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Disclaimers
Old wine in new bottles?

~ The formalism is general and allows for
easy escalability to high dimensions

-

~ The formalism offers more insight on the nature of the observables

multi-dim studies possible
at Run 3 and HL-LHC

measured.

# Every measured parameter has a meaning.

~ And the methods employed for the extraction of the observables from
data are different » Practical differences

Here: translation of previous work done for tops, Ws, Zs and Hs.

~ Examples for b decays are work in progress

~ Several other possibilities not studied, and no analogue for Ws
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Density operators 1 /4

When one particle decays, the rest-frame distributions of its daughter

particles are determined by the spin state [not necessarily pure] of the parent.

The [possibly mixed] spin state is given by a density operator in spin space.

spin 1/2:the matrix is 2%2

» a square matrix spin |:the matrix is 3%3

Not any operator can be a density operator. A valid density operator has
several characteristics:

Unit trace

Hermitian

Positive semidefinite: eigenvalues = 0



Density operators 2/4

A Hermitian unit-trace matrix can be expanded in terms of a convenient

reference set of matrices.

For spin |/2, the choice is obvious: the identity plus the Pauli matrices

(0 1 (0 —i (1 0
1=11 0 2=\ 0 =\ 0 -1

1
pP=3 (laxo + a;0;)

Because the Pauli matrices are precisely the spin operators (up to |/2) the

3 arbitrary coefficients

coefficients a; have a simple “spin interpretation: they are the so-called
polarisations P;



Density operators 3/4

For spin |, the choice is less obvious. It is very convenient to use operators
with well-defined transformation under rotations:

irreducible tensor operators

0 —1 0 1 0 0 T! are the spin operators
3 3 in the spherical basis with a
Tll — ) 0O 0 -1 TO1 — ) 0 0 0 convenient normalisation
0 0 0 0 0 -1
1 _ 1
0 0 1 5 /0 —1 0 T2y =—(1})
m3=v3l0 00 T=yS|0 0 1 T2, = —(T3)!
0O 0 O 0O 0 O Tzl _ _(Tlg)]t
5 1 L0 0 : :
T5=—10 -2 0 8 arbitrary coefficients
VZlo 0 1

1
ﬂ p= 3 (laxs + Az THy)



Density operators 4/4

For systems with more than one particle, the spin space is the direct

product of the individual spaces.

Example: W*W~ pair [replace Ws by your favourite spin-| hadrons]

1
p= = (]-9X9 —+ A};MT]LW &) 13)(3 + A%M13X3 X T]LW T CL1M1L2M2TZL\411 & T]LWZ)

A / f

9

The parameterisation of the W*W~ spin state, involving 80

independent parameters, is remarkably simple
T — e ————
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Decay distributions 1/6

The spin state of a decaying particle leaves its imprint in the rest-frame
distributions of its daughter particles.

In full generality, the decay distribution can be obtained by multiplying, entry
by entry, the spin density matrix by a "decay density matrix” [

\

0 do

/

The [Hermitian] matrices [ have a definite form with a few free parameters
that depend on the spins of the daughter particles, their masses, etc.

For a system of two particles, the product is done independently for each
particle, if there is no interference between decay products.

For decays such as ZZ — e*e™ e*e™ things are more complicated. We will

not cover this case.



Decay distributions

Spin

Spin

|/2 particles, 2-body decays
1
' =3

5 11+ v cosb)]
1 |
F12 = 50& sin 9€z¢
1
[9g = 5 1 — avcos b
| particles, 2-body decays
1
[ = 1 146+ (1—30)cos” 6+ 2c cosb]
1
[ = Vo [or + (1 — 36) cos 6] sin fe ¢
1 . 2 i2¢
I3 = Z(l — 30) sin” fe
1
Loy =0 + 5(1 — 36)sin* 0
1
[o3 = Vo (v — (1 — 36) cos 6] sin fe'?
1
['33 = 1 146+ (1—38)cos” 0 — 2 cosb]

2/6

Boudjema, Singh 0903.4705

()=(0,9) is the polar angle
of one decay product in the
rest frame of the mother
particle [as usual]

a, O: constants

S ———r—



Decay distributions 3/6

Due to the symmetry, the resulting equations are simple and beautiful

1 do 1 -
i - P-A} =
spin 1/2 oYl { +aP-n|, 7= (S¢Cp,505¢,Co)
1do 1 B = vina
in | - = — 1+ B ALY MO -
P g0~ ar LT BrAn V()] B= g 0-3)

The constants in red depend on decay mode. The parameters in blue
describe the spin state.

The advantage of this parameterisation becomes obvious when one

considers more than one particle. For a system of two spin-| particles
JAAS et al. 2209.13441

1 do
_ 1+ B A} Ylf‘fl () + B%QAQLQMQYLAfQ (Qs)

o2 dﬂldﬂz (47‘(’)2
_I_Bll;l B%Q CL1M1L2M2 Ylj,\fl (Ql)YI],\242 (QQ)




Decay distributions 4/6

If you are scared by the previous equation, you may want to consider the
multi-page alternative in the literature

1 d% 3 3 , , , ,
5 3949, = dn 4n PaB2) (Aa, My, A, Ag) x Ta@) (Aa, 2)y) x ') (2B, Ag)
A, )&’ B, AlB
1 3 a a a 1
16”2[1+5a,1/3p"”’ e f(l—m/s) VB (i # ) + 50 =380 = 38p)TTH e} b(%(rg')2 ) G # )
1 AB
r“_22 sin’ Bu,,;,“c,t:s(2¢a',.b) TTEE myan-22)
% (M2 — (c8 2) e"Y2 _ (cb 2)
+ l\/g(l—?"sA/B)T;;/B (3( a/b 1) (( ]) ( 2) (( |) ( 2)
1
+ananpplPeict + 5 (1=382)(1 = 36) (TT{1f, — TTHE) ((c‘;)2 _ (cg)z) (3(013’)2 — 1)
+aa(l =38p)pT el cie} +ap(l —382) pTj el (j #K) TTAB s
1 _ AB _ A 2 b
+ 201.4(1 358)‘(PT,11 vaiz2) ((Cl) — () ) + - (1 —384)(1 —36B)(TT- 3311 - 3322) ((01)2 (0’2))2) (3((5;’)2 - 1)
AB e
l PT -2y TT{;?H 22)
+ap(1=384) (pTHT = pT33 ) €] () = (5)? 1
2 ( - )4( ) +Zu—3%x1-&%ﬂ7£g(ugﬂ—w)@@@?-Q . (29)
P —n

1 1
+ saa( = 38p)pTAf cf (3H? — 1) + Jan(1 —361)pTS el (36— 1)
+(1—382)(1 = 38p) T T} clcleiel (i # j, k#1)

+ 50 =380~ 3g) (174 - TT28) cfes (b~ )?) G # )

AB
TTulll 22)

+ - (1—35A)(1—383)(TT,'}5 TTHE) che ((e)? = (¢9)?) (i # )

—

AB
T 2yij

+ = (1 — 38,0 (1 - 38 TThcicd (3D = 1) G #))
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Decay distributions

Simplicity alone would suffice to favour this parameterisation...

multi-page
equations

spherical
harmonics

5/6



Decay distributions 6/6

.. but there is more! It is quite easy and straightforward to measure the A
and C coefficients in data.

Because spherical harmonics are orthogonal functions, to pick a selected
term in the distribution one just has to take the average

[after background subtraction and correction for detector effects]

of the appropriate Y*(QQ)

[1Z w/m)ygg<g22>

o2 dQl dﬂg L1

/
e




Example #1
BO—K%y



Example #1: B0 = K0y 1/3

This is a decay 0 = | + |.Angular momentum conservation implies that

many A and C coefficients are zero.The non-zero ones are(’)

1 42 1 42
R RN /V Ajg = —Afg ) Ay = A3

measure Y
polarisation by Cro10, C2020, Cro20, C2010
o _ ES _ * . sk
looking at KO Ciiic1 =CF 111, Carao=0C%_ o9y, Coio_1 =Cs_11,

*k 3k
0112—1 — 01—121 ’ 0211—1 — 02_111

The decay K" = Krmtis | 0+ 0

-

(*) This is found for example by calculating the decay using helicity formalism
and matching to the general expression

. , e ,
the " matrix for this decay has a=0, o= This K decay is
Insensitive to Y

Bi =0, By=—24/ 2% polarisation

some of the above spin coefficients terms do not

appear in the distribution (!!!)



Example #1: B0 = K0y 2/3

Let us now take B0 = K0*y* — K0®e*e~ at low m(e*e~) so that the decay is

dominated by photon contributions.

0=0 due to the vector Ve*e~ couplin
For y* — ete” 4 PG

0=0 for massless leptons.

9 small because
# B% =0, B% =1/ — photon is nearly

3 on shell
Among the 18 nonzero coefficients, only 7 /

1 2 K >|<
AQO — AQO , 02020 ’ 0222—2 — 02—222 9 C1212—1 — 02_121

contribute to the angular distribution, which was [reminder]
I do
o2 dQldQQ N (47’(’)2

—I_BllLlBlz;g CL1M1L2M2Y[],\141 (Ql)YI{\gQ (QQ)

1 _l_ B}JlA}/lMlYl{\fl (Ql) _|_ B%QA%QMQYé\gQ (QQ)



Example #1: B0 = K0y 3/3

80 terms — 7 terms. Much ado about nothing?

The resulting distribution is

1 do 1

g dQldQQ (47‘(‘)2
+ (B3 B3C22 2 Y5 (Q1)Y5 *(Q2) + By B3 Cora 1 Y5 (21)Y5 ' (Q2) 4+ CC]

LHCb 2010.0601 |

1+ By AyYy () + B3 A5, Y (Q2) + B; B3 Cp20Ys (1) Y2 (Q)

to be matched to the one used by LHCb

1 dY(T+T ,
(I'+T) ) [é(l—FL)sin29K+FL00829K

1

d(I' +T')/dq? dg? dcos 8, dcos Ok d¢ ~ 167

+1(1 — Fy,) sin® O cos 20, — Fj, cos” O cos 26

+%(1 — FL)A,(I?) sin? @ sin? 6, cos 2¢ @

—l—% (1-— FL)A}fI‘ sin? O sin? 0, sin 2&] .

+
—

There is not a great simplification due to the low number of parameters,
but there is more insight on their origin, and extraction from data may be

easier: no need of a global fit.



Example #2
Ap0—>yAO



Example #2: N0 = yAO | /7

We revisit the cascade decay Np? = Y0 followed by /A% = prrusing the

helicity formalism.

1/2 I 1/2
N—p+mT
1/2 1/2 0

s

(6,6,0) D5 (6*,6%,0)D,/3 (¢*,6%,0

these D’s are Wigner functions we
do not need to care about now

20



Example #2: N0 = YO 2/7

Using the expressions for D functions and polishing, we arrive at

1 do { (1+ 0*) + By, - pry (0 + 0*)
aTlp COS y a COS
o dcos0*dcosOdo 87T/'77f77b /Ab PWQ T
A photon momentum in
polarisation N0 rest frame

to be compared to the one used by LHCb for the measurement of the

photon polarisation LHCb 2111.10194
dI’
| — cos@, ., 2
d(cos@,) T P (2)

under the reasonable assumption of vanishing Aw? polarisation, and using an

from other experiments.

In principle, high-statistics data could allow to drop these assumptions with

a fully-differential measurement.

21



Example #2: A0 = yAO 3/7

A relatively new method to do this is to expand the differential distribution
in terms of a set of orthogonal functions. JAAS, Escobar et al. 1702.03297

The method has been succesfully used by ATLAS in the triple-differential
measurement of the top decay. ATLAS 1707.05393

And is being used for the upcoming 4-d differential measurement.

In short:

Instead of rewriting the D functions in terms of sines and cosines [previous
slides] one arranges the angular distribution in terms of one D per decay

dO’ * * * * * *
A dO)* X Z pMM"aA1A2‘2|b>\3| Dll\é% (¢7970)D}\4’2L(¢7970>@9 7O)D§\é§\3(¢ 79 70
M M’ Ao A3
4 e

make one D make another D

22



Example #2: N0 = YO 4/7

The product of two D functions gives single Ds

J1+72
Dﬁ’lml (&7577)D;}q§’2m2(&7577) — Z <]1m/1]2m/2|jm,><Jlm132m2‘]m>D;{n’m(a7677)
J=lj1—72|

Also, Ds* can be cast into Ds

Difb’m(OK?ﬁ?fY)* — (_1)m—m,D1m’—m(&’5’7)

Therefore, each for each decay 'i’ the squared matrix element |M|? contains

a linear combination of Ds evaluated at Q);.

23



Example #2: N0 = yAO 5/7
Side note: if one looks at the decay distribution

1 do 1
o dcosf*dcosfdp  8m

(4 oot P4 oo

o* . 0"

The D functions for spin-1/2 particle decays have cOS o oS o etc.

Where did they go? They nicely combine into cos 0, sin 8, cos 6"

24



Example #2: A0 = yAO 6/7

The differential distribution can then be expanded as

1 do o o
_ E J1J2 J1J2
o . dependence
jijzmimz N
o 1
coefficients to M e (9,0,07,0%) ZE(QJ& + 1) (25, + 1)'/?

measure ) : .
x DIt (¢,6,0)D7 (¢*,6*,0)

m11Mo

For N0 = Y A0 there are 8 non-zero coefficients

00 10 10 10
Coor» Cio0s Coo>» C_-10
01 11 11 11

Coos C10» Cooyr C—-10

that can be easily extracted from data because M functions are orthogonal

25



Example #2: N0 = YO 717

< If you want to measure the photon polarisation [1,] taking the value of
Nb [= —an] from BES:

1
01 _
Con — a t Na
measure  Coo = o NaMb » get 1

Does not require assumptions on A0 polarisation

< If you want to measure the /0 polarisation taking the value of N from
BES:

1
measure  Cgg = o — NP3 » get Ps

W< If you want to measure the photon and Ay0 polarisations, as well as Ne:

1
01 11 10
measure Cop,  Coos Cop = Na 3
4/37
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Discussion
[no more eqgs]



Discussion |/3

To take away:

For |-d distributions there is not much room for creativeness and

innovation.

On the other hand, for higher dimensions there are alternative ways to

parameterise distributions.

Parameterisations of multi-dim distributions in terms of orthogonal

functions are desirable for:

M Easy [better?] extraction of observables from data

[ Possibility to extract a single observable without global fit

Calculations for H = ZZ showed that integration with spherical
harmonics gives a better statistical precision in Cs than ad-hoc FB

asymmetries.

28



Discussion

To take away:

The method has been successfully used by ATLAS for multi-dim
measurements.

As mentioned at the beginning, parameterisations in terms of well-
behaved functions give more physics insight.

There is the possibility to study even higher particle multiplicities
A — B(% blbg)C(% 6162)D — dldg)
Not aware of any relevant such process for B physics

Spin-2 particles, 3-body decays, ... can also be studied.

2/3
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Discussion 3/3

To take away:

These measurements require high statistics, because distributions are

multi-dimensional

# You can notice the small numerical coefficients of the ¢’s : I/(4\/3r[),

etc.Yet, trivial integrations over ¢, ™ or both give 211 factors for free

30



End



