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Introduction: The effective Lagrangian

Four-nucleon contact interactions
in the effective chiral Lagrangian
Weinberg (1990) up to Q2 order:
Ordonez et al. (1996)

L =− 1

2
CSOS −

1

2
CTOT

−
14∑
i=1

C ′iOi .

OS (N†N)(N†N)

OT (N†σN) · (N†σN)

O1 (N†∇N)2 + h.c.

O2 (N†∇N) · (∇N†N)

O3 (N†N)(N†∇2N) + h.c.

O4 i (N†∇N) · (∇N† × σN) + h.c.

O5 i (N†N)(∇N† · σ ×∇N)

O6 i (N†σN) · (∇N† × ∇N)

O7 (N†σ · ∇N)(N†σ · ∇N) + h.c.

O8 (N†σi∂jN)(N†σj∂iN) + h.c.

O9 (N†σi∂jN)(N†σi∂jN) + h.c.

O10 (N†σ · ∇N)(∇N† · σN)

O11 (N†σi∂jN)(∂iN
†σjN)

O12 (N†σi∂jN)(∂jN
†σiN)

O13 (N†σiN)(∂jN
†σj∂iN) + h.c.

O14 2(N†σiN)(∂jN
†σi∂jN)

The low energy constants (LECs)

- leading (Q0) order: CS , CT
- next (Q2) order: Cis
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Meson exchange interactions

Outline of the process
pre. AdS/CFT, D4/D8/D8, holographic baryon, . . .

1. 5d meson and baryon with cubic interactions
2. down into 4d and carrying out cubic couplings g
3. integrating out mesons
4. non-relativistic reduction (+constraints)
5. matching 4N operators with LECs

5d interaction Hong-Rho-Yee-Yi (2007):

−iB̄γmDmB and B̄γmnFmnB
will give the 4d cubic couplings

gV N̄γµωµN , gV N̄γµν∂µρνN , · · · .
For example,

g
(k)singlet
V =

∫
dw |f+(w)|2 ψ(2k−1)(w)

- ψ(n)(w) : profile functions of meson fields,
- f+(w) : profile functions of baryon fields.
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5d Lagrangian from D4/D8/D8

AdS/CFT correspondence Maldacena (1997)

is the duality between
- N = 4 super Yang-Mills theory with gauge group SU(Nc)
- and closed string theory in AdS5 × S5.

D4/D8/D8 model Sakai-Sugimoto (2004)

embodies this duality as
- the five dim gauge theory is fixed by the brane configuration,
- which represents U(Nc) with Nf massless flavors.

−−−−−−−−→
g2
YMNc�1

This construction provides holographic manifestation of the chiral
symmetry breaking.
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Meson sector: Sakai-Sugimoto (2004)

5d U(Nf ) gauge theory on Nf D8

−1

4

∫
d4xdw

1

e(w)2
trF2 +

Nc
24π2

∫
4+1

ω5(A)

Aµ(x,w) = i [U−1/2, ∂µU
1/2]/2 + i{U−1/2, ∂µU1/2}ψ0(w)

+
∑
n

v(n)µ (x)ψ(n)(w) .

e2iπ(x)/fπ = U(x) = ei
∫
A5(x,w)dw

Baryon sector: Hong-Rho-Yee-Yi (2007)

flavor soliton, baryon as wrapped D4 brane.
→ effective theory of isospin 1/2 baryons in 5d

+

∫
d4x dw

[
−iB̄γmDmB − imB(w)B̄B +

g5(w)ρ2baryon
e(w)2

B̄γmnFmnB

]
where Dm ≡ ∂m − i(NcAU(1)

m +Am).

B(x,w) = N+(x)f+(w) +N−(x)f−(w) ,
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4d Lagrangian

By integrating out the holographic direction w, we get Kim-Lee-Yi (2009)∫
d4x L4 =

∫
d4x

(
−iN̄γµ∂µN − imN N̄N + Lvector + Laxial

)
,

Lvector =−
∑
k≥1

g
(k)triplet
V

2
N̄γµρ(k)µ N −

∑
k≥1

Ncg
(k)singlet
V

2
N̄γµω(k)

µ N

+
∑
k≥1

g
(k)triplet
dV

2
N̄γµν∂µρ(k)ν N + · · · ,

Laxial =
gtripletA

2fπ
N̄γµγ5∂µπN +

Ncg
singlet
A

2fπ
N̄γµγ5∂µη

′N

−
∑
k≥1

g
(k)triplet
A

2
N̄γµγ5a(k)µ N −

∑
k≥1

Ncg
(k)singlet
A

2
N̄γµγ5f (k)

µ N + · · ·

with π = πaτa.
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The couplings are

g
(k)triplet
V =

∫ wmax

−wmax
dw |f+(w)|2 ψ(2k−1)(w)

+ 2

∫ wmax

−wmax
dw

(
g5(w)

ρ2baryon
e(w)2

)
|f+(w)|2 ∂wψ(2k−1)(w) ,

g
(k)triplet
A = 2

∫ wmax

−wmax
dw

(
g5(w)

ρ2baryon
e(w)2

)
|f+(w)|2 ∂wψ(2k)(w)

+

∫ wmax

−wmax
dw |f+(w)|2 ψ(2k)(w) ,

g
(k)triplet
dV = 2

∫ wmax

−wmax
dw

(
g5(w)

ρ2baryon
e(w)2

)
f∗−(w)f+(w)ψ(2k−1)(w) ,

g
(k)singlet
V =

∫ wmax

−wmax
dw |f+(w)|2 ψ(2k−1)(w) ,

g
(k)singlet
A =

∫ wmax

−wmax
dw |f+(w)|2 ψ(2k)(w) ,

gsingletA = 2

∫ wmax

−wmax
dw |f+(w)|2 ψ(0)(w) .
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Integrating out mesons

eom of meson v → cubic term vNN becomes NNNN

For example, isosinglet vector meson ω case, the four-point
interaction up to Q2 order:

Lω =
∑
k≥1

1

2m2
ω(k)

(
Ncg

(k)singlet
V

2

)2

N̄γµNN̄γµN

+
∑
k≥1

1

2m4
ω(k)

(
Ncg

(k)singlet
V

2

)2

N̄γµN∂2 (N̄γµN )
The relativistic 4N operators after integrating out mesons:

N̄γµNN̄γµN , N̄γµN∂2 (N̄γµN ) ,
N̄γµγ5NN̄γµγ5N , N̄γµγ5N∂2 (N̄γµγ5N

)
,

∂µ
(
N̄γµγ5N

)
∂ν
(
N̄γνγ5N

)
, N̄γµN∂ν

(
N̄γνµN

)
,

∂ν
(
N̄γνµN

)
∂λ
(
N̄γλµN

)
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Non-relativistic limit

We expand the relativistic fermion field N

N (x) =

(
N(x) + 1

8m2
N
∇2N(x)

1
2mN

σ · ∇N(x)

)
+O(Q3)

where N is the two-component spinor.

For example,

N̄γµNN̄γµN → −N†NN†N +
1

4m2
N

(
4(N†∇N) · (∇N†N)

+ 2i (N†N)(∇N† · σ ×∇N)− 4i (N†σN) · (∇N† ×∇N)

− (N†σ · ∇N)(N†σ · ∇N) + h.c.

+ (N†σi∂jN)(N†σi∂jN) + h.c.

− 2(N†σ · ∇N)(∇N† · σN) + 2(N†σi∂jN)(∂jN
†σiN)

)
= −OS +

1

4m2
N

(4O2 + 2O5 − 4O6 −O7 +O9 − 2O10 + 2O12)

9 / 18



Relativistic constraints

From the beginning, the four-
nucleon Lagrangian up to Q2 order
was

L =− 1

2
CSOS −

1

2
CTOT

−
14∑
i=1

C ′iOi .

OS (N†N)(N†N)

OT (N†σN) · (N†σN)

O1 (N†∇N)2 + h.c.

O2 (N†∇N) · (∇N†N)

O3 (N†N)(N†∇2N) + h.c.

O4 i (N†∇N) · (∇N† × σN) + h.c.

O5 i (N†N)(∇N† · σ ×∇N)

O6 i (N†σN) · (∇N† × ∇N)

O7 (N†σ · ∇N)(N†σ · ∇N) + h.c.

O8 (N†σi∂jN)(N†σj∂iN) + h.c.

O9 (N†σi∂jN)(N†σi∂jN) + h.c.

O10 (N†σ · ∇N)(∇N† · σN)

O11 (N†σi∂jN)(∂iN
†σjN)

O12 (N†σi∂jN)(∂jN
†σiN)

O13 (N†σiN)(∂jN
†σj∂iN) + h.c.

O14 2(N†σiN)(∂jN
†σi∂jN)

The underlying Lorentz symmetry constrains that only nine (2+7)
linearly independent combinations appear up to Q2. Girlanda et al. (2010)

AS = OS +
1

4m2
(O1 +O3 +O5 +O6) ,

AT = OT −
1

4m2
(O5 +O6 −O7 +O8 + 2O12 +O14) ,

A1 = O1 + 2O2 ,A2 = 2O2 +O3 ,A3 = O9 + 2O12 ,

A4 = O9 +O14 ,A5 = O5 −O6 ,

A6 = O7 + 2O10 ,A7 = O7 +O8 + 2O13
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Then the effective Lagrangian

L =− 1

2
CSOS −

1

2
CTOT −

14∑
i=1

C ′iOi .

can be written as

L =− 1

2
CSAS −

1

2
CTAT

− 1

2
C1A1 +

1

8
C2A2 −

1

2
C3A3 −

1

8
C4A4

− 1

4
C5A5 −

1

2
C6A6 −

1

16
C7A7 .

(definition of Ci ’s)

Also we get

N̄γµNN̄γµN → −OS +
1

4m2
N

(4O2 + 2O5 − 4O6 −O7 +O9 − 2O10 + 2O12)

= −AS +
1

4m2
N

(A1 +A2 +A3 + 3A5 −A6) .

11 / 18



The whole structures we encounter are
N̄γµNN̄γµN → − OS +

1

4m2
N

(4O2 + 2O5 − 4O6 − O7 + O9 − 2O10 + 2O12)

= −AS +
1

4m2
N

(A1 +A2 +A3 + 3A5 −A6) ,

N̄γµN∂2 (N̄γµN) → O1 + 2O2 = A1 ,

N̄γµγ5NN̄γµγ
5N → OT +

1

4m2
N

(−2O6 + O7 − O9 − 2O10 − 2O12 + 2O13 − 2O14)

= AT +
1

4m2
N

(−A4 +A5 −A6 +A7) ,

N̄γµγ5N∂2
(
N̄γµγ

5N
)
→ O9 + 2O12 = A3 ,

∂µ

(
N̄γµγ5N

)
∂ν

(
N̄γνγ5N

)
→ O7 + 2O10 = A6 ,

N̄γµN∂ν
(
N̄γνµN

)
→

1

2mN
(O1 + 2O2 + 2O5 − 2O6 − O7 + O9 − 2O10 + 2O12)

=
1

2mN
(A1 +A3 − 2A5 −A6) ,

∂ν

(
N̄γνµN

)
∂λ

(
N̄γλµN

)
→ − O7 + O9 − 2O10 + 2O12 = A3 −A6 .

12 / 18



Finally we get for ω,

Lω =
∑
k≥1

1

2m2
ω(k)

(
Ncg

(k)singlet
V

2

)2

N̄γµNN̄γµN

+
∑
k≥1

1

2m4
ω(k)

(
Ncg

(k)singlet
V

2

)2

N̄γµN∂2 (N̄γµN )
→−

∑
k≥1

1

2m2
ω(k)

(
Ncg

(k)singlet
V

2

)2

AS

+
1

4m2
N

∑
k≥1

1

2m2
ω(k)

(
Ncg

(k)singlet
V

2

)2

(A1 +A2 +A3 + 3A5 −A6)

+
∑
k≥1

1

2m4
ω(k)

(
Ncg

(k)singlet
V

2

)2

A1 .

Actually, for example, the non-relativistic four-point contact
Lagrangian from the isospin singlet mesons is

Lsinglet = Lω + Lf + Lη′ .
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...interlude...

Outline of the process

pre. AdS/CFT, D4/D8/D8, holographic baryon, . . .
1. 5d meson and baryon with cubic interactions
2. down into 4d and carrying out cubic couplings g
3. integrating out mesons
4. non-relativistic reduction (+constraints)
5. matching 4N operators with LECs
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Four-point interactions and LECs

(Isosingplet) By direct comparison

L = Lω + Lf + Lη′ .
with the effective Lagrangian,

L = −
1

2
CSAS −

1

2
CTAT

−
1

2
C1A1 +

1

8
C2A2 −

1

2
C3A3 −

1

8
C4A4 −

1

4
C5A5 −

1

2
C6A6 −

1

16
C7A7 ,

the leading order CS and CT are

CS =
∑
k≥1

1

m2

ω(k)

Ncg(k)singlet
V

2


2

, CT = −
∑
k≥1

1

m2

f(k)

Ncg(k)singlet
A

2


2

and the LECs of order Q2 are

−
C1

2
=

1

4m2
N

∑
k≥1

1

2m2

ω(k)

Ncg(k)singlet
V

2


2

+
∑
k≥1

1

2m4

ω(k)

Ncg(k)singlet
V

2


2

,

C2

8
=

1

4m2
N

∑
k≥1

1

2m2

ω(k)

Ncg(k)singlet
V

2


2

,

. . .

−
C7

16
=

1

4m2
N

∑
k≥1

1

2m2

f(k)

Ncg(k)singlet
A

2


2

.

15 / 18



(Isotriplet) L = Lω + Lρ + La1
.

−
1

2
CS = −

∑
k≥1

1

2m2

ρ(k)

 g(k)triplet
V

2


2

+ 3
∑
k≥1

1

2m2

a(k)

 g(k)triplet
A

2


2

,

−
1

2
CT = − 2

∑
k≥1

1

2m2

a(k)

 g(k)triplet
A

2


2

,

−
C1

2
= − 3

1

4m2
N

∑
k≥1

1

2m2

ρ(k)

 g(k)triplet
V

2


2

−
∑
k≥1

1

2m4

ρ(k)

 g(k)triplet
V

2


2

−
1

2mN

∑
k≥1

1

m2

ρ(k)

 g(k)triplet
V

2


 g(k)triplet

dV

2



−
1

4m2
N

∑
k≥1

1

2m2

a(k)

 g(k)triplet
A

2


2

,

C2

8
= − 5

1

4m2
N

∑
k≥1

1

2m2

ρ(k)

 g(k)triplet
V

2


2

− 2
∑
k≥1

1

2m4

ρ(k)

 g(k)triplet
V

2


2

− 4
1

2mN

∑
k≥1

1

m2

ρ(k)

 g(k)triplet
V

2


 g(k)triplet

dV

2

 − 2
∑
k≥1

1

2m2

ρ(k)

 g(k)triplet
dV

2


2

+
1

4m2
N

∑
k≥1

1

2m2

a(k)

 g(k)triplet
A

2


2

− 4
∑
k≥1

1

2m4

a(k)

 g(k)triplet
A

2


2

,

−
C3

2
= · · ·

and so on.
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Numerical values
Original Nc-Shifted CD-Bonn AV-18

CS (10−4 MeV−2) 1.32 0.976 -0.893 0.0816
CT (10−4 MeV−2) 0.129 0.342 0.0736 0.125

C1 (10−9 MeV−4) -0.225 -0.221 0.436 0.426
C2 (10−9 MeV−4) -0.379 -0.951 1.437 1.49
C3 (10−9 MeV−4) 0.0032 0.0533 0.0240 0.0316
C4 (10−9 MeV−4) 0.0243 -0.0475 -1.155 -0.304
C5 (10−9 MeV−4) -0.353 -0.425 0.799 0.792
C6 (10−9 MeV−4) -0.0125 -0.0612 -0.0527 -0.0567
C7 (10−9 MeV−4) 0.291 0.610 -0.853 -0.536

* CD-Bonn, AV-18 fitting data from resonance saturation model Epelbaum et al. (2002)

* Nc-shifting: considered factor Nc + 2/Nc for g
(k)triplet
A , g

(k)triplet
dV etc.

* practical comparing will be meaningful on the stage for studying observables
with this set of values
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Summary

Outline of the process

pre. AdS/CFT, D4/D8/D8, holographic baryon, . . .
1. 5d meson and baryon with cubic interactions
2. down into 4d and carrying out cubic couplings g
3. integrating out mesons
4. non-relativistic reduction (+constraints)
5. matching 4N operators with LECs

LECs were derived directly: structures and systematic process

Some intrinsic problems for these type of approaches

More relevant and qualitative tests can be done for studying
observables (e.g: NN scattering phase shifts)
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