less than 1 %) un-

certainty band of the step function approach. We note
at this point that the best fit to the empirical spectral
function has s2 − s1 " 1 GeV2 (see Fig.1). It can be
concluded that the present sum rule analysis and the ob-
served quantitative agreement of the continuum thresh-
old with the chiral gap 4πfπ do not depend on details of
the threshold modeling.
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−1 of the ramp function W (s) describing
the onset of the continuum in the vacuum sum rule. The grey
band indicates the uncertainty range of the result obtained
with step function parametrization of the continuum.
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In this section the approach just described is applied
analogously to vector current spectral functions at finite
density. We start again from Eqs.(23,24), now with in-
clusion of Π(0) = ρ

4MN
and the density dependent correc-

tions to the condensate terms, c2 → c2 +δc2 (see Eq.(6)).
Two generic prototypes of in-medium isovector vector

spectral functions, ImΠ(ω =
√

s, 'q = 0; ρ), are used for
demonstration: the one derived from a chiral effective
Lagrangian with vector meson couplings constrained by
vector dominance [4] (referred to as KKW), and the one
calculated with emphasis on particle-hole excitations in-
corporating baryon resonances [16] (referred to as RW).
The analysis is performed at the baryon density of nor-
mal nuclear matter, ρ = ρ0 = 0.17 fm−3. The KKW and
RW spectral functions, taken at this density, are shown
in comparison in Fig.4.

1 In this test the uncertainties of αs(Q2) and of the gluon conden-
sate have been excluded for simplicity.
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up to the estimated uncertainties in the quantities ci and
εn (the largest error being associated with αs(s0)). The
squared mass given by m̄2

ρ = F(s0) " 0.611±0.013 GeV2

or m̄ρ " 0.78 ± 0.01 GeV, is very close to the physical ρ
meson mass as expected. In fact the canonical relation
m̄ρ =

√
s0/2 =

√
2 · 2πfπ turns out to be satisfied again

at the 2% level, demonstrating the smallness of the next-
to-leading QCD corrections and of the condensate term
c2.

B. Sensitivity to continuum threshold modeling

The question arises whether the quantitatively success-
ful identification of the continuum threshold

√
s0 with the

chiral symmetry breaking scale (i.e. the consistency of
the QCD sum rule analysis with current algebra results)
is influenced by the schematic step-function parametriza-
tion (11). A test can be performed replacing the step
function by a ramp function to yield a smooth transition
between resonance and continuum region, as follows:

R(s) = Rρ(s)Θ(s2 − s) + Rc(s)W (s) , (27)

where the weight function, W (s), is defined as
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2
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is now introduced to characterize the continuum thresh-
old. As shown in Fig.3, the resulting

√
s0 is stable with

respect to variations in the slope (s2 − s1)
−1 of the ramp

function W (s), thus confirming that the step function
parametrization of the continuum is not restrictive: the
smooth “ramping” into the continuum1 produces values
of

√
s0 that fall within the narrow (less than 1 %) un-

certainty band of the step function approach. We note
at this point that the best fit to the empirical spectral
function has s2 − s1 " 1 GeV2 (see Fig.1). It can be
concluded that the present sum rule analysis and the ob-
served quantitative agreement of the continuum thresh-
old with the chiral gap 4πfπ do not depend on details of
the threshold modeling.

1 2 3 4 5 6
1.12

1.13

1.14

1.15

1.16

Slope of W !s" #GeV!2$

s 0
#G
eV
$

FIG. 3: Dependence of
√

s0 (determined from Eqs.(29-31))
on the slope (s2 −s1)

−1 of the ramp function W (s) describing
the onset of the continuum in the vacuum sum rule. The grey
band indicates the uncertainty range of the result obtained
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is now introduced to characterize the continuum thresh-
old. As shown in Fig.3, the resulting
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function W (s), thus confirming that the step function
parametrization of the continuum is not restrictive: the
smooth “ramping” into the continuum1 produces values
of

√
s0 that fall within the narrow (less than 1 %) un-

certainty band of the step function approach. We note
at this point that the best fit to the empirical spectral
function has s2 − s1 " 1 GeV2 (see Fig.1). It can be
concluded that the present sum rule analysis and the ob-
served quantitative agreement of the continuum thresh-
old with the chiral gap 4πfπ do not depend on details of
the threshold modeling.
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with step function parametrization of the continuum.
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s, 'q = 0; ρ), are used for
demonstration: the one derived from a chiral effective
Lagrangian with vector meson couplings constrained by
vector dominance [4] (referred to as KKW), and the one
calculated with emphasis on particle-hole excitations in-
corporating baryon resonances [16] (referred to as RW).
The analysis is performed at the baryon density of nor-
mal nuclear matter, ρ = ρ0 = 0.17 fm−3. The KKW and
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the QCD sum rule analysis with current algebra results)
is influenced by the schematic step-function parametriza-
tion (11). A test can be performed replacing the step
function by a ramp function to yield a smooth transition
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isfy both sum rules (29,30), and the scale s0 defined by
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2
, (31)

is now introduced to characterize the continuum thresh-
old. As shown in Fig.3, the resulting

√
s0 is stable with

respect to variations in the slope (s2 − s1)
−1 of the ramp

function W (s), thus confirming that the step function
parametrization of the continuum is not restrictive: the
smooth “ramping” into the continuum1 produces values
of

√
s0 that fall within the narrow (less than 1 %) un-

certainty band of the step function approach. We note
at this point that the best fit to the empirical spectral
function has s2 − s1 " 1 GeV2 (see Fig.1). It can be
concluded that the present sum rule analysis and the ob-
served quantitative agreement of the continuum thresh-
old with the chiral gap 4πfπ do not depend on details of
the threshold modeling.
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with step function parametrization of the continuum.
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the QCD sum rule analysis with current algebra results)
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function by a ramp function to yield a smooth transition
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R(s) = Rρ(s)Θ(s2 − s) + Rc(s)W (s) , (27)
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2
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is now introduced to characterize the continuum thresh-
old. As shown in Fig.3, the resulting

√
s0 is stable with

respect to variations in the slope (s2 − s1)
−1 of the ramp

function W (s), thus confirming that the step function
parametrization of the continuum is not restrictive: the
smooth “ramping” into the continuum1 produces values
of

√
s0 that fall within the narrow (less than 1 %) un-

certainty band of the step function approach. We note
at this point that the best fit to the empirical spectral
function has s2 − s1 " 1 GeV2 (see Fig.1). It can be
concluded that the present sum rule analysis and the ob-
served quantitative agreement of the continuum thresh-
old with the chiral gap 4πfπ do not depend on details of
the threshold modeling.
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Lagrangian with vector meson couplings constrained by
vector dominance [4] (referred to as KKW), and the one
calculated with emphasis on particle-hole excitations in-
corporating baryon resonances [16] (referred to as RW).
The analysis is performed at the baryon density of nor-
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s0 = (s1 + s2)/2

} No dependence on details of the threshold modeling
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Finite energy sum rules
at finite density



Introduction QCD sum rules In-medium FESR Summary

Medium-modification of the sum rules

} The existence of nuclear matter causes breaking Lorentz invariance:

I two invariant correlator: longitudinal and transverse parts.
I choosing a preferred reference frame of the medium (q = 0), longitudinal and

transverse correlators coincide.

ΠL(ω, q = 0) = ΠT(ω, q = 0) ≡ Π(ω, q = 0)

} New operators with spin appear due to the broken Lorentz invariance:

I the first moment of in-medium FESR involves twist-2 operator
(e.g. 〈q̄γνDµq〉) to be considered.

} Medium-dependence in the OPE side contributes only to the condensates:

I non-perturbative contributions in OPE appear to be clearly separated into the
condensates.

I medium effects are non-perturbative.
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Introduction QCD sum rules In-medium FESR Summary

Density-dependence of OPE

Hatsuda & Lee [ Phys. Rev. C 46, R34 (1992) ]

} Expectation value: vacuum→ ground state of nuclear matter

〈0| O |0〉 ≡ 〈O〉0 → 〈O〉ρN
= 〈N | O |N〉

} In-medium coefficients: cn → cn + δcn

δc2 = −3π2
 4

27
M(0)

N − 2σN − A1 MN

ρN

density dependence of
gluon condensate(
M(0)

N ' 0.88 GeV
)

density dependence of
quark condensate

(σN ' 45 MeV)

first moment of parton
distribution from DIS

(A1 ≈ 1.24)
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Spectral functions at finite density

} ρ-meson spectral functions in nuclear medium ( ρN = ρ0 = 0.17 fm−3 ):

0.2 0.4 0.6 0.8 1.0 1.2
0.1

1

10

s @GeVD

R
Ρ

HsL
nuclear
matter

vacuum

Ρ

KKW

RW

I KKW: SU(3) chiral dynamics with vector meson dominance
Klingl, Kaiser & Weise [ Nucl. Phys. A624, 527 (1997) ]

I RW: particle-hole excitations (∆(1232)-h and N∗(1520)-h))
Rapp & Wambach [ Adv. Nucl. Phys. 25, 1 (2000) ]
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Results for ρ-meson at finite density

0.95 1.00 1.05 1.10
0.6

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4

s0
1�2 @GeVD

1st
m

om
en

t@G
eV

4 D

l.h.s HRWL

l.h.s HKKWLr.h
.s

ΡN=Ρ0

In vacuum:
√

s0 ' 1.14 GeV ≈ 4π fπ

m̄2 ≡

∫ s0
0 ds s R(s)∫ s0
0 ds R(s)

In-medium KKW spectrum:√
s∗0 ' 1.00 ± 0.02 GeV√

s∗0
s0

=
f ∗π
fπ
≈ 0.87 '

m̄∗

m̄
: BR-scaling

In-medium RW spectrum:√
s∗0 ' 1.09 ± 0.01 GeV√

s∗0
s0
'

m̄∗

m̄
≈ 0.96

Kwon, Procura & Weise [ PRC 78, 055203 (2008) ]
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Finite energy sum rules
at finite temperature



Introduction QCD sum rules In-medium FESR Summary

Temperature-dependence of OPE

Hatsuda, Koike & Lee [ Nucl. Phys. B 394, 221 (1993) ]

} Thermal expectation value:

〈O〉0 → 〈O〉T =
TrO exp(−H/T )
Tr exp(−H/T )

} In-medium coefficients: cn → cn + δcn

δc2 = −
3
2

 2
9
∓ 3 + A1

m2
πT 2

∫ ∞

mπ/T
dy

√
y2 −

(
mπ
T

)2

ey − 1

T -dependence of
gluon condensate

T -dependence of
quark condensate

first moment of parton
distribution from DIS
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Vector & axialvector mixing with temperature

} Mixing of vector and axialvector:

RV (s,T ) = RV (s, 0)
(
1 − ε (T )

)
+ RA(s, 0) ε (T )

RA(s,T ) = RA(s, 0)
(
1 − ε (T )

)
+ RV (s, 0) ε (T )

Eletsky & Ioffe [ PRD 47, 3083 (1993), PRD 51, 2371 (1995) ]

I the mixing parameter ε(T ) is given by the thermal pion loop:

ρ a1

pion

ε(T ) =
2
f 2
π

∫
d3k

ω (2k)3
1

eω/T − 1
mπ→0
−−−−−→

T 2

6 f 2
π

where ω2 = k2 + m2
π .

I At critical temperature where ε ' 1
2 , RV and RA become identical.
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Mixing of finite-width spectrum

} Spectral functions with finite decay width:

0.5 1.0 1.5 2.0
0

2

4

6

8

s @GeV2D

R
Ρ

Hs,T
L

Ρ
T=0

T=160 MeV

0.5 1.0 1.5 2.0
0

2

4

6

8

s @GeV2D
R

a 1
Hs,T

L

a1

T=0

T=160 MeV
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Mixing of finite-width spectrum

} Sum rule result for vector channel:

0 50 100 150

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

T @MeVD

@G
eV

D s0
1�2

mΡ

4ΠfΠHTL

I Average ρ-meson mass:

m̄2
ρ =

∫ s0
0 ds s Rρ(s)∫ s0
0 ds Rρ(s)

I Comparison with ChPT:

fπ(T ) = fπ

(
1 −

1
2
ε(T )

)
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Simple test beyond V-A mixing

} Dropping pole mass in addition to the V-A mixing:

0 50 100 150
0.80

0.85

0.90

0.95

1.00

1.05

1.10

T @MeVD

@G
eV

D

Ρ-meson

s0
1�2 w�o dropping mass

s0
1�2 w� dropping mass

4ΠfΠHTL

The simplest ansatz (zero width):

Rρ(s, 0) = F2
ρ δ

(
s − m2

ρ

)
Ra(s, 0) = F2

a δ
(
s − m2

a

)
Rρ(s,T ) = Rρ(s, 0) (1 − ε) + Ra(s, 0) ε

Brown-Rho scaling hypothesis:

m2
ρ → m2

ρ

(
1 − 1

2 ε(T )
)2

⇒ better agreement :
√

s0 = 4π fπ(T )
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About four-quark condensates

} Sum rules for 0th and 1st moments: RHS quantities are accurately determined
(pQCD and leading condensates)

} Sum rules for 2nd moment: involving four-quark condensates∫ s0

0
ds s2R(s) =

s3
0

3
+ c3

c3 = −6π3αs

〈(ūγµγ5λ
au − d̄γµγ5λ

ad)2〉 +
2
9
〈(ūγµλau + d̄γµλad)

∑
q=u,d,s

q̄γµλaq〉


} Ground state saturation (κ = 1)

〈(q̄γµγ5λ
aq)2〉 = −〈(q̄γµλaq)2〉 =

16
9
κ 〈q̄q〉2

valid approximation? ⇒ Always κ > 3 and large uncertainties.
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Summary

} The sum rules for the lowest two moments of the ρ-meson spectral function involve
perturbative contributions and only leading condensates as small corrections:
accuracy both in vacuum and in medium

} Chiral gap scale: 4π fπ meaningful both in vacuum and in-medium.

} For broad spectral distributions, “mass shift” vs. “broadening” discussion must be
specified in terms of first moment.

} Brown-Rho scaling as a statement involving the lowest two moments in the window of
low-mass enhancement.

} Further step: extension to nonvanishing three-momentum.
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Thank you for your attention!
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