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Disclaimers

Old wine in new bottles?

The formalism offers more insight on the nature of the observables 
measured.

And the methods employed for the extraction of the observables from 
data are different

Here: translation of previous work done for tops, Ws, Zs and Hs.

Examples for b decays are work in progress

Several other possibilities not studied, and no analogue for Ws
2

The formalism is general and allows for 
easy escalability to high dimensions

multi-dim studies possible 
at Run 3 and HL-LHC

Every measured parameter has a meaning. 

Practical differences



Density 
operators



Density operators                                                                  1/4

When one particle decays, the rest-frame distributions of its daughter 
particles are determined by the spin state [not necessarily pure] of the parent.

The [possibly mixed] spin state is given by a density operator in spin space.

Not any operator can be a density operator. A valid density operator has 
several characteristics:

Unit trace

Hermitian

Positive semidefinite: eigenvalues ≥ 0
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spin 1/2: the matrix is 2×2

spin 1: the matrix is 3×3

…

a square matrix
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A Hermitian unit-trace matrix can be expanded in terms of a convenient 
reference set of matrices.

For spin 1/2, the choice is obvious: the identity plus the Pauli matrices

Because the Pauli matrices are precisely the spin operators (up to 1/2) the 
coefficients ai have a simple `spin interpretation´: they are the so-called 
polarisations Pi
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For spin 1, the choice is less obvious. It is very convenient to use operators 
with well-defined transformation under rotations:

6

8 arbitrary coefficients
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For systems with more than one particle, the spin space is the direct 
product of the individual spaces. 

Example: W+W− pair [replace Ws by your favourite spin-1 hadrons]
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8 coefficients 
corresponding to W+ 

polarisation
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The parameterisation of the W+W− spin state, involving 80 
independent parameters, is remarkably simple
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The spin state of a decaying particle leaves its imprint in the rest-frame 
distributions of its daughter particles.

In full generality, the decay distribution can be obtained by multiplying, entry 
by entry, the spin density matrix by a `decay density matrix´ Γ 

The [Hermitian] matrices Γ have a definite form with a few free parameters 
that depend on the spins of the daughter particles, their masses, etc. 

For a system of two particles, the product is done independently for each 
particle, if there is no interference between decay products. 

For decays such as ZZ → e+e− e+e− things are more complicated. We will 
not cover this case.
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Spin 1/2 particles, 2-body decays 

Spin 1 particles, 2-body decays
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Boudjema, Singh 0903.4705

Ω=(θ,φ) is the polar angle 
of one decay product in the 
rest frame of the mother 
particle [as usual]

α, δ: constants
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Due to the symmetry, the resulting equations are simple and beautiful

The constants in red depend on decay mode. The parameters in blue 
describe the spin state.

The advantage of this parameterisation becomes obvious when one 
considers more than one particle. For a system of two spin-1 particles
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If you are scared by the previous equation, you may want to consider the 
multi-page alternative in the literature
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Simplicity alone would suffice to favour this parameterisation… 

13

multi-page 
equations

spherical 
harmonics



Decay distributions                                                                6/6

… but there is more! It is quite easy and straightforward to measure the A 
and C coefficients in data.

Because spherical harmonics are orthogonal functions, to pick a selected 
term in the distribution one just has to take the average

[after background subtraction and correction for detector effects]

of the appropriate Y*(Ω) 
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This is a decay 0 → 1 + 1. Angular momentum conservation implies that 
many A and C coefficients are zero. The non-zero ones are(*)

The decay K0* → Kπ is 1→ 0 + 0  

16

the Γ matrix for this decay has α=0, δ=1

some of the above spin coefficients terms do not 
appear in the distribution (!!!) 
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(*) This is found for example by calculating the decay using helicity formalism 
and matching to the general expression 
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Let us now take B0 → K0*γ* → K0*e+e− at low m(e+e−) so that the decay is 
dominated by photon contributions. 

For γ* → e+e− 

Among the 18 nonzero coefficients, only 7

contribute to the angular distribution, which was [reminder]

17

α=0 due to the vector γe+e− coupling

δ=0 for massless leptons.
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80 terms → 7 terms. Much ado about nothing?

The resulting distribution is

to be matched to the one used by LHCb

There is not a great simplification due to the low number of parameters, 
but there is more insight on their origin, and extraction from data may be 
easier: no need of a global fit.
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We revisit the cascade decay Λb0 → γΛ0 followed by Λ0 → pπ using the 
helicity formalism.

20

Λb0 → γ + Λ0

Λ0 → p + π 
1/2

1/2

1/2

1/21

0
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Using the expressions for D functions and polishing, we arrive at 

to be compared to the one used by LHCb for the measurement of the 
photon polarisation 

under the reasonable assumption of vanishing Λb0 polarisation, and using aΛ 
from other experiments. 

In principle, high-statistics data could allow to drop these assumptions with 
a fully-differential measurement.  
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A relatively new method to do this is to expand the differential distribution 
in terms of a set of orthogonal functions.

The method has been succesfully used by ATLAS in the triple-differential 
measurement of the top decay.

And is being used for the upcoming 4-d differential measurement.

Instead of rewriting the D functions in terms of sines and cosines [previous 

slides] one arranges the angular distribution in terms of one D per decay

22

JAAS, Escobar et al. 1702.03297

ATLAS 1707.05393

In short:
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The product of two D functions gives single Ds

Also, Ds* can be cast into Ds

Therefore, each for each decay `i´ the squared matrix element |M|2 contains 
a linear combination of Ds evaluated at Ωi.

23

<latexit sha1_base64="DqyIuaui30staMsHDdIuFcZoJss="></latexit>

Dj1
m0

1m1
(↵,�, �)Dj2

m0
2m2

(↵,�, �) =
j1+j2X

j=|j1�j2|

hj1m0
1j2m

0
2|jm0ihj1m1j2m2|jmiDj

m0m(↵,�, �)

<latexit sha1_base64="ohWJKeoxOo+vRGXWaf3QQHRe6Ko="></latexit>

Dj
m0m(↵,�, �)⇤ = (�1)m�m0

Dj
�m0�m(↵,�, �)



Example #2: Λb0 → γΛ0                                                          5/7

Side note: if one looks at the decay distribution.

The D functions for spin-1/2 particle decays have                        etc.

Where did they go? They nicely combine into cos θ, sin θ, cos θ*

24
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<latexit sha1_base64="valg1VOsLE0Y/ZBl/hEoB4SgcuE=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQKWWmirqSghuXFewDOmPJpJk2NJMMSUYow/yG4L8ILkRQF+79G9M6C217Vufecy7JOUHMqNKO820VlpZXVteK66WNza3tHXt3r6VEIjFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjK4nevuBSEUFv9PjmPgRGnAaUoy0WfXsUw8LBb1QIpx6ekg0uj/J0loGvUoFeoryBVrPLjtVZwo4T9yclEGORs/+9PoCJxHhGjOkVNd1/BRJTTEjWclLFIkRHqEB6RrKUUSUn06jZfAoFBKat+F0/utNUaTUOAqMJ0J6qGa1yXKR1k10eOmnlMeJJhwbi9HChEEt4KQh2KeSYM3GhiAsqfklxENkStCmx5IJ785GnSetWtU9r7q3Z+X6VV5DERyAQ3AMXHAB6uAGNEATYPAEXsA7+LAerWfr1Xr7tRas/GYf/IP19QPhBJ3z</latexit>

cos
✓⇤

2
, sin

✓⇤

2
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The differential distribution can then be expanded as

For Λb0 → γΛ0 there are 8 non-zero coefficients

that can be easily extracted from data because M functions are orthogonal

25

<latexit sha1_base64="tkSZK4kgI/OVQ8BobCtpLDJmKBc="></latexit>

1

�

d�

d⌦d⌦⇤ =
X

j1j2m1m2

cj1j2m1m2
M j1j2

m1m2

coefficients to 
measure

<latexit sha1_base64="ChiC/NykRebkdg2L1ZKwfiR2NHk="></latexit>

M j1j2
m1m2

(�, ✓,�⇤, ✓⇤) =
1

4⇡
(2j1 + 1)1/2(2j2 + 1)1/2

⇥Dj1
m1m2

(�, ✓, 0)Dj2
m20(�

⇤, ✓⇤, 0)

<latexit sha1_base64="vgBlFz1Nm2S3Vocm72Q+pbGauCA=">AAACf3icbVHLTgIxFO2MqIgv1KWbRuIjBietEh8bQ+LGJSbySJiRdEqBhs7DtmNCJvyKH+Qf+Dd2kESEuYvm9JzTk957/VhwpRH6tuy1wvrGZnGrtL2zu7dfPjhsqSiRlDVpJCLZ8YligoesqbkWrBNLRgJfsLY/fsr09geTikfhq57EzAvIMOQDTok2VK/8eQZpL0Vo+pYd0K1W3feE9DMSZyReIlEeefVndUsLgTgvEOcF4txAPO2VK8hBs4KrAM9BBcyr0St/uf2IJgELNRVEqS5GXkqk5lSwaclNFIsJHZMh6xoYkoApL51NcQpPB5GEesTg7L7oTUmg1CTwjScgeqSWtYzM07qJHtx7KQ/jRLOQGovRBomAOoLZMmCfS0a1mBhAqOTml5COiCRUm5WVTPN4udVV0Lp28K2DX2qV+uN8DEVwDE7ABcDgDtTBM2iAJqBWwbq0bqyabdnntmOjX6ttzd8cgX9lP/wAzsu4vw==</latexit>

c0000 , c1010 , c1000 , c10�10

c0100 , c1110 , c1100 , c11�10

angular 
dependence
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If you want to measure the photon polarisation [ηa] taking the value of 
ηb [= −aΛ] from BES:

Does not require assumptions on Λb0 polarisation

If you want to measure the Λb0 polarisation taking the value of ηb from 
BES:

If you want to measure the photon and Λb0 polarisations, as well as ηb:

26

<latexit sha1_base64="EttDhfU1XMcXybPKZBOGIlDYDDk=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNaHxul4MZlBfuATh0y6Z02NPMwyQglzH8I/ovgQoS6cevfmD4W2noWyck950LO8RPOpLLtbyu3tLyyupZfL2xsbm3vFHf3GjJOBYU6jXksWj6RwFkEdcUUh1YigIQ+h6Y/uBnrzScQksXRvRom0AlJL2IBo0SZkVc8o5627exB206Gr7AbCEK1k+kKduWjUPo0w27CzAGKeGR6+dgrluyyPQFeJM6MlNAMNa84crsxTUOIFOVEyrZjdzQRilEOWcFNJSSEDkgP2oZGJATZ0ZNwGT4KYoFVH/Dk/durSSjlMPSNJySqL+e18fA/rZ2q4LKjWZSkCiJqLEYLUo5VjMcd4S4TQBUfGkKoYOaXmPaJaUaZJgsmvDMfdZE0TsrOedm5q5Sq17Ma8ugAHaJj5KALVEW3qIbqiKIX9IZG6NN6tl6td+tjas1Zs5199AfW1w/msJ3S</latexit>

c0100 =
1

4
p
3⇡

⌘a⌘b get ηameasure

get P3measure
<latexit sha1_base64="UhQzj2vPm6gYQ4L4AsUAnMb+Yi8=">AAACC3icbVDLSgNBEJyNrxhfqx69DAZBPISdKOpFCXjxGME8IBuX2UlvMmT2wcysEJb9BMF/ETyIoBcv/oF/4yTmoIl1qu6qhq7yE8GVdpwvq7CwuLS8Ulwtra1vbG7Z2ztNFaeSQYPFIpZtnyoQPIKG5lpAO5FAQ19Ayx9ejfXWPUjF4+hWjxLohrQf8YAzqs3Ks4+YlzlOfpcRkuML7AaSsozkGaliN+E5dkFTz8d17xh7dtmpOBPgeUKmpIymqHv2p9uLWRpCpJmgSnWI082o1JwJyEtuqiChbEj70DE0oiGobjZJlOODIJZYDwBP5t/ejIZKjULfeEKqB2pWGy//0zqpDs67GY+SVEPEjMVoQSqwjvG4GNzjEpgWI0Mok9x8idmAmjq0qa9kwpPZqPOkWa2Q0wq5OSnXLqc1FNEe2keHiKAzVEPXqI4aiKFH9Ize0Lv1YD1ZL9brj7VgTW920R9YH9+ToZiv</latexit>

c1100 =
1

12⇡
⌘bP3

measure

<latexit sha1_base64="3grhkJfonAFnrP/T+FmvXmxYSC0="></latexit>

c0100 , c1100 , c1000 =
1

4
p
3⇡

⌘aP3



Discussion 
[no more eqs]
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To take away:

For 1-d distributions there is not much room for creativeness and 
innovation. 

On the other hand, for higher dimensions there are alternative ways to 
parameterise distributions. 

Parameterisations of multi-dim distributions in terms of orthogonal 
functions are desirable for:

Calculations for H → ZZ showed that integration with spherical 
harmonics gives a better statistical precision in Cs than ad-hoc FB 
asymmetries.

28

Easy [better?] extraction of observables from data

Possibility to extract a single observable without global fit
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To take away:

The method has been successfully used by ATLAS for multi-dim 
measurements.

As mentioned at the beginning, parameterisations in terms of well-
behaved functions give more physics insight.

There is the possibility to study even higher particle multiplicities

Not aware of any relevant such process for B physics

Spin-2 particles, 3-body decays, … can also be studied.
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<latexit sha1_base64="LBfLTG5GXuIngYd6yUFojAvqMCM=">AAACFHicbVDLSgMxFL3js9bXqEs3wSLUTZmpoq6kWhcuK9gHtMOQSdM2NPMgyQhl6G8I/ovgQgR14d6/MTPOQlsvJJxzzwnkHC/iTCrL+jIWFpeWV1YLa8X1jc2tbXNntyXDWBDaJCEPRcfDknIW0KZiitNOJCj2PU7b3rie6u17KiQLgzs1iajj42HABoxgpVeueXyJeipEV+X09lxbn+oRqqOME81Jyq8zU1/TvqauWbIqVjZoHtg5KEE+Ddf86PVDEvs0UIRjKbu25SRYKEY4nRZ7saQRJmM8pF0NA+xT6SRZtCk6HIQCqRFFGf/tTbAv5cT3tMfHaiRntXT5n9aN1eDcSVgQxYoGRFu0Nog50gnThlCfCUoUn2iAiWD6l4iMsMBE6R6LOrw9G3UetKoV+7Ri356Uahd5DQXYhwMogw1nUIMbaEATCDzCM7zBu/FgPBkvxuuPdcHI3+zBnzE+vwGaaZlW</latexit>

A ! B(! b1b2)C(! c1c2)D ! d1d2)
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To take away:

These measurements require high statistics, because distributions are 
multi-dimensional

30

You can notice the small numerical coefficients of the c´s : 1/(4√3π), 
etc. Yet, trivial integrations over φ, φ* or both give 2π factors for free



End


