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• White dwarfs and neutron stars simplified


• What happens to a (light) QCD axion inside them?


• General theory for light scalars in dense stars

Plan for the next 32 Minutes



• Densest stars in the universe,




• Strongest magnetic fields in the universe.


• Very precise measurements of their spin (pulsars).


• Observed in merger events via gravitational waves.

Neutron Stars 
as a laboratory  
for fundamental physics



Neutron Stars

how big? how massive? how dense?



… power of theory (laziness as a virtue)
Back of the envelope … 

vs.



Neutron stars simplified
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Neutron star estimate
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Mass of the sun within a few km

Planck scale

nucleon mass
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Comparison to data

Jocelyn Bell Burnell



Neutron stars: mass vs. radius

https://arxiv.org/abs/1603.02698v1

https://arxiv.org/abs/1603.02698v1
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Figure 2. Masses measured from pulsar timing. Vertical dashed (dotted) lines indicate category
error-weighted (unweighted) averages. The figure is updated from that of Ref. [14].

3. Nuclear Physics Constraints on Neutron Star Radii

Lattimer and Prakash [3] discovered that neutron star radii and neutron star matter pressure
around ns � 2ns are highly correlated. Approximately,

R1.4 ' 9.52

 
MeV fm�1/3

ps

!1/4

, R1.4 ' 5.69

 
MeV fm�1/3

p2s

!1/4

, (4)

where ps(p2s) is the neutron star matter pressure at ns (2ns).2 One can define the symmetry energy
as the energy difference between pure neutron matter and symmetric nuclear matter at a given
density. Denoting Ex(n) as the baryonic energy per baryon as a function of density and proton
fraction x, the symmetry energy is S(n) = E0(n)� E1/2(n). It is usually assumed that the energy
of matter at arbitrary proton fraction 0 < x < 1/2 may be found with a quadratic interpolation
Ex(n) = E1/2(n) + S(n)(1 � 2x)2. This is equivalent to expanding Ex in a power series expansion of

2 These formula were updated by Ref. [1] to comply with the Mmax >⇠ 2M� constraint.
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White Dwarfs: 

Fermi pressure from 
electron gas



White dwarfs simplified
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Mass of the sun at the size of the earth.



White dwarf mass-radius curve
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White dwarf mass-radius curve
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agrees very well with SM 
   -> use to constraint BSM



We will study these very dense objects 
 in the presence of light QCD axions 

(as well as other light scalars) 

 
We will not have to assume that they 

are the dark matter.
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Axion Solution
• PQ symmetry 𝑈(1)PQ : spontaneously broken at scale ∼ 𝑓a 


• explicitly broken at the quantum level by a mixed QCD anomaly


• pseudo-Nambu-Goldstone boson (pNG) arises: the QCD axion 


• non-perturbative axion potential: axion relaxes to CP-conserving 
minimum
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The QCD axion potential at low energy 
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The QCD axion couplings to photons, nucleons, 
electrons determined by scale f
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The QCD axion potential at low energy 
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leads to non-derivative coupling of axions to nucleons:

such that 

Nuclear Chiral Perturbation theory
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Turn on baryon density background
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Light QCD Axion at Finite Density
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Light QCD Axion at finite density
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Axion Profile

φ = θf
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0

long-range force

axion core

see Hook, Huang ’17 and Balkin, Serra, Springmann, AW ‘20
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see Hook, Huang ’17 and Balkin, Serra, Springmann, AW ‘20

φ = θf

<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>
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Why does this not affect large nucleons?

We gain energy by being in the true vacuum inside dense object.

Field theory potential energy includes gradient term!
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Resists change in profile 


    (“string does not want to be bend”)
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Condition for non-trivial profile:
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Potential gain…  

… outweighs gradient energy price
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Objects must be large enough. No effects in particle physics 
experiments.
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Why does this not affect large nucleons?
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<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>

0

What happens to neutrons stars and white 
dwarfs with an axion sourced inside?

Axion Profile



<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

Stars with a sourced axion profile

<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>
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<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>
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1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f



<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

Stars with a sourced axion

<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>

mN (⇡f) ' mN � �⇡N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>
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<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

2) Energy density of the potential acts as vacuum energy (like a CC) 

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

see Bellazzini et. al. ’15 and Csaki et. al. ’18



<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

Stars with a sourced axion

<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>
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<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>
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1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

2) Energy density of the potential acts as vacuum energy (like a CC) 

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

see Bellazzini et. al. ’15 and Csaki et. al. ’18



<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

Stars with a sourced axion

<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>

mN (⇡f) ' mN � �⇡N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

2) Energy density of the potential acts as vacuum energy (like a CC) 

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

see Bellazzini et. al. ’15 and Csaki et. al. ’18

dominant effect here



Minimizing the action

Free Fermi Gas of Neutrons with an Axion
LNφ =

√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,



Minimizing the action

coupled system
Einstein equations and axion EOM

LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

Free Fermi Gas of Neutrons with an Axion



LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

Minimizing the action

can be solved numerically, very involved

Einstein equations and axion EOM
coupled system

Free Fermi Gas of Neutrons with an Axion



coupled system

Luckily, there is often a simplifying limit!

Minimizing the action
LNφ =

√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

can be solved numerically, very involved

Einstein equations and axion EOM

Free Fermi Gas of Neutrons with an Axion



Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡



Gradient energy becomes negligible:

The system effectively decouples: Solve for EOS 

<latexit sha1_base64="0l2ScNTSgdw5CyBCexPf4RQsfSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXsquFPUiFL14rGA/sF1KNs22odlsSLJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYTVZrF4sGMJfUjPBAsZAQbKz125ZCdltXZtdsrltyKOwNaJl5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0UuommEpMRHtCOpQJHVPvp7OIJOrFKH4WxsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMmZGKoIPNFYcKRidH0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmucV76JSva+WajdZHHk4gmMogweXUIM7qEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/CQ+P2w==</latexit>

�0(r) = 0

Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Solve pressure gravity equations

Limit of a thin wall bubble

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡

Zero Gradient Limit



minimising the potential energy ∂ε

∂φ
= 0 <latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy ∂ε

∂φ
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy 

equation of state

∂ε

∂φ
= 0

<latexit sha1_base64="znIV5CvbMGEkdvgBWLVZGoZf7Po=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJmRoi6LblxWsA9oh5JJM21oJglJpjAM9VfcuFDErR/izr8xbWehrQfu5XDOveTmhJJRbTzv21lb39jc2i7sFHf39g8O3aPjlhaJwqSJBROqEyJNGOWkaahhpCMVQXHISDsc38389oQoTQV/NKkkQYyGnEYUI2OlvlvqTZAiUlMmeIWfX0jb+m7Zq3pzwFXi56QMcjT67ldvIHASE24wQ1p3fU+aIEPKUMzItNhLNJEIj9GQdC3lKCY6yObHT+GZVQYwEsoWN3Cu/t7IUKx1God2MkZmpJe9mfif101MdBNklMvEEI4XD0UJg0bAWRJwQBXBhqWWIKyovRXiEVIIG5tX0YbgL395lbQuq/5VtfZQK9dv8zgK4AScggrwwTWog3vQAE2AQQqewSt4c56cF+fd+ViMrjn5Tgn8gfP5A7jIlCs=</latexit>

"(n), p(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

Equation of state



<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

Energy per particle



Energy per particle

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas
<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤



Energy per particle

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas
<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

Negative pressure for
<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n⇤

<latexit sha1_base64="abNFCrM5vhYFyQ16Wjsps9uzyGA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm2ARqmBJpKibYtGNK6lgL9DGMJlO2qGTSZiZCCHU99CNGxeKuBV8DXe+jZO0C63+MPDxn3M4Z343pERI0/zScnPzC4tL+eXCyura+oa+udUSQcQRbqKABrzjQoEpYbgpiaS4E3IMfZfitjs6T+vtW8wFCdi1jENs+3DAiEcQlMpy9GJYZjf7e7XQuczgoFUzHb1kVsxMxl+wplA6/bhP9dBw9M9eP0CRj5lEFArRtcxQ2gnkkiCKx4VeJHAI0QgOcFchgz4WdpIdPzZ2ldM3vICrx6SRuT8nEugLEfuu6vShHIrZWmr+V+tG0juxE8LCSGKGJou8iBoyMNIkjD7hGEkaK4CIE3WrgYaQQyRVXgUVgjX75b/QOqxYR5XqVbVUPwMT5cE22AFlYIFjUAcXoAGaAIEYPIJn8KLdaU/aq/Y2ac1p05ki+CXt/RubGZdJ</latexit>

p(n⇤) = pN (n⇤)� V = 0

Defines 
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤ as



Energy per particle vs pressure inside

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas
<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="6bv2MCXUj94yr/yBftsGlUIAwHM=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbBjWVGirpQLLpxJRXsBaZDyaSZNjSThCQjlKGP4cIuFHHrC/ga7nwbM20X2vpD4OP/zyHnnFAyqo3rfjsLi0vLK6u5tfz6xubWdmFnt65FojCpYcGEaoZIE0Y5qRlqGGlKRVAcMtII+zdZ3ngkSlPBH8xAkiBGXU4jipGxli8vZTu9Gx7XL9x2oeiW3LHgPHhTKF59PmcaVduFr1ZH4CQm3GCGtPY9V5ogRcpQzMgw30o0kQj3UZf4FjmKiQ7S8chDeGidDoyEso8bOHZ/d6Qo1noQh7YyRqanZ7PM/C/zExOdBynlMjGE48lHUcKgETDbH3aoItiwgQWEFbWzQtxDCmFjr5S3R/BmV56H+knJOy2V78vFyjWYKAf2wQE4Ah44AxVwC6qgBjAQ4Am8gFfHOCPnzXmflC4405498EfOxw9zepUx</latexit>

p = pN � V < 0

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤
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Energy per particle vs pressure inside

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas
<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="6bv2MCXUj94yr/yBftsGlUIAwHM=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbBjWVGirpQLLpxJRXsBaZDyaSZNjSThCQjlKGP4cIuFHHrC/ga7nwbM20X2vpD4OP/zyHnnFAyqo3rfjsLi0vLK6u5tfz6xubWdmFnt65FojCpYcGEaoZIE0Y5qRlqGGlKRVAcMtII+zdZ3ngkSlPBH8xAkiBGXU4jipGxli8vZTu9Gx7XL9x2oeiW3LHgPHhTKF59PmcaVduFr1ZH4CQm3GCGtPY9V5ogRcpQzMgw30o0kQj3UZf4FjmKiQ7S8chDeGidDoyEso8bOHZ/d6Qo1noQh7YyRqanZ7PM/C/zExOdBynlMjGE48lHUcKgETDbH3aoItiwgQWEFbWzQtxDCmFjr5S3R/BmV56H+knJOy2V78vFyjWYKAf2wQE4Ah44AxVwC6qgBjAQ4Am8gFfHOCPnzXmflC4405498EfOxw9zepUx</latexit>

p = pN � V < 0

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>
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1.5 <latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

White Dwarfs with a light Axion
<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

GAP!

Balkin, Serra, Stelzl, Springmann, AW 2202.02661
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Note: no need to assume that axions constitute dark matter.



Heavy Neutron Stars from light Scalars
… or Fat Zombies in the Stellar Graveyard



Motivation:
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⇒ Mmax ∼ 0.7M!

⇒ Rmax " 10 km

Free fermi-gas toy model
Consider non-interacting Fermi gas of neutrons
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<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>

) Rmax ⇠ 10
⇣mN

m
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Consider non-interacting Fermi gas of neutrons
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<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>

) Rmax ⇠ 10
⇣mN
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For lighter neutrons
<latexit sha1_base64="/+66nICEsEogIAe8N6LX5NX/XGg=">AAACGHicbVDLTgIxFO3gC/E16tJNIzHBDcwoUZdEN64UE3kkDCF3SoGGdmZsOxoy4TPc+CtuXGiMW3b+jeWxUPAkTU7PuTf33uNHnCntON9Waml5ZXUtvZ7Z2Nza3rF396oqjCWhFRLyUNZ9UJSzgFY005zWI0lB+JzW/P7V2K89UqlYGNzrQUSbAroB6zAC2kgtuyA8xQQWrZvCqfcQQ9uTrNvTIGX4NP0L0D0CPLkd5lznuGVnnbwzAV4k7oxk0Qzllj3y2iGJBQ004aBUw3Ui3UxAakY4HWa8WNEISB+6tGFoAIKqZjI5bIiPjNLGnVCaF2g8UX93JCCUGgjfVI7XVPPeWPzPa8S6c9FMWBDFmgZkOqgTc6xDPE4Jt5mkRPOBIUAkM7ti0gMJRJssMyYEd/7kRVI9ybtn+eJdMVu6nMWRRgfoEOWQi85RCV2jMqoggp7RK3pHH9aL9WZ9Wl/T0pQ169lHf2CNfgCTT6Aa</latexit>

m ⇠ mN/3 ! O(10)

Consider non-interacting Fermi gas of neutrons

Recalling earlier neutron star estimates, we find same scaling:

Free fermi-gas toy model

EFermi/N = mN

EGravity = �3
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<latexit sha1_base64="tZtO6HGckzyJl7Hf8fiJhgU/3jY="></latexit>
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<latexit sha1_base64="/+66nICEsEogIAe8N6LX5NX/XGg=">AAACGHicbVDLTgIxFO3gC/E16tJNIzHBDcwoUZdEN64UE3kkDCF3SoGGdmZsOxoy4TPc+CtuXGiMW3b+jeWxUPAkTU7PuTf33uNHnCntON9Waml5ZXUtvZ7Z2Nza3rF396oqjCWhFRLyUNZ9UJSzgFY005zWI0lB+JzW/P7V2K89UqlYGNzrQUSbAroB6zAC2kgtuyA8xQQWrZvCqfcQQ9uTrNvTIGX4NP0L0D0CPLkd5lznuGVnnbwzAV4k7oxk0Qzllj3y2iGJBQ004aBUw3Ui3UxAakY4HWa8WNEISB+6tGFoAIKqZjI5bIiPjNLGnVCaF2g8UX93JCCUGgjfVI7XVPPeWPzPa8S6c9FMWBDFmgZkOqgTc6xDPE4Jt5mkRPOBIUAkM7ti0gMJRJssMyYEd/7kRVI9ybtn+eJdMVu6nMWRRgfoEOWQi85RCV2jMqoggp7RK3pHH9aL9WZ9Wl/T0pQ169lHf2CNfgCTT6Aa</latexit>

m ⇠ mN/3 ! O(10)

Consider non-interacting Fermi gas of neutrons

Also obvious from our neutron star estimates:

reduced nucleon mass 
m ~ mN/3

mN

Free fermi-gas toy model
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1) Mass reduction m∗
N < mN stiffens the EOS

<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

ε = const. = m∗
Nρ

additional energy density gravitates
2) Vacuum energy softens the EOS

What kind of EOS?

<latexit sha1_base64="YOBm+y9r3WG3apRC/ofbLfjFyTE=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlKUTdC0Y0LFxXsA5pYJpNJO3TyYGYihFJ/xY0LRdz6Ie78G6dtFtp6YOBwzj3cO8dLOJPKsr6NldW19Y3NwlZxe2d3b988OGzLOBWEtkjMY9H1sKScRbSlmOK0mwiKQ4/Tjje6nvqdRyoki6N7lSXUDfEgYgEjWGmpb5baFSdhKDi9rDm3Oubjh3rfLFtVawa0TOyclCFHs29+OX5M0pBGinAsZc+2EuWOsVCMcDopOqmkCSYjPKA9TSMcUumOZ8dP0IlWfBTEQr9IoZn6OzHGoZRZ6OnJEKuhXPSm4n9eL1XBhTtmUZIqGpH5oiDlSMVo2gTymaBE8UwTTATTtyIyxAITpfsq6hLsxS8vk3atap9V63f1cuMqr6MAR3AMFbDhHBpwA01oAYEMnuEV3own48V4Nz7moytGninBHxifP5Gmk3I=</latexit>

V (⇡f) = 2⇤4

see Bellazzini et. al. ’15 and Csaki et. al. ’18

Effective nucl. mass
<latexit sha1_base64="8fjRdzRvjyBniH82fMI5/rzyJHY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1FMpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+V5tUHN75Ypbdecgq8TLSQVyNHrlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyjm2AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqaV5Uvavq5cNlpX6bx1GEEziFc/DgGupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A7Sbjfk=</latexit>

1 > g > 0m∗
N =

{
mN φ = 0
mN (1− g) φ = π

<latexit sha1_base64="dDW6jIzsL3vtUY0wZ9GSin7BvPw=">AAACIXicbZDLSsNAFIYnXmu9RV26CRahXbQmUrQboejGhYsK9gJNLJPJpB06uTBzIpTQV3Hjq7hxoUh34ss4bbPQ1gMDH/9/DmfO78acSTDNL21ldW19YzO3ld/e2d3b1w8OWzJKBKFNEvFIdFwsKWchbQIDTjuxoDhwOW27w5up336iQrIofIBRTJ0A90PmM4JBST291ira8YCVrsr2nZry8GPV5tSHok0imZHyz3xbsP4ASmUrg55eMCvmrIxlsDIooKwaPX1iexFJAhoC4VjKrmXG4KRYACOcjvN2ImmMyRD3aVdhiAMqnXR24dg4VYpn+JFQLwRjpv6eSHEg5ShwVWeAYSAXvan4n9dNwK85KQvjBGhI5ov8hBsQGdO4DI8JSoCPFGAimPqrQQZYYAIq1LwKwVo8eRla5xXrolK9rxbq11kcOXSMTlARWegS1dEtaqAmIugZvaJ39KG9aG/apzaZt65o2cwR+lPa9w+aUKKW</latexit>

V (�) = �⇤4 (cos (�/f)� 1)Scalar potential


Matter coupling
<latexit sha1_base64="tEreX1QVoD2LPC5tCaSY5vabziY="></latexit>

O�N =
g mN

2
N̄N cos

✓
�

f

◆

Light scalars coupled to nucleons



1) Mass reduction m∗
N < mN stiffens the EOS

<latexit sha1_base64="2vhksl9VWSqjXyfWbIpBrKRUd/M="></latexit>

) Mmax ⇠ 0.7
⇣mN

m

⌘2
M�

ε = const. = m∗
Nρ

additional energy density gravitates
2) Vacuum energy softens the EOS

What kind of EOS?

<latexit sha1_base64="YOBm+y9r3WG3apRC/ofbLfjFyTE=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUlKUTdC0Y0LFxXsA5pYJpNJO3TyYGYihFJ/xY0LRdz6Ie78G6dtFtp6YOBwzj3cO8dLOJPKsr6NldW19Y3NwlZxe2d3b988OGzLOBWEtkjMY9H1sKScRbSlmOK0mwiKQ4/Tjje6nvqdRyoki6N7lSXUDfEgYgEjWGmpb5baFSdhKDi9rDm3Oubjh3rfLFtVawa0TOyclCFHs29+OX5M0pBGinAsZc+2EuWOsVCMcDopOqmkCSYjPKA9TSMcUumOZ8dP0IlWfBTEQr9IoZn6OzHGoZRZ6OnJEKuhXPSm4n9eL1XBhTtmUZIqGpH5oiDlSMVo2gTymaBE8UwTTATTtyIyxAITpfsq6hLsxS8vk3atap9V63f1cuMqr6MAR3AMFbDhHBpwA01oAYEMnuEV3own48V4Nz7moytGninBHxifP5Gmk3I=</latexit>

V (⇡f) = 2⇤4

see Bellazzini et. al. ’15 and Csaki et. al. ’18

Effective nucl. mass
<latexit sha1_base64="8fjRdzRvjyBniH82fMI5/rzyJHY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1FMpevFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4upv5rSeujUjUI45THsR0oEQkGEUr+V5tUHN75Ypbdecgq8TLSQVyNHrlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyjm2AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqaV5Uvavq5cNlpX6bx1GEEziFc/DgGupwDw3wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A7Sbjfk=</latexit>

1 > g > 0m∗
N =

{
mN φ = 0
mN (1− g) φ = π

<latexit sha1_base64="dDW6jIzsL3vtUY0wZ9GSin7BvPw=">AAACIXicbZDLSsNAFIYnXmu9RV26CRahXbQmUrQboejGhYsK9gJNLJPJpB06uTBzIpTQV3Hjq7hxoUh34ss4bbPQ1gMDH/9/DmfO78acSTDNL21ldW19YzO3ld/e2d3b1w8OWzJKBKFNEvFIdFwsKWchbQIDTjuxoDhwOW27w5up336iQrIofIBRTJ0A90PmM4JBST291ira8YCVrsr2nZry8GPV5tSHok0imZHyz3xbsP4ASmUrg55eMCvmrIxlsDIooKwaPX1iexFJAhoC4VjKrmXG4KRYACOcjvN2ImmMyRD3aVdhiAMqnXR24dg4VYpn+JFQLwRjpv6eSHEg5ShwVWeAYSAXvan4n9dNwK85KQvjBGhI5ov8hBsQGdO4DI8JSoCPFGAimPqrQQZYYAIq1LwKwVo8eRla5xXrolK9rxbq11kcOXSMTlARWegS1dEtaqAmIugZvaJ39KG9aG/apzaZt65o2cwR+lPa9w+aUKKW</latexit>
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Figure 2: The binding energy "/⇢ as a function of number density ⇢. The thick, green curve

describes a free Fermi gas. The blue curve describes a first-order phase transition typical

in the CE region of parameter space. The transition is accompanied by a discontinuity in

" and ⇢, in the region plotted here as the dashed blue line. The phases at the edges of the

dashed blue line have the same pressure. Both the thick green and the blue curve share

the same ground state at ⇢ ! 0, where the binding energy is simply the rest mass m. The

red curve describes the binding energy of the NGS. An absolutely stable branch is defined

for ⇢ � ⇢
NGS, with the NGS located at ⇢

NGS. A meta-stable branch equivalent to a free

Fermi gas in found at ⇢ < ⇢c. The region ⇢c < ⇢ < ⇢
NGS is completely unstable.

law of thermodynamics,

p(µNGS) = (⇢NGS)2
@("/⇢)

@⇢

����
⇢=⇢NGS

= µ
NGS

⇢
NGS

� "
NGS = 0 , (2.15)

where "NGS = "(✓NGS
, ⇢

NGS) and ⇢
NGS = k

3
F (µ

NGS)/3⇡2, with k
2
F (µ

NGS) = (µNGS)2�m
2
⇤(✓

NGS)

and ✓
NGS(~↵) evaluated at µNGS. From this condition we learn two things,

1. There is a minimum of the function "/⇢ at ⇢ = ⇢
NGS.

2. The value of the function at that minimum is "NGS

⇢NGS = µ
NGS

< m.

This new and deeper minimum is shown in Fig. 2. We find that the function describing

the energy per particle, namely "/⇢, has a global minimum at ⇢
NGS, which is lower than

the minimum at ⇢ = 0, since lim⇢!0 "(✓0, ⇢)/⇢ = m. This implies the existence of a new

ground state for matter with ✓
NGS = ✓(⇢NGS). This is analogous to the e↵ect of the nuclear

force in nuclear matter. The short-distance repulsion and long-distance attraction are bal-

anced at nuclear saturation density ⇢0 ⇡ 0.15 fm�3, i.e. the density of nuclei, which are

the ground states of nuclear matter. In the presence of the NGS, the EOS has a stable
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Figure 3: Pressure as a function of energy density for the various regions discussed in the

text. The thick, green curve describes a free Fermi gas. The blue curve describes a first-

order phase transition, typical in the CE region of parameter space. While the pressure

is continuous across the phase transition, which takes places at pCE

c , the energy density is

discontinuous, shown as the dashed blue line. Such a jump leads to a softer EOS, at least in

some finite region. The red curve describes the NGS, characterized by vanishing pressure

at some finite energy density "
NGS. This EOS can be sti↵er than the ✓0 phase at high

densities. There is typically also a meta-stable branch at low energy densities, equivalent

to the free Fermi gas, shown here as the dashed red curve.

branch which reaches p = 0 at some non-vanishing number density ⇢
NGS or energy density

"
NGS, see Fig. 3. Importantly for our discussion, the EOS of this new phase could be sti↵er

than the ✓0 phase, and therefore can potentially support bound objects of larger mass.

Since the NGS is not continuously connected to the ✓0 phase, matter below some critical

density ⇢ < ⇢c is meta-stable, see Fig. 2. Given a system at sub-critical density, any density

fluctuation large enough to overcome the potential barrier can cause a phase transition,

as long as its spatial extent is large compared to ��, even if small compared to the size

of the system (due to the negligible gradient limit formulated, see Eq. (2.9)). The region

⇢c < ⇢ < ⇢
NGS corresponds to negative total pressure and is therefore completely unstable.8

Let us now focus on the NGS, and take the contribution coming from V (✓) to be neg-

ligible. Furthermore, let us assume that the e↵ective fermion mass remains approximately

constant in the NGS; this would be the case in models where m⇤(✓) is positive and bounded

from below at some ✓ = ✓1 (see discussion below Eq. (2.12)). Thus, if the total e↵ect of

8We should note that for m⇤(✓) linear in ✓ (n = 1 in Eq. (1.1)) there exists another (hydrodynamical)

instability due to an imaginary speed of sound c2s = @p/@" < 0 [65]. This is absent for m⇤(✓) quadratic in

✓ (n = 2 in Eq. (1.1)) since ✓0 is not continuously connected to ✓CE (nor to ✓NGS) as one varies ⇢.
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Figure 5: Top panel: Energy density (left) and pressure (right) profiles of solution of the

TOV equations. In red we plot one configuration in the BM2 model with R = 17 km and

M = 1.6M� in the negligible gradient limit. We plot in black the free Fermi gas solution

of similar radius with M = 0.4M�. Bottom panel: similar profiles for configuration of

similar mass M = 0.25M� and R = 9.8 km and R = 23 km for the BM2 and free Fermi gas

models, respectivley.

3.1.1 The QCD axion

The QCD axion is arguably the most elegant solution to the strong CP problem. Pro-

moting the ✓̄-angle to a dynamical field, we can write the relevant part of the QCD axion

Lagrangian at energies above the QCD scale as

L� �
1

2
(@�)2 +

g
2
s

32⇡2

�

f
Gµ⌫G̃

µ⌫
. (3.4)

Here gs is the strong coupling constant and Gµ⌫ the gluon field strength. At energies below

the QCD confinement scale, a potential for the QCD axion is generated by non-perturbative

e↵ects that can be written as [138]

V (�) = �m
2
⇡f

2
⇡

 s

1�
4mumd

(mu +md)2
sin2

✓
�

2f

◆
� 1

!
. (3.5)

In vacuum, the potential is minimized at h�/fi ⌘ ✓0 = 0 (with V (✓0) = 0), such that CP

is conserved, thus solving the strong CP problem.
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Figure 6: (Left panel) the M-R curves in the negligible gradient energy limit of the for

the benchmark cases, with ✏ = 10�4 for the light QCD axion. We plot two representative

combined constraints at the 68% confidence level over the neutron star mass and radius,

obtained from low-mass X-ray binaries during quiescence (NGC 6304) and thermonuclear

bursts (KS 1731-260), taken from [102]. In orange we plot the mass measurement of the

millisecond pulsar J0740+6620, taken from [97]. The gray regions are the theoretically

excluded regions with GM/R < 1/2 (Black hole), GM/R < 4/9 (p < 1, see 11.6 in

Ref. [113]) and GM/R . 0.35 (Causality limits, see e.g. [123]) . (Right panel) the MR

curve for the QCD axion. The free Fermi gas without the axion (black), the negligible

gradient limit (dashed) and the result of numerically solving the full coupled system for

f = {5 ⇥ 1016, 1016, 1015} GeV in red, purple, and blue respectively. The light-colored

curves are unstable configurations.

inside the hybrid star occupies a significant fraction of the whole object which modifies

its equilibrium configuration. This explains the visible deviations of the finite f hybrid

branches compared to the negligible gradient limit. However at higher internal pressures,

once the QCD axion is fully sourced, indicating a thin wall, all the curves in the M -R plane

converge, in particular to a similar maximal mass configuration. This is not a surprise,

since the existence of a thin bubble wall implies that the gradient energy is negligible.

3.1.2 Lighter QCD axions

Recently, the QCD axion solution to the strong CP problem was extended by relaxing the

relation between the mass of the axion and its coupling to the SM, allowing for lighter-than-

expected QCD axions [46, 105, 139], which lead to exciting astrophysical signatures [46,

54, 66, 140]. We consider the light QCD axion model at finite density,

V (�, ⇢s) = �
�
✏m

2
⇡f

2
⇡ � �⇡N⇢s

�
 s

1�
4mumd

(mu +md)2
sin2

✓
�

2f

◆
� 1

!
, (3.8)
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Gradient Effects

Figure 7: (Left panel) The MR curve for the light QCD axion model with ✏ = 6⇥ 10�9.

Free fermi gas without axion (black), negligible gradient limit (dashed) and full numerical

solutions for f = {5 ⇥ 1016, 1016, 1015} GeV in red, purple, and blue respectively. The

light-colored curves are unstable configurations. Note that the metastable branch for low

f is not within the range of the plot. (Right panel) The mass-radius curve of the BM1 in

the ALP model. Pure Fermi gas without axion (black), negligible gradient limit (dashed),

and the result of numerically solving the full coupled system for f = {5⇥ 1016, 1016} GeV

in red and purple, respectively.

field is not sourced, and thus only in models with @m⇤(✓)/@✓
��
✓=✓0

6= 0 single particle ex-

change is probed. Higher-order non-vanishing derivatives may induce an e↵ective quantum

force (see e.g. [141]), for which fifth force constraints are generically weaker. [JS: Were we

trying to discuss here current bounds? In that case, it is non-trivial: If linear coupling

(n = 1), see also Sec. 3.2.1, excluded from fifth force searches on Earth unless m� � 1/µm,

or M� � M
P
which is e↵ectively equivalently to no linear term. There is always the option

of screening, yet then screening likely take place in NSs as well. If quadratic coupling

(n = 2), constrained by our work on white dwarfs [66], which as far as I can see now seems

the most robust. Is there something else in generality? Note that the constraints from

Earth and Sun (assuming these are dense and large enough, as usual) discussed in Ref. [46]

are not general: they rely on couplings to matter being the axion ones (proton-neutron

mass di↵erence, pion mass) and thus model dependent. Not applicable if we only assume

a m⇤(�), i.e. a change in nucleon mass. For instance, in scalar-tensor theories we change

all masses, thus we are not sensitive to mass measurements, we need the interplay with

some relativistic species (like electrons in the case of white dwarfs). Finally, the bounds

from [30] as well as [142, 143] rely on the typical couplings of axions, to the nucleon axial

current and the nucleon EDM.]
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Neutron stars with light scalars

Figure 4: The {m⇤(✓1), V (✓1)} parameter space. The black line (Eq. (3.1)) is the

CE-NGS boundary. Curves of constant stellar mass and radius for the most massive con-

figuration allowed by the EOS are shown in dashed and solid gray, respectively. In the gray

region, the ✓ = ✓1 approximation breaks down. In the light-blue region, neutron stars are

not dense enough to source the scalar. We show the QCD axion (red dot), light QCD axions

(purple line) and two generic ALP benchmark points (blue dots) with m⇤(✓1) = mN/2 and

V (✓1) = 2 ⇥ (0.075 GeV)4 (BM1) and m⇤(✓1) = mN/3 and V (✓1) = 2 ⇥ (0.075 GeV)4

(BM2). BM1 is discussed in the text including finite f e↵ects. The thick-blue line de-

scribes a generic model with f(�)GG coupling, which allows for large nucleon couplings.

As indicated by the arrows, this line can move vertically depending on the magnitude of

the potential, thereby populating most of the parameter space. Towards small m⇤(✓1) cal-

culability is lost as indicated by the decreasing opacity, see App. C for more details. Below

green contours, finite f e↵ects become important for the corresponding value shown.

To illustrate the e↵ect of the axion field on the stellar configuration, in Fig. 5 we

plot in red the energy density and pressure profiles of a representative point in the BM2

benchmark (see Fig. 4) compared to the free Fermi gas solution of similar radius. The

emergence of a new ground state can be deduced from energy density at the edge of the

star, where vanishing pressure is found at finite energy density.
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region, the ✓ = ✓1 approximation breaks down. In the light-blue region, neutron stars are

not dense enough to source the scalar. We show the QCD axion (red dot), light QCD axions

(purple line) and two generic ALP benchmark points (blue dots) with m⇤(✓1) = mN/2 and

V (✓1) = 2 ⇥ (0.075 GeV)4 (BM1) and m⇤(✓1) = mN/3 and V (✓1) = 2 ⇥ (0.075 GeV)4

(BM2). BM1 is discussed in the text including finite f e↵ects. The thick-blue line de-

scribes a generic model with f(�)GG coupling, which allows for large nucleon couplings.

As indicated by the arrows, this line can move vertically depending on the magnitude of

the potential, thereby populating most of the parameter space. Towards small m⇤(✓1) cal-

culability is lost as indicated by the decreasing opacity, see App. C for more details. Below

green contours, finite f e↵ects become important for the corresponding value shown.

To illustrate the e↵ect of the axion field on the stellar configuration, in Fig. 5 we

plot in red the energy density and pressure profiles of a representative point in the BM2

benchmark (see Fig. 4) compared to the free Fermi gas solution of similar radius. The

emergence of a new ground state can be deduced from energy density at the edge of the

star, where vanishing pressure is found at finite energy density.
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Figure 4: The {m⇤(✓1), V (✓1)} parameter space. The black line (Eq. (3.1)) is the
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V (✓1) = 2 ⇥ (0.075 GeV)4 (BM1) and m⇤(✓1) = mN/3 and V (✓1) = 2 ⇥ (0.075 GeV)4

(BM2). BM1 is discussed in the text including finite f e↵ects. The thick-blue line de-

scribes a generic model with f(�)GG coupling, which allows for large nucleon couplings.

As indicated by the arrows, this line can move vertically depending on the magnitude of

the potential, thereby populating most of the parameter space. Towards small m⇤(✓1) cal-

culability is lost as indicated by the decreasing opacity, see App. C for more details. Below

green contours, finite f e↵ects become important for the corresponding value shown.

To illustrate the e↵ect of the axion field on the stellar configuration, in Fig. 5 we

plot in red the energy density and pressure profiles of a representative point in the BM2

benchmark (see Fig. 4) compared to the free Fermi gas solution of similar radius. The

emergence of a new ground state can be deduced from energy density at the edge of the

star, where vanishing pressure is found at finite energy density.
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Figure 4: The {m⇤(✓1), V (✓1)} parameter space. The black line (Eq. (3.1)) is the

CE-NGS boundary. Curves of constant stellar mass and radius for the most massive con-

figuration allowed by the EOS are shown in dashed and solid gray, respectively. In the gray

region, the ✓ = ✓1 approximation breaks down. In the light-blue region, neutron stars are

not dense enough to source the scalar. We show the QCD axion (red dot), light QCD axions

(purple line) and two generic ALP benchmark points (blue dots) with m⇤(✓1) = mN/2 and

V (✓1) = 2 ⇥ (0.075 GeV)4 (BM1) and m⇤(✓1) = mN/3 and V (✓1) = 2 ⇥ (0.075 GeV)4

(BM2). BM1 is discussed in the text including finite f e↵ects. The thick-blue line de-

scribes a generic model with f(�)GG coupling, which allows for large nucleon couplings.

As indicated by the arrows, this line can move vertically depending on the magnitude of

the potential, thereby populating most of the parameter space. Towards small m⇤(✓1) cal-

culability is lost as indicated by the decreasing opacity, see App. C for more details. Below

green contours, finite f e↵ects become important for the corresponding value shown.

To illustrate the e↵ect of the axion field on the stellar configuration, in Fig. 5 we

plot in red the energy density and pressure profiles of a representative point in the BM2

benchmark (see Fig. 4) compared to the free Fermi gas solution of similar radius. The

emergence of a new ground state can be deduced from energy density at the edge of the

star, where vanishing pressure is found at finite energy density.
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are the

densest and have the highest pressures. As the number density decreases and ⇢ approaches
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NGS, the object becomes larger, more dilute and the internal pressure decreases. This
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, where gravity becomes important and matter must be added
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the (scalar) theory and we allowed for a tuning in the UV by introducing the parameter ✏.
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Decoding scalar-matter  
interactions

Finally, in App. C we present the details on a simple scalar model that realizes a large

in-density reduction of the nucleon mass via a coupling to gluons.

1.1 Decoding scalarization

Before moving on to the bulk of our work, let us briefly discuss the main features of the

di↵erent classes of scenarios in which a scalarized ground state of matter can be reached.

Beyond the scale M� that sets the strength of the leading coupling to matter and the mass

m�, the scalar theories under considerations can be characterized in general by two other

scales, F� and f�, which control, respectively, the higher-order interactions of the scalar

with matter and its self-interactions,

m⇤(�)/m = 1�

✓
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M�

◆n 
1 +O

✓
�

F�

◆�
, V (�) =

1

2
m

2
��

2


1 +O

✓
�

f�

◆�
. (1.1)

We focus only on linearly (n = 1) or quadratically (n = 2) coupled scalars, as these two

are the most generic cases without or with a parity symmetry � ! �� in the interaction

with matter, respectively. The simplest scenario is that in which higher-order terms in �

can be neglected, namely when F�, f� � M�. In that case scalarization takes place with

� ⇠ M� and m⇤(M�)/m ⌧ 1 is approached within the star, a limit in which the scalar field

e↵ectively reaches a constant in-medium value. This case, which we denote as unbounded

m⇤, is typical of scalar-tensor theories of the type [14], where the scalar couples to the

trace of the energy-momentum tensor, equal to m ̄ in the free Fermi gas limit. Factoring

in higher � terms, even when f� < M�, one can still find unbounded m⇤ systems where

� ⇠ M� in medium, specially at high-enough densities where the scalar dynamics is mainly

controlled by m⇤(�) (with F� � M�). In this class of scenarios the main e↵ect of a finite f�
is to set the value of the scalar potential V (M�). Finally, there exists a bounded m⇤ class

of theories, in which non-linearities are such that � ⇠ F� or � ⇠ f� inside the star. The

typical example is chameleon screening [16] (see also [48]), where non-linear terms in the

potential prevent the scalar from reaching in-medium values much beyond � ⇠ f� ⌧ M�.

In this paper we pay more attention to scenarios where non-linearities in the scalar-matter

interactions force � ⇠ F� ⌧ M� inside NSs. This is the case of the QCD axion, if sourced

by dense matter [104], and by its generalizations where the axion coupling to gluons is

decorrelated from its mass [46, 105].

Finally, let us note that we are leaving aside theories in which scalarization takes place

not because of the interactions with matter but due to the coupling of the scalar to the

curvature (i.e. to R
2
µ⌫⇢� at leading order in a derivative expansion) [106–108]. See however

[109, 110] for recent theoretical constraints on this type of scenarios.

2 Scalarized free Fermi gas

Neutron stars are well-described at leading order by a degenerate free Fermi gas coupled

to gravity. In order to study the e↵ects of a scalar field coupled to nucleons, we consider

the following Lagrangian, containing a single massive fermion  and a single real scalar �,
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iẽµa�aD̃µ �m0

⌘
 ⇤ (17)

With a bit of algebra, the kinetic term can be brought to the form
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Neutron stars with light scalars

Figure 4: The {m⇤(✓1), V (✓1)} parameter space. The black line (Eq. (3.1)) is the

CE-NGS boundary. Curves of constant stellar mass and radius for the most massive con-

figuration allowed by the EOS are shown in dashed and solid gray, respectively. In the gray

region, the ✓ = ✓1 approximation breaks down. In the light-blue region, neutron stars are

not dense enough to source the scalar. We show the QCD axion (red dot), light QCD axions

(purple line) and two generic ALP benchmark points (blue dots) with m⇤(✓1) = mN/2 and
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Actual QCD Axion inside neutron stars

QCD phase transition sources axion: 
  Kaon condensation  
  color-flavor locking at asymptotic densities
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QCD phase transition sources axion: 
  Kaon condensation  
  color-flavor locking at asymptotic densities
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usual QCD axion-mass relation
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Studying density effects is fun and rewarding 
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White dwarfs as a probe of light QCD axions
•  Light QCD axions can get sourced in White Dwarfs leading to a new ground state (NGS)
•  There is a gap in densities between the Meta Stable and the NGS branch…
•… which translates to a gap in the M-R curve
•  Allows to exclude large chunk of parameter space
•  This does not rely on the axion being DM

Conclusions

Heavy Neutron Stars from light Scalars 
•  Light Scalars with non-derivative coupling to nucleons make them lighter
•  Coexistence Phase: Hybrid stars with softer EOS
•  New ground state: Large effects on maximal mass

More to do
Self bound objects as DM, Coupling to electrons, GW from 1st order PT, what about 
Supernovae?…
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