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Figure 5: From left to right: axion Primakoff processes in an external electric field; axion bremsstrahlung process; and Compton
processes. In the case of the bremsstrahlung process, Ze represents either an ion or an electron.

the He-burning stage may show a peculiar journey to the bluer region of the diagram and back, called the
blue loop (see, e.g., the 5M� track in the left panel of Fig. 4). Stars with an initial mass larger than about
8M� do not become WD but undergo a core collapse, giving rise to a type II Supernova (SN) explosion and
leaving a compact Neutron Star (NS) or, if very massive, a black hole.

The diagram in Fig. 4 is theoretical. It shows the evolutionary tracks of individual stars. Observationally,
one extracts colour and magnitude of individual stars (at a fixed time) and shows the results in a diagram
similar to the one shown in the right panel of Fig. 4. From the stellar population it is possible to reconstruct
the evolutionary times of each stage (the longer the evolutionary time, the larger the stellar population
corresponding to that phase), which can then be compared with the theoretical predictions extracted from
numerical stellar evolution codes.

The method presents evident difficulties related to statistics (particularly for fast evolutionary stages),
stellar contamination, interstellar absorption of the stellar light, etc. Nevertheless, numerical simulations
reproduce with a remarkable level of agreement the observed CMD of particular stellar populations and
allow to set stringent bounds on new physics. The emission of axions (or other light particles) from stars
might, in fact, impact their expected evolution and spoil the agreement with observations.

The aim of this section is to provide an updated summary of the bounds on axions derived from stellar
astrophysics considerations. In addition, we will briefly present the results of the axion interpretation of
some observations of anomalous stellar evolution that have been reported in the last two decades (see, e.g.,
references [35, 297, 384] for more detailed discussions). Our general approach will be to present first all the
results in a model independent way. The impact on the axion benchmark models (KSVZ and DFSZ-type)
will also be discussed at the end of the section.

4.1. Axion-photon coupling
In the contest of stellar evolution, the most relevant process induced by the axion-photon coupling, ga�

(Section 2.5.3) is the Primakoff process (Fig. 5), consisting in the conversion of thermal photons in the
electrostatic field of electrons and nuclei

� + Ze ! a+ Ze . (207)

Neglecting degeneracy effects and the plasma frequency (a good assumption in plasma conditions when the
Primakoff process is the dominating axion production mechanism), it is possible to provide a semi-analitical
expression for the energy-loss rate per unit mass in axions [385]:
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where T and ⇢ are in K and in g cm�3 respectively. The coefficient Z(⇠2) is a function of ⇠2 ⌘ (S/2T )2,
with S being the Debye-Huckel screening wavenumber. It can be explicitly expressed as an integral over
the photon distribution (see Eq. (4.79) in Ref. [32]). Ref. [385] proposed the analytical parametrisation

Z(⇠2) '
⇣

1.037⇠
2

1.01+⇠2/5.4
+ 1.037⇠

2

44+0.628⇠2

⌘
ln

⇣
3.85 + 3.99

⇠2

⌘
, (209)

56

Figure 9: Axion nuclear bremsstrahlung (one of the possible diagrams). N,N 0 represent either a proton or a neutron. To the
right is the Feynman diagram corresponding to the OPE approximation.

processes that produce axions at very high density,47 and such bounds are often reconsidered and reassessed.

SN 1987A. The most well known argument to constrain the axion interaction with protons and neutrons
is the one based on the observed neutrino signal from SN 1987A [32, 424–426]. The signal duration depends
on the efficiency of the cooling and is compatible with the assumption that SN neutrinos carry about 99% of
the energy released in the explosion. For a light, weakly interacting particle, a bound can be extracted from
the requirement that it does not contribute more than neutrinos, about 2 ⇥ 1052 erg s�1, to the cooling of
the young SN, with a typical core conditions of T ⇠ 30 MeV and ⇢ ⇠ 1014g cm�3. The most recent analysis
for the axion case [421] derived the bound48

g2
an

+ 0.29 g2
ap

+ 0.27 gan gap . 3.25⇥ 10�18 , (227)

shown in Fig. 10.
Strongly interacting axions may be trapped in the SN core. In this case the emission is reduced, as they

thermalise and are effectively emitted from an axiosphere, similarly to what happens to neutrinos. The most
recent analysis found that this condition is satisfied for gan = gap & 10�7. However, even trapped axions
may extract more energy than neutrinos from the young SN and couplings all the way to gan = gap ⇡ 10�4

should be probably excluded [421].

Neutron Stars. Observations of the cooling of NS also provide information about the axion-nucleon
coupling [427–431]. In particular, the unexpectedly rapid cooling of the NS in CAS A was attributed to the
presence of axions with coupling to neutrons [432]

gan ' 4⇥ 10�10 . (228)

However, the anomalous rapid cooling may also be originated in the phase transition of the neutron con-
densate into a multicomponent state [433]. More recently, the data have been explained assuming a neutron
triplet superfluid transition occurring at the present time, t ⇠ 320 years, and that proton superconductivity
is operating at t ⌧ 320 years [429]. The neutron triplet superfluid transition accelerates the neutrino emis-
sion through the breaking and reformation of neutron Cooper pairs. Under these assumptions the data can
be fitted well, leaving little room for additional axion cooling. Quantitatively,

g2
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an
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47Many-body effects can be quite large in a high density medium. The inclusion of such effects in the description of axion
production processes in SN and NS has a long history. Discussions can be found in Ref. [32, 421, 422]. Very recently, Ref. [423]
reevaluated such medium effects, showing a significant dependence of the axion couplings to nucleons upon the environment
density. These latest effects are not included in the results presented in this review, which reports the latest bounds on the
axion-nucleon couplings available in the literature at the time of writing.

48Eq. (227) shows a surprisingly subdominant contribution of the proton scattering to the emission rate, quite more ac-
centuated than what reported in previous analyses [32, 35]. The reason is that, besides being less abundant than neutrons,
protons are nondegenerate while neutrons are partially degenerate and the emission rate in SN conditions is more efficient for
degenerate nuclei, as evident from Eqs. (226).
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Figure 9: Axion nuclear bremsstrahlung (one of the possible diagrams). N,N 0 represent either a proton or a neutron. To the
right is the Feynman diagram corresponding to the OPE approximation.

processes that produce axions at very high density,47 and such bounds are often reconsidered and reassessed.

SN 1987A. The most well known argument to constrain the axion interaction with protons and neutrons
is the one based on the observed neutrino signal from SN 1987A [32, 424–426]. The signal duration depends
on the efficiency of the cooling and is compatible with the assumption that SN neutrinos carry about 99% of
the energy released in the explosion. For a light, weakly interacting particle, a bound can be extracted from
the requirement that it does not contribute more than neutrinos, about 2 ⇥ 1052 erg s�1, to the cooling of
the young SN, with a typical core conditions of T ⇠ 30 MeV and ⇢ ⇠ 1014g cm�3. The most recent analysis
for the axion case [421] derived the bound48
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Several axion detection strategies rely on local axion number density today

1. Depends on axion parameters (and on inflation and on axion model)
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Even if it is the dark matter, 

it might be mostly distributed in dense “Miniclusters/halos”,


with negligible density around us
Hogan, Rees 98



A COMPLEMENTARY COSMOLOGICAL PRODUCTION CHANNEL
Coupling to QCD predicts production of QCD axions 


via scatterings with the Standard Model (+?) thermal bath
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DISCOVERING/CONSTRAINING 

THE QCD AXION AS A LIGHT RELIC

Cosmic 
Microwave 
Background 

(CMB)

(ESA, Planck 18)

Planck Collaboration: Cosmological parameters
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Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck
TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

it is not possible to inter-calibrate the spectra to a precision of
better than 1 % without invoking a reference model. The fidu-
cial theoretical spectra CTh

` contained in CTh are derived from
the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, cEE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:

adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent
estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
cEE

100

⌘
EE fit

= 1.021;
⇣
cEE

143

⌘
EE fit

=

0.966; and
⇣
cEE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E
spectra,

⇣
cEE

100

⌘
TE fit

= 1.04,
⇣
cEE

143

⌘
TE fit

= 1.0, and
⇣
cEE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM

7

<latexit sha1_base64="fqw/p9l/GfO4ntxK/UptlYNyQ58=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdV7z6Vbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+xoYze</latexit>

T
<latexit sha1_base64="u3p1grv2g+zygblArOPCOomzBRU=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8hURFPRa9eKxgP6ANZbOdtEs3m7g7KZZQ/4YXD4p49cd489+4bXPQ1gcDj/dmmJkXJIJrdN1va2l5ZXVtvbBR3Nza3tkt7e3XdZwqBjUWi1g1A6pBcAk15CigmSigUSCgEQxuJn5jCErzWN7jKAE/oj3JQ84oGsl3nbOnNsIjZlAfd0pl13GnsBeJl5MyyVHtlL7a3ZilEUhkgmrd8twE/Ywq5EzAuNhONSSUDWgPWoZKGoH2s+nRY/vYKF07jJUpifZU/T2R0UjrURSYzohiX897E/E/r5VieOVnXCYpgmSzRWEqbIztSQJ2lytgKEaGUKa4udVmfaooQ5NT0YTgzb+8SOqnjnfheHfn5cp1HkeBHJIjckI8ckkq5JZUSY0w8kCeySt5s4bWi/Vufcxal6x85oD8gfX5A2/hkeU=</latexit>

0.3 eV

recombination Axion production

<latexit sha1_base64="A0wdvV5lb40am2zZwPVjR7zbTIw=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciahl0MZGiJAvSELY20ySJXsf7M6J4TgL/4qNhSK2/gw7/42b5ApNfDDweG+GmXleJIVGx/m2ckvLK6tr+fXCxubW9o69u1fXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3Q98Rv3oLQIgyqOI+j4bBCIvuAMjdS1D6rtARrbp67jPLYRHjC5hXratYtOyZmCLhI3I0WSodK1v9q9kMc+BMgl07rlOhF2EqZQcAlpoR1riBgfsQG0DA2YD7qTTB9I6bFRerQfKlMB0qn6eyJhvtZj3zOdPsOhnvcm4n9eK8b+ZScRQRQjBHy2qB9LiiGdpEF7QgFHOTaEcSXMrZQPmWIcTWYFE4I7//IiqZ+W3POSe3dWLF9lceTJITkiJ8QlF6RMbkiF1AgnKXkmr+TNerJerHfrY9aas7KZffIH1ucPOOCWLQ==</latexit>

T & 100 MeV

Large Scale Structure (LSS)

Hot QCD axion population impacts 
CMB anisotropies & LSS matter power 

spectrum

 

See also talk by 
Jeong Han!



THE HOT QCD AXION AS A LIGHT RELIC

Baumann+15



THE HOT QCD AXION AS A LIGHT RELIC
<latexit sha1_base64="qDD4KXbEszfD1PCXzUwySEezo08="></latexit>

ma ⌧ 0.1 eV ) fa � 5 · 107 GeV

Hot axions behave as free-streaming “dark radiation” 
(DR) at CMB epoch

<latexit sha1_base64="Y1IJjGeIsnBLMpgH/YlYSlS4yTQ="></latexit>

�Ne↵ ⌘ ⇢DR

⇢⌫
|rec =

8

7

✓
11

4

◆ 4
3 ⇢DR

⇢�
|rec

<latexit sha1_base64="n2EpW+qTVvHwsXGu2iUIxBSLOek=">AAACE3icbVDJSgNBEO1xjXGLevTSGARRCDMa1IsQ1IMniWAWSELo6dQkTXoWumvEMOQfvPgrXjwo4tWLN//GznIwiQ8KHu9VUVXPjaTQaNs/1tz8wuLScmolvbq2vrGZ2dou6zBWHEo8lKGqukyDFAGUUKCEaqSA+a6Eitu9GviVB1BahME99iJo+KwdCE9whkZqZg5vm0kd4RET8Lx+/+IkZ+fzR/VrkMjopNfMZO2cPQSdJc6YZMkYxWbmu94KeexDgFwyrWuOHWEjYQoFl9BP12MNEeNd1oaaoQHzQTeS4U99um+UFvVCZSpAOlT/TiTM17rnu6bTZ9jR095A/M+rxeidNxIRRDFCwEeLvFhSDOkgINoSCjjKniGMK2FupbzDFONoYkybEJzpl2dJ+TjnnObyd/ls4XIcR4rskj1yQBxyRgrkhhRJiXDyRF7IG3m3nq1X68P6HLXOWeOZHTIB6+sXj6ed/Q==</latexit>

Ne↵ = 3.044 +�Ne↵

“Effective 
number of 
neutrino 
species”

Changes expansion rate + induces phase shift of acoustic peaks Baumann+15



THE HOT QCD AXION AS A LIGHT RELIC
<latexit sha1_base64="qDD4KXbEszfD1PCXzUwySEezo08="></latexit>

ma ⌧ 0.1 eV ) fa � 5 · 107 GeV

Hot axions behave as free-streaming “dark radiation” 
(DR) at CMB epoch

<latexit sha1_base64="Y1IJjGeIsnBLMpgH/YlYSlS4yTQ="></latexit>

�Ne↵ ⌘ ⇢DR

⇢⌫
|rec =

8

7

✓
11

4

◆ 4
3 ⇢DR

⇢�
|rec

<latexit sha1_base64="n2EpW+qTVvHwsXGu2iUIxBSLOek=">AAACE3icbVDJSgNBEO1xjXGLevTSGARRCDMa1IsQ1IMniWAWSELo6dQkTXoWumvEMOQfvPgrXjwo4tWLN//GznIwiQ8KHu9VUVXPjaTQaNs/1tz8wuLScmolvbq2vrGZ2dou6zBWHEo8lKGqukyDFAGUUKCEaqSA+a6Eitu9GviVB1BahME99iJo+KwdCE9whkZqZg5vm0kd4RET8Lx+/+IkZ+fzR/VrkMjopNfMZO2cPQSdJc6YZMkYxWbmu94KeexDgFwyrWuOHWEjYQoFl9BP12MNEeNd1oaaoQHzQTeS4U99um+UFvVCZSpAOlT/TiTM17rnu6bTZ9jR095A/M+rxeidNxIRRDFCwEeLvFhSDOkgINoSCjjKniGMK2FupbzDFONoYkybEJzpl2dJ+TjnnObyd/ls4XIcR4rskj1yQBxyRgrkhhRJiXDyRF7IG3m3nq1X68P6HLXOWeOZHTIB6+sXj6ed/Q==</latexit>

Ne↵ = 3.044 +�Ne↵

“Effective 
number of 
neutrino 
species”

<latexit sha1_base64="lDp6xWqWw6zJgRGo6MF5VxCz9XU="></latexit>

ma & 0.1 eV ) fa . 5 · 107 GeV

Hot axions behave as “hot dark matter” 
(HDM) at CMB epoch


(Really just like neutrinos, cannot be the 
observed DM)

Changes expansion rate + induces phase shift of acoustic peaks 

Additionally suppresses matter fluctuations 
at small scales

6.1 Linear matter power spectrum 297

10−3 10−2 10−1 100 101

P
(k

)f ν /
P

(k
)0

kNR

mν = 0.05, 0.1, 0.15, ..., 0.50 eV

 1

 0.6

 0.65

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1.05

k (h/Mpc)

Figure 6.5 Steplike suppression of the matter power spectrum due to neutrino
mass. The power spectrum of a !CDM model with two massless and one massive
species has been divided by that of a massless model, for several values of mν

between 0.05 eV and 0.50 eV, spaced by 0.05 eV. All spectra have the same
primordial power spectrum and the same parameters (#M, ωM, ωB).

In summary, neutrino masses produce a smooth steplike suppression of the matter
power spectrum on scales k > knr. This step is shown in Fig. 6.5 for various masses.
In the next subsection, we show how to estimate the suppression factor analytically
as a function of neutrino masses in the small-scale limit.

Suppression factor for k ! knr

Several approaches to estimating the neutrino mass impact on small scales analyt-
ically or semianalytically have been discussed in the literature. A very accurate (but
also very technical) discussion has been presented in Hu and Eisenstein, 1998 (see
also Holtzman, 1989; Pogosian and Starobinsky, 1995; Ma, 1996; Novosyadlyj
et al., 1998). For conciseness, we prefer to follow here the simple approach of
Lesgourgues and Pastor, 2006 (although with a more precise and elaborate discus-
sion of matching issues). An even simpler discussion was presented in Tegmark
(2005), at a very sketchy level.

Our goal is to estimate the ratio of the matter power spectrum with neutrino
masses (with a given neutrino fraction fν) to that with massless neutrinos (fν = 0),
in the large-wavenumber limit k ! knr. Equation (6.59) shows that this ratio can

From 
Lesgourgues, 

Mangano, Miele, 
Pastor , CUP 13

Baumann+15
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THE HOT QCD AXION PROGRAM
Obtain reliable theoretical prediction for hot QCD axion population

Constrain QCD axion with current CMB and LSS datasets

Forecast discovery potential of upcoming CMB and LSS surveys

KEY ADVANTAGES

Uses precise cosmological measurements, independent of astrophysics

Probes QCD axion independently of cold dark matter contribution

Relies on minimal coupling to QCD 

(e.g. not model-dependent coupling to photons) +


Standard cosmology below decoupling

Hannestad+ 08, 13/Di 
Valentino+ 15/Ferreira, Notari 
18/+ Arias-Aragon, D’Eramo 
et al 18,20…/Ferreira, Notari, 

FR 20/ Giaré+ 20/Di 
Luzio+21/D’Eramo+21,22/Di 

Luzio+22
Does not need dedicated experiment!



AXION PRODUCTION FROM PION SCATTERING
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Rate is computed at Leading Order (LO) in 

Chiral Perturbation Theory
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Used to set Hot Dark Matter Bound 

since the 00s, extending to T~200 MeV
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BEYOND THE FIRST ESTIMATE
Rate is computed at Leading Order (LO) in 

Chiral Perturbation Theory
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Used to set Hot Dark Matter Bound 
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Rate is computed at Leading Order (LO) in 
Chiral Perturbation Theory
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Rate is computed at Leading Order (LO) in 
Chiral Perturbation Theory
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The breakdown of ChPT is well known in pion-pion scattering

The combination ag + 5a5 is therefore very small. For the d-wave, we use the 
experimental value of Petersen [15], 

(17 ± 3). w-• M;'. (7.2) 

With this input, we have a parameter free prediction which specifies the dispersion 
law w(p) as well as the absorption rate f(p) a.s a function of temperature and mo-
mentum which accounts for all contributions up to and including O(p5 ) 2 • Note that 
the calculation accounts both for contributions proportional to the density of the gas 

collisions) as well as for terms of order (three-particle collisions). 
The other side of the coin is that the first two terms in the chiral expansion provide 
an adequate representation of the relevant scattering amplitudes only at small mo-
menta so that our result is reliable only for low temperatures and long wavelengths. 
To illustrate the problem, we consider the real part of the elastic forward scattering 
amplitude. The relevant isospin combination 

is shown in fig. 4. 
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Figure 4: ReaJ part of the isospin averaged 1r1r forward scattering amplitude 

The dashed line is the chiral perturbation theory representation to one loop, given 
explicitly in eq. (5.5). The two dashed-dotted lines represent unitarized versions of 

.H.ecall that m this bookkeeping, IP1, T and count as quantities of order p. 
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this result and will be discussed below. The shaded area. represents the result of 
a semi-phenomenological analysis [6] of the relevant scattering amplitude, using 
chiral perturbation theory at threshold and relying on experimental information at 
higher energies. The width reflects the uncertainty of the experimental input. This 
analysis accounts for effects generated by p-exchange and yields a reliable prediction 
for the scattering amplitude in regions where an expansion in powers of momenta 
is no longer useful. By comparison we can estimate the range of Validity _of the 
chiral representation. Note that at T = 100 MeV, the mean pion energy is of order 
300 MeV; accordingly, collisions with -/3 =::: 600 MeV will occur· rather frequently 
at this temperature. Fig. 4 shows that current algebra (lowest order xPT, dotted 
horizontal line) does not adequately represent the scattering amplitude at these 
energies. The failure of the current algebra prediction is due to the fact that, in the 
isospin averaged forward amplitude, the s- and p-wave contributions nearly canceL 
In the chira.l limit, T ... contains an Adler zero at s = 0 and the corresponding tree 
level amplitude vanishes altogether. Our calculation shows indeed, that corrections 
of order p4. to this amplitude lead to substantial modifications. The result (dashed 
line) represent a decent approximation of the scattering amplitude up to .,fS ,:5 
700 MeV, at the 20% level. Above this energy, the chiral' representation overshoots, 
because it violates unitarity. 

The violation of unitarity originates in the truncation of the chiral perturbation 
series at order p4 • It is not difficult to remedy this deficiency in the elastic region 
4M; :::; s :::; 16M;. There unitarity implies that the partial wave amplitudes T/(s) 
are determined by the phase shifts 6/(s) according to 

T/(s) = J 
3 

_ :M; e;6
{ sin6l. (7.4) 

To unitarize the chiral representation, it thus suffices to express the scattering am-
plitude in terms of the partial waves, using chiral perturbation theory for the phase 
shifts rather tha.n for the amplitude itself. The procedure ensures that the result-
ing representatlon for the scattering amplitude does not terminate at CJ(p4 ), but 
contains higher order contributions as required by unitarity. The problem is that 
the procedure does not fix these higher order terms uniquely, because a one-loop 
calculation of the scattering amplitude only determines the phase shifts to accuracy 
p4.. \Ve illustrate the ambiguity inherent in the unitarization procedure by giving 
two specific examples. 

Consider first the systematic expansion of the phase-shifts in powers of the mo-
mentum, which is determined by the real part of the partial waves [16]: 

6{(s) = J'- :M; Re T/(s) + O(p6 ). (7.5) 

Although this formula is not exact, the difference is of order (6{)3 .:; O(p6 ) and 
therefore beyond the accuracy of the one-loop representation. 

The effective range approximation for the cotangent of the phase· shift suggests 
an alternative unitarization prescription [17). The cotangent is related to the real 
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The breakdown of ChPT is well known in pion-pion scattering

The combination ag + 5a5 is therefore very small. For the d-wave, we use the 
experimental value of Petersen [15], 

(17 ± 3). w-• M;'. (7.2) 

With this input, we have a parameter free prediction which specifies the dispersion 
law w(p) as well as the absorption rate f(p) a.s a function of temperature and mo-
mentum which accounts for all contributions up to and including O(p5 ) 2 • Note that 
the calculation accounts both for contributions proportional to the density of the gas 

collisions) as well as for terms of order (three-particle collisions). 
The other side of the coin is that the first two terms in the chiral expansion provide 
an adequate representation of the relevant scattering amplitudes only at small mo-
menta so that our result is reliable only for low temperatures and long wavelengths. 
To illustrate the problem, we consider the real part of the elastic forward scattering 
amplitude. The relevant isospin combination 

is shown in fig. 4. 
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Figure 4: ReaJ part of the isospin averaged 1r1r forward scattering amplitude 

The dashed line is the chiral perturbation theory representation to one loop, given 
explicitly in eq. (5.5). The two dashed-dotted lines represent unitarized versions of 
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this result and will be discussed below. The shaded area. represents the result of 
a semi-phenomenological analysis [6] of the relevant scattering amplitude, using 
chiral perturbation theory at threshold and relying on experimental information at 
higher energies. The width reflects the uncertainty of the experimental input. This 
analysis accounts for effects generated by p-exchange and yields a reliable prediction 
for the scattering amplitude in regions where an expansion in powers of momenta 
is no longer useful. By comparison we can estimate the range of Validity _of the 
chiral representation. Note that at T = 100 MeV, the mean pion energy is of order 
300 MeV; accordingly, collisions with -/3 =::: 600 MeV will occur· rather frequently 
at this temperature. Fig. 4 shows that current algebra (lowest order xPT, dotted 
horizontal line) does not adequately represent the scattering amplitude at these 
energies. The failure of the current algebra prediction is due to the fact that, in the 
isospin averaged forward amplitude, the s- and p-wave contributions nearly canceL 
In the chira.l limit, T ... contains an Adler zero at s = 0 and the corresponding tree 
level amplitude vanishes altogether. Our calculation shows indeed, that corrections 
of order p4. to this amplitude lead to substantial modifications. The result (dashed 
line) represent a decent approximation of the scattering amplitude up to .,fS ,:5 
700 MeV, at the 20% level. Above this energy, the chiral' representation overshoots, 
because it violates unitarity. 

The violation of unitarity originates in the truncation of the chiral perturbation 
series at order p4 • It is not difficult to remedy this deficiency in the elastic region 
4M; :::; s :::; 16M;. There unitarity implies that the partial wave amplitudes T/(s) 
are determined by the phase shifts 6/(s) according to 

T/(s) = J 
3 

_ :M; e;6
{ sin6l. (7.4) 

To unitarize the chiral representation, it thus suffices to express the scattering am-
plitude in terms of the partial waves, using chiral perturbation theory for the phase 
shifts rather tha.n for the amplitude itself. The procedure ensures that the result-
ing representatlon for the scattering amplitude does not terminate at CJ(p4 ), but 
contains higher order contributions as required by unitarity. The problem is that 
the procedure does not fix these higher order terms uniquely, because a one-loop 
calculation of the scattering amplitude only determines the phase shifts to accuracy 
p4.. \Ve illustrate the ambiguity inherent in the unitarization procedure by giving 
two specific examples. 

Consider first the systematic expansion of the phase-shifts in powers of the mo-
mentum, which is determined by the real part of the partial waves [16]: 

6{(s) = J'- :M; Re T/(s) + O(p6 ). (7.5) 

Although this formula is not exact, the difference is of order (6{)3 .:; O(p6 ) and 
therefore beyond the accuracy of the one-loop representation. 

The effective range approximation for the cotangent of the phase· shift suggests 
an alternative unitarization prescription [17). The cotangent is related to the real 
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The breakdown of ChPT is well known in pion-pion scattering

The combination ag + 5a5 is therefore very small. For the d-wave, we use the 
experimental value of Petersen [15], 

(17 ± 3). w-• M;'. (7.2) 

With this input, we have a parameter free prediction which specifies the dispersion 
law w(p) as well as the absorption rate f(p) a.s a function of temperature and mo-
mentum which accounts for all contributions up to and including O(p5 ) 2 • Note that 
the calculation accounts both for contributions proportional to the density of the gas 

collisions) as well as for terms of order (three-particle collisions). 
The other side of the coin is that the first two terms in the chiral expansion provide 
an adequate representation of the relevant scattering amplitudes only at small mo-
menta so that our result is reliable only for low temperatures and long wavelengths. 
To illustrate the problem, we consider the real part of the elastic forward scattering 
amplitude. The relevant isospin combination 

is shown in fig. 4. 
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Figure 4: ReaJ part of the isospin averaged 1r1r forward scattering amplitude 

The dashed line is the chiral perturbation theory representation to one loop, given 
explicitly in eq. (5.5). The two dashed-dotted lines represent unitarized versions of 
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this result and will be discussed below. The shaded area. represents the result of 
a semi-phenomenological analysis [6] of the relevant scattering amplitude, using 
chiral perturbation theory at threshold and relying on experimental information at 
higher energies. The width reflects the uncertainty of the experimental input. This 
analysis accounts for effects generated by p-exchange and yields a reliable prediction 
for the scattering amplitude in regions where an expansion in powers of momenta 
is no longer useful. By comparison we can estimate the range of Validity _of the 
chiral representation. Note that at T = 100 MeV, the mean pion energy is of order 
300 MeV; accordingly, collisions with -/3 =::: 600 MeV will occur· rather frequently 
at this temperature. Fig. 4 shows that current algebra (lowest order xPT, dotted 
horizontal line) does not adequately represent the scattering amplitude at these 
energies. The failure of the current algebra prediction is due to the fact that, in the 
isospin averaged forward amplitude, the s- and p-wave contributions nearly canceL 
In the chira.l limit, T ... contains an Adler zero at s = 0 and the corresponding tree 
level amplitude vanishes altogether. Our calculation shows indeed, that corrections 
of order p4. to this amplitude lead to substantial modifications. The result (dashed 
line) represent a decent approximation of the scattering amplitude up to .,fS ,:5 
700 MeV, at the 20% level. Above this energy, the chiral' representation overshoots, 
because it violates unitarity. 

The violation of unitarity originates in the truncation of the chiral perturbation 
series at order p4 • It is not difficult to remedy this deficiency in the elastic region 
4M; :::; s :::; 16M;. There unitarity implies that the partial wave amplitudes T/(s) 
are determined by the phase shifts 6/(s) according to 

T/(s) = J 
3 

_ :M; e;6
{ sin6l. (7.4) 

To unitarize the chiral representation, it thus suffices to express the scattering am-
plitude in terms of the partial waves, using chiral perturbation theory for the phase 
shifts rather tha.n for the amplitude itself. The procedure ensures that the result-
ing representatlon for the scattering amplitude does not terminate at CJ(p4 ), but 
contains higher order contributions as required by unitarity. The problem is that 
the procedure does not fix these higher order terms uniquely, because a one-loop 
calculation of the scattering amplitude only determines the phase shifts to accuracy 
p4.. \Ve illustrate the ambiguity inherent in the unitarization procedure by giving 
two specific examples. 

Consider first the systematic expansion of the phase-shifts in powers of the mo-
mentum, which is determined by the real part of the partial waves [16]: 

6{(s) = J'- :M; Re T/(s) + O(p6 ). (7.5) 

Although this formula is not exact, the difference is of order (6{)3 .:; O(p6 ) and 
therefore beyond the accuracy of the one-loop representation. 

The effective range approximation for the cotangent of the phase· shift suggests 
an alternative unitarization prescription [17). The cotangent is related to the real 
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The breakdown of ChPT is well known in pion-pion scattering

The combination ag + 5a5 is therefore very small. For the d-wave, we use the 
experimental value of Petersen [15], 

(17 ± 3). w-• M;'. (7.2) 

With this input, we have a parameter free prediction which specifies the dispersion 
law w(p) as well as the absorption rate f(p) a.s a function of temperature and mo-
mentum which accounts for all contributions up to and including O(p5 ) 2 • Note that 
the calculation accounts both for contributions proportional to the density of the gas 

collisions) as well as for terms of order (three-particle collisions). 
The other side of the coin is that the first two terms in the chiral expansion provide 
an adequate representation of the relevant scattering amplitudes only at small mo-
menta so that our result is reliable only for low temperatures and long wavelengths. 
To illustrate the problem, we consider the real part of the elastic forward scattering 
amplitude. The relevant isospin combination 

is shown in fig. 4. 
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Figure 4: ReaJ part of the isospin averaged 1r1r forward scattering amplitude 

The dashed line is the chiral perturbation theory representation to one loop, given 
explicitly in eq. (5.5). The two dashed-dotted lines represent unitarized versions of 

.H.ecall that m this bookkeeping, IP1, T and count as quantities of order p. 
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this result and will be discussed below. The shaded area. represents the result of 
a semi-phenomenological analysis [6] of the relevant scattering amplitude, using 
chiral perturbation theory at threshold and relying on experimental information at 
higher energies. The width reflects the uncertainty of the experimental input. This 
analysis accounts for effects generated by p-exchange and yields a reliable prediction 
for the scattering amplitude in regions where an expansion in powers of momenta 
is no longer useful. By comparison we can estimate the range of Validity _of the 
chiral representation. Note that at T = 100 MeV, the mean pion energy is of order 
300 MeV; accordingly, collisions with -/3 =::: 600 MeV will occur· rather frequently 
at this temperature. Fig. 4 shows that current algebra (lowest order xPT, dotted 
horizontal line) does not adequately represent the scattering amplitude at these 
energies. The failure of the current algebra prediction is due to the fact that, in the 
isospin averaged forward amplitude, the s- and p-wave contributions nearly canceL 
In the chira.l limit, T ... contains an Adler zero at s = 0 and the corresponding tree 
level amplitude vanishes altogether. Our calculation shows indeed, that corrections 
of order p4. to this amplitude lead to substantial modifications. The result (dashed 
line) represent a decent approximation of the scattering amplitude up to .,fS ,:5 
700 MeV, at the 20% level. Above this energy, the chiral' representation overshoots, 
because it violates unitarity. 

The violation of unitarity originates in the truncation of the chiral perturbation 
series at order p4 • It is not difficult to remedy this deficiency in the elastic region 
4M; :::; s :::; 16M;. There unitarity implies that the partial wave amplitudes T/(s) 
are determined by the phase shifts 6/(s) according to 

T/(s) = J 
3 

_ :M; e;6
{ sin6l. (7.4) 

To unitarize the chiral representation, it thus suffices to express the scattering am-
plitude in terms of the partial waves, using chiral perturbation theory for the phase 
shifts rather tha.n for the amplitude itself. The procedure ensures that the result-
ing representatlon for the scattering amplitude does not terminate at CJ(p4 ), but 
contains higher order contributions as required by unitarity. The problem is that 
the procedure does not fix these higher order terms uniquely, because a one-loop 
calculation of the scattering amplitude only determines the phase shifts to accuracy 
p4.. \Ve illustrate the ambiguity inherent in the unitarization procedure by giving 
two specific examples. 

Consider first the systematic expansion of the phase-shifts in powers of the mo-
mentum, which is determined by the real part of the partial waves [16]: 

6{(s) = J'- :M; Re T/(s) + O(p6 ). (7.5) 

Although this formula is not exact, the difference is of order (6{)3 .:; O(p6 ) and 
therefore beyond the accuracy of the one-loop representation. 

The effective range approximation for the cotangent of the phase· shift suggests 
an alternative unitarization prescription [17). The cotangent is related to the real 
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In this case we have data

(Phase shifts)

<latexit sha1_base64="5F8sA6qo8UjhIYMvbbhLgy3tmc0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68VjBtIU2ls120y7dbMLuRCihv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg6bJsk04z5LZKLbITVcCsV9FCh5O9WcxqHkrXB0O/VbT1wbkagHHKc8iOlAiUgwilbyu6l4dHuVqltzZyDLxCtIFQo0epWvbj9hWcwVMkmN6XhuikFONQom+aTczQxPKRvRAe9YqmjMTZDPjp2QU6v0SZRoWwrJTP09kdPYmHEc2s6Y4tAselPxP6+TYXQd5EKlGXLF5ouiTBJMyPRz0heaM5RjSyjTwt5K2JBqytDmU7YheIsvL5Pmec27rHn3F9X6TRFHCY7hBM7Agyuowx00wAcGAp7hFd4c5bw4787HvHXFKWaO4A+czx91lo51</latexit>

⇡0<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a

Goity, Leutwyler 89/

Schenck 93/…

Schenck 93

“Phenomenological” amplitude can be built from fits of phase shifts
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+O(m2
⇡/s)

<latexit sha1_base64="rGNzxgW4kmo+MiMd2KW3DRCe51g=">AAACFnicbZDJSgNBEIZ7XGPcoh69DAZBEMOMiHoMevEYwUQhE4eaTiVp0rPYXSOGYZ7Ci6/ixYMiXsWbb2NnObgVNHz8fxXV9QeJFJoc59Oamp6ZnZsvLBQXl5ZXVktr6w0dp4pjnccyVlcBaJQiwjoJkniVKIQwkHgZ9E+H/uUtKi3i6IIGCbZC6EaiIziQkfzSnpeIa8fTIsSbEfqZR3hHWdIb6Dzf9aiHBH4GxszBL5WdijMq+y+4EyizSdX80ofXjnkaYkRcgtZN10molYEiwSXmRS/VmADvQxebBiMIUbey0Vm5vW2Utt2JlXkR2SP1+0QGodaDMDCdIVBP//aG4n9eM6XOcSsTUZISRny8qJNKm2J7mJHdFgo5yYEB4EqYv9q8Bwo4mSSLJgT398l/obFfcQ8r7vlBuXoyiaPANtkW22EuO2JVdsZqrM44u2eP7Jm9WA/Wk/VqvY1bp6zJzAb7Udb7Fw4yoJM=</latexit>

⇡0 ' ⇡0
phys + ✓a⇡a

<latexit sha1_base64="vnLUNT+6qG/C1MthVfdnRMxZyj0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbbbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThQUQHSvQFo2ilwMchR9rNqJ+IabdccavuHGSVeDmpQI56t/zl92KWRlwhk9SYjucmGGRUo2CST0t+anhC2YgOeMdSRSNugmx+9JScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m+CTKgkRa7YYlE/lQRjMkuA9ITmDOXEEsq0sLcSNqSaMrQ5lWwI3vLLq6R5UfWuqt7DZaV2m8dRhBM4hXPw4BpqcA91aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AMcmSYQ==</latexit>

✓a⇡ <latexit sha1_base64="2489QHNGTPjUyugTQ8x6XsckvEs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxVLwVBIR9Vj04rGC/YAmlM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmGnuLu3f3BYOjpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4N/NbI1SaJ/LRjFMMYtqXPOKMGisFvkCtNY+J5/qVbqnsVt05yCrxclKGHPVu6cvvJSyLURomqNYdz01NMKHKcCZwWvQzjSllQ9rHjqWSxqiDyfzoKalYpUeiRNmShszV3xMTGms9jkPbGVMz0MveTPzP62QmugkmXKaZQckWi6JMEJOQWQKkxxUyI8aWUKa4vZWwAVWUGZtT0YbgLb+8SpoXVe+q6j1clmu3eRwFOIUzOAcPrqEG91CHBjB4gmd4hTdn5Lw4787HonXNyWdO4A+czx+qiZFg</latexit>. 10%

Axion-Pion amplitude 
is related to Pion-Pion 

by simple rescaling

See also 

Leigh, Rattazzi 95



OUR STRATEGY FOR THE AXION-PION RATE

<latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡

<latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡ <latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡

For the QCD axion we don’t have data…or do we?

<latexit sha1_base64="prZ9myOM/MBKbVzfwnxfsBZME/I="></latexit>

Ma⇡i!⇡j⇡k ' (✏� c3)f⇡
2fa

· M⇡0⇡i!⇡j⇡k
<latexit sha1_base64="Os/G0GXhMpbUk40Sd25J/HTDu0I=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahItSkiLosunFnBfuAJobJdNoOnUzCzEQoIeDGX3HjQhG3/oQ7/8ZJm4W2HrhwOOde7r3HjxiVyrK+jcLC4tLySnG1tLa+sbllbu+0ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PrjK//UCEpCG/U+OIuAEacNqnGCkteebeMXQCpIYYseQmrQRe4kQ0va+dyCPPLFtVawI4T+yclEGOhmd+Ob0QxwHhCjMkZde2IuUmSCiKGUlLTixJhPAIDUhXU44CIt1k8kMKD7XSg/1Q6OIKTtTfEwkKpBwHvu7M7pWzXib+53Vj1b9wE8qjWBGOp4v6MYMqhFkgsEcFwYqNNUFYUH0rxEMkEFY6tpIOwZ59eZ60alX7rGrfnpbrl3kcRbAPDkAF2OAc1ME1aIAmwOARPINX8GY8GS/Gu/ExbS0Y+cwu+APj8wfH/Jb5</latexit>

+O(m2
⇡/s)

<latexit sha1_base64="rGNzxgW4kmo+MiMd2KW3DRCe51g=">AAACFnicbZDJSgNBEIZ7XGPcoh69DAZBEMOMiHoMevEYwUQhE4eaTiVp0rPYXSOGYZ7Ci6/ixYMiXsWbb2NnObgVNHz8fxXV9QeJFJoc59Oamp6ZnZsvLBQXl5ZXVktr6w0dp4pjnccyVlcBaJQiwjoJkniVKIQwkHgZ9E+H/uUtKi3i6IIGCbZC6EaiIziQkfzSnpeIa8fTIsSbEfqZR3hHWdIb6Dzf9aiHBH4GxszBL5WdijMq+y+4EyizSdX80ofXjnkaYkRcgtZN10molYEiwSXmRS/VmADvQxebBiMIUbey0Vm5vW2Utt2JlXkR2SP1+0QGodaDMDCdIVBP//aG4n9eM6XOcSsTUZISRny8qJNKm2J7mJHdFgo5yYEB4EqYv9q8Bwo4mSSLJgT398l/obFfcQ8r7vlBuXoyiaPANtkW22EuO2JVdsZqrM44u2eP7Jm9WA/Wk/VqvY1bp6zJzAb7Udb7Fw4yoJM=</latexit>

⇡0 ' ⇡0
phys + ✓a⇡a

<latexit sha1_base64="vnLUNT+6qG/C1MthVfdnRMxZyj0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbbbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3gpHdzO/NebaiFg94iThQUQHSvQFo2ilwMchR9rNqJ+IabdccavuHGSVeDmpQI56t/zl92KWRlwhk9SYjucmGGRUo2CST0t+anhC2YgOeMdSRSNugmx+9JScWaVH+rG2pZDM1d8TGY2MmUSh7YwoDs2yNxP/8zop9m+CTKgkRa7YYlE/lQRjMkuA9ITmDOXEEsq0sLcSNqSaMrQ5lWwI3vLLq6R5UfWuqt7DZaV2m8dRhBM4hXPw4BpqcA91aACDJ3iGV3hzxs6L8+58LFoLTj5zDH/gfP4AMcmSYQ==</latexit>

✓a⇡ <latexit sha1_base64="2489QHNGTPjUyugTQ8x6XsckvEs=">AAAB9HicbVBNS8NAEJ34WetX1aOXxVLwVBIR9Vj04rGC/YAmlM120i7dbOLuplBKf4cXD4p49cd489+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmGnuLu3f3BYOjpu6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4N/NbI1SaJ/LRjFMMYtqXPOKMGisFvkCtNY+J5/qVbqnsVt05yCrxclKGHPVu6cvvJSyLURomqNYdz01NMKHKcCZwWvQzjSllQ9rHjqWSxqiDyfzoKalYpUeiRNmShszV3xMTGms9jkPbGVMz0MveTPzP62QmugkmXKaZQckWi6JMEJOQWQKkxxUyI8aWUKa4vZWwAVWUGZtT0YbgLb+8SpoXVe+q6j1clmu3eRwFOIUzOAcPrqEG91CHBjB4gmd4hTdn5Lw4787HonXNyWdO4A+czx+qiZFg</latexit>. 10%

Axion-Pion amplitude 
is related to Pion-Pion 

by simple rescaling

This is valid at all orders in ChPT, which we trust only up to 
<latexit sha1_base64="xD1J5t9kjlRBkWTjCm4DhxUrz/o=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgET2FGRD0GPegxglkgE0JPp5I06VnSXSOGIXrxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6vmxFBod59vKLCwuLa9kV3Nr6xubW/b2TkVHieJQ5pGMVM1nGqQIoYwCJdRiBSzwJVT93uXIr96B0iIKb3EQQyNgnVC0BWdopKa95+m+wlQPPQl96j54CPeYXkFl2LTzTsEZg84Td0ryZIpS0/ 7yWhFPAgiRS6Z13XVibKRMoeAShjkv0RAz3mMdqBsasgB0Ix2/MKSHRmnRdqRMhUjH6u+JlAVaDwLfdAYMu3rWG4n/efUE2+eNVIRxghDyyaJ2IilGdJQHbQkFHOXAEMaVMLdS3mWKcTSp5UwI7uzL86RyXHBPC+7NSb54MY0jS/bJATkiLjkjRXJNSqRMOHkkz+SVvFlP1ov1bn1MWjPWdGaX/IH1+QPs0JfE</latexit>p
s  1 GeV

See also 

Leigh, Rattazzi 95
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Turndown corresponds to 

new production channels (kaons, nucleons), 

which we conservatively do not include 
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Turndown corresponds to 

new production channels (kaons, nucleons), 

which we conservatively do not include 

Differs by 30% compared to LO result



AXION SPECTRAL DISTORTION
Previous computation of hot axion relic abundance based on instantaneous 

decoupling from equilibrium or Boltzmann equation for axion yield.



AXION SPECTRAL DISTORTION
Previous computation of hot axion relic abundance based on instantaneous 

decoupling from equilibrium or Boltzmann equation for axion yield.

But

Cross section depends on axion momentum

<latexit sha1_base64="8xqeBxBp1+gIh7vPJVNW9Wev9lM=">AAACEnicbVBNS8NAEN34WetX1KOXxSK0ICURUY9FD3qs0C9oQplst+3S3STsbpQS+hu8+Fe8eFDEqydv/hu3bQ7a+mDg8d4MM/OCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJaJ1EPJKtABTlLKR1zTSnrVhSEAGnzWB4PfGb91QqFoU1PYqpL6Afsh4joI3UsUteADL1bkAIGBdrJU+y/kCDlNEDnqnFYQdOcK3UsQtO2ZkCLxI3IwWUodqxv7xuRBJBQ004KNV2nVj7KUjNCKfjvJcoGgMZQp+2DQ1BUOWn05fG+NgoXdyLpKlQ46n6eyIFodRIBKZTgB6oeW8i/ue1E9279FMWxommIZkt6iUc6whP8sFdJinRfGQIEMnMrZgMQALRJsW8CcGdf3mRNE7L7nnZvTsrVK6yOHLoEB2hInLRBaqgW1RFdUTQI3pGr+jNerJerHfrY9a6ZGUzB+gPrM8fuWKc2A==</latexit>

�̄(T ) ! �(ka, T )



AXION SPECTRAL DISTORTION
Previous computation of hot axion relic abundance based on instantaneous 

decoupling from equilibrium or Boltzmann equation for axion yield.

But

Cross section depends on axion momentum

<latexit sha1_base64="8xqeBxBp1+gIh7vPJVNW9Wev9lM=">AAACEnicbVBNS8NAEN34WetX1KOXxSK0ICURUY9FD3qs0C9oQplst+3S3STsbpQS+hu8+Fe8eFDEqydv/hu3bQ7a+mDg8d4MM/OCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJaJ1EPJKtABTlLKR1zTSnrVhSEAGnzWB4PfGb91QqFoU1PYqpL6Afsh4joI3UsUteADL1bkAIGBdrJU+y/kCDlNEDnqnFYQdOcK3UsQtO2ZkCLxI3IwWUodqxv7xuRBJBQ004KNV2nVj7KUjNCKfjvJcoGgMZQp+2DQ1BUOWn05fG+NgoXdyLpKlQ46n6eyIFodRIBKZTgB6oeW8i/ue1E9279FMWxommIZkt6iUc6whP8sFdJinRfGQIEMnMrZgMQALRJsW8CcGdf3mRNE7L7nnZvTsrVK6yOHLoEB2hInLRBaqgW1RFdUTQI3pGr+jNerJerHfrY9a6ZGUzB+gPrM8fuWKc2A==</latexit>

�̄(T ) ! �(ka, T )

Higher 
momentum 

modes interact 
more, 


Decouple at 
lower 

temperature!



AXION SPECTRAL DISTORTION
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<latexit sha1_base64="KGizGiKQ4TNzu4NlKQi/mS85AlQ="></latexit>

⇢a ⇠ R�4, R(T ) ⇠ g⇤(T )
�1/3T�1



AXION SPECTRAL DISTORTION
At temperatures of interest, number of relativistic 


degrees of freedom is rapidly varying

60 80 100 120 140
14

16

18

20

22

24

g *
 fr

om
 B

or
sa

ny
i e

t 
al

, N
at

ur
e 

53
9 

(2
01

6)

<latexit sha1_base64="KGizGiKQ4TNzu4NlKQi/mS85AlQ="></latexit>

⇢a ⇠ R�4, R(T ) ⇠ g⇤(T )
�1/3T�1

Higher momentum modes are less diluted by expansion!

Relic 
abundance is 

enhanced



MOMENTUM-DEPENDENT BOLTZMANN EQUATION
We solve for axion distribution function

<latexit sha1_base64="AUKh04Xh1XNdwEq7i9k3CDILWx4="></latexit>

dfp
dt

= (1 + fp)�
< � fp �> ,

Boltzmann equation in comoving momenta                          
<latexit sha1_base64="yJ9xrNbWPwdflBsLOGwxwASjtME=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxC3ZRERN0IRTcuq9gHtKFMppN26OTBzEQoIeDGX3HjQhG3/oQ7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLC4tLySnG1tLa+sbllbu80ZRgLQhsk5KFou1hSzgLaUExx2o4Exb7LacsdXWV+654KycLgTo0j6vh4EDCPEay01DP3uj5WQ9dLovTitqKOfr6jtNQzy1bVmgDNEzsnZchR75mf3X5IYp8GinAsZce2IuUkWChGOE1L3VjSCJMRHtCOpgH2qXSSyQ0pOtRKH3mh0C9QaKL+7kiwL+XYd3VltqKc9TLxP68TK+/cSVgQxYoGZDrIizlSIcoCQX0mKFF8rAkmguldERligYnSsWUh2LMnz5PmcdU+rdo3J+XaZR5HEfbhACpgwxnU4Brq0AACD/AEL/BqPBrPxpvxPi0tGHnPLvyB8fENlNSXeg==</latexit>

p = R(t)k

<latexit sha1_base64="0yj+WJ6Vog48qK3M9dmCLFMVp9s=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIqAuVooguK/QFTVom00k7dCYJMxOhhOzd+CtuXCji1h9w5984bbPQ1gMXDufcy733eBGjUlnWt5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwmhA6ooqRlqRIIh7jDS94fXYbz4QIWkY1NQoIi5H/YD6FCOlpa5ZdG4R56hzDi9IJzl0fIFwcpMmtTTNnMuuWbLK1gRwntgZKYEM1a755fRCHHMSKMyQlG3bipSbIKEoZiQtOLEkEcJD1CdtTQPEiXSTyS8p3NdKD/qh0BUoOFF/TySISzninu7kSA3krDcW//PasfLP3IQGUaxIgKeL/JhBFcJxMLBHBcGKjTRBWFB9K8QDpONQOr6CDsGefXmeNI7K9knZvj8uVa6yOPJgDxTBAbDBKaiAO1AFdYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPJJqafw==</latexit>

�< = e�
E
T �>

DestructionCreation

<latexit sha1_base64="5obT08K0xBfFf66RavRolHqtBd0="></latexit>

�> =
1

2E

Z  3Y

i=1

d3ki

(2⇡)32Ei

!
f eq
1 (1 + f eq

2 )(1 + f eq
3 )(2⇡)4�(4)(kµ + kµ1 � kµ2 � kµ3 )|M|2

Common parametrization, 
even in massive case



MOMENTUM-DEPENDENT BOLTZMANN EQUATION
We solve for axion distribution function

<latexit sha1_base64="AUKh04Xh1XNdwEq7i9k3CDILWx4="></latexit>

dfp
dt

= (1 + fp)�
< � fp �> ,

Boltzmann equation in comoving momenta                          
<latexit sha1_base64="yJ9xrNbWPwdflBsLOGwxwASjtME=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxC3ZRERN0IRTcuq9gHtKFMppN26OTBzEQoIeDGX3HjQhG3/oQ7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLC4tLySnG1tLa+sbllbu80ZRgLQhsk5KFou1hSzgLaUExx2o4Exb7LacsdXWV+654KycLgTo0j6vh4EDCPEay01DP3uj5WQ9dLovTitqKOfr6jtNQzy1bVmgDNEzsnZchR75mf3X5IYp8GinAsZce2IuUkWChGOE1L3VjSCJMRHtCOpgH2qXSSyQ0pOtRKH3mh0C9QaKL+7kiwL+XYd3VltqKc9TLxP68TK+/cSVgQxYoGZDrIizlSIcoCQX0mKFF8rAkmguldERligYnSsWUh2LMnz5PmcdU+rdo3J+XaZR5HEfbhACpgwxnU4Brq0AACD/AEL/BqPBrPxpvxPi0tGHnPLvyB8fENlNSXeg==</latexit>

p = R(t)k

<latexit sha1_base64="0yj+WJ6Vog48qK3M9dmCLFMVp9s=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIqAuVooguK/QFTVom00k7dCYJMxOhhOzd+CtuXCji1h9w5984bbPQ1gMXDufcy733eBGjUlnWt5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwmhA6ooqRlqRIIh7jDS94fXYbz4QIWkY1NQoIi5H/YD6FCOlpa5ZdG4R56hzDi9IJzl0fIFwcpMmtTTNnMuuWbLK1gRwntgZKYEM1a755fRCHHMSKMyQlG3bipSbIKEoZiQtOLEkEcJD1CdtTQPEiXSTyS8p3NdKD/qh0BUoOFF/TySISzninu7kSA3krDcW//PasfLP3IQGUaxIgKeL/JhBFcJxMLBHBcGKjTRBWFB9K8QDpONQOr6CDsGefXmeNI7K9knZvj8uVa6yOPJgDxTBAbDBKaiAO1AFdYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPJJqafw==</latexit>

�< = e�
E
T �>

DestructionCreation

<latexit sha1_base64="5obT08K0xBfFf66RavRolHqtBd0="></latexit>

�> =
1

2E

Z  3Y

i=1

d3ki

(2⇡)32Ei

!
f eq
1 (1 + f eq

2 )(1 + f eq
3 )(2⇡)4�(4)(kµ + kµ1 � kµ2 � kµ3 )|M|2

Bose-Einstein

Common parametrization, 
even in massive case



MOMENTUM-DEPENDENT BOLTZMANN EQUATION
We solve for axion distribution function

<latexit sha1_base64="AUKh04Xh1XNdwEq7i9k3CDILWx4="></latexit>

dfp
dt

= (1 + fp)�
< � fp �> ,

Boltzmann equation in comoving momenta                          
<latexit sha1_base64="yJ9xrNbWPwdflBsLOGwxwASjtME=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSxC3ZRERN0IRTcuq9gHtKFMppN26OTBzEQoIeDGX3HjQhG3/oQ7/8ZJG0FbDwycOede7r3HjTiTyrK+jMLC4tLySnG1tLa+sbllbu80ZRgLQhsk5KFou1hSzgLaUExx2o4Exb7LacsdXWV+654KycLgTo0j6vh4EDCPEay01DP3uj5WQ9dLovTitqKOfr6jtNQzy1bVmgDNEzsnZchR75mf3X5IYp8GinAsZce2IuUkWChGOE1L3VjSCJMRHtCOpgH2qXSSyQ0pOtRKH3mh0C9QaKL+7kiwL+XYd3VltqKc9TLxP68TK+/cSVgQxYoGZDrIizlSIcoCQX0mKFF8rAkmguldERligYnSsWUh2LMnz5PmcdU+rdo3J+XaZR5HEfbhACpgwxnU4Brq0AACD/AEL/BqPBrPxpvxPi0tGHnPLvyB8fENlNSXeg==</latexit>

p = R(t)k

<latexit sha1_base64="0yj+WJ6Vog48qK3M9dmCLFMVp9s=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgxpKIqAuVooguK/QFTVom00k7dCYJMxOhhOzd+CtuXCji1h9w5984bbPQ1gMXDufcy733eBGjUlnWt5FbWFxaXsmvFtbWNza3zO2dhgxjgUkdhywULQ9JwmhA6ooqRlqRIIh7jDS94fXYbz4QIWkY1NQoIi5H/YD6FCOlpa5ZdG4R56hzDi9IJzl0fIFwcpMmtTTNnMuuWbLK1gRwntgZKYEM1a755fRCHHMSKMyQlG3bipSbIKEoZiQtOLEkEcJD1CdtTQPEiXSTyS8p3NdKD/qh0BUoOFF/TySISzninu7kSA3krDcW//PasfLP3IQGUaxIgKeL/JhBFcJxMLBHBcGKjTRBWFB9K8QDpONQOr6CDsGefXmeNI7K9knZvj8uVa6yOPJgDxTBAbDBKaiAO1AFdYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPJJqafw==</latexit>

�< = e�
E
T �>

<latexit sha1_base64="7+7TrgE8q3MiDhGVMXcfoe3+gVw="></latexit>

⇢a = R�4

Z
d3p

(2⇡)3
|p|fp ! �Ne↵ =

8

7

✓
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4

◆ 4
3 ⇢a
⇢�
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DestructionCreation

<latexit sha1_base64="5obT08K0xBfFf66RavRolHqtBd0="></latexit>

�> =
1

2E

Z  3Y

i=1

d3ki

(2⇡)32Ei

!
f eq
1 (1 + f eq

2 )(1 + f eq
3 )(2⇡)4�(4)(kµ + kµ1 � kµ2 � kµ3 )|M|2

Bose-Einstein

Common parametrization, 
even in massive case
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RESULTS

<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns

on
ly
, F
ul
l R

es
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t

<latexit sha1_base64="qg2DJhNwkZCUOskdR7csW8hafTQ=">AAACBHicbVC7SgNBFJ31GeMraplmMQg2hl0RtQzaaCFEMA9IljA7uUmGzM4uM3fFsKSw8VdsLBSx9SPs/Btnky008cAMh3PuvTP3+JHgGh3n21pYXFpeWc2t5dc3Nre2Czu7dR3GikGNhSJUTZ9qEFxCDTkKaEYKaOALaPjDy9Rv3IPSPJR3OIrAC2hf8h5nFI3UKRTbCA+Y3IQBSIyDo2vZhQjMJXHcKZScsjOBPU/cjJRIhmqn8NXuhixORzFBtW65ToReQhVyJmCcb8caIsqGtA8tQyUNQHvJZImxfWCUrt0LlTkS7Yn6uyOhgdajwDeVAcWBnvVS8T+vFWPv3Eu4jGIEyaYP9WJhY2inidhdroChGBlCmeLmrzYbUEUZmtzyJgR3duV5Uj8uu6dl9/akVLnI4siRItknh8QlZ6RCrkiV1Agjj+SZvJI368l6sd6tj2npgpX17JE/sD5/ALKPmMU=</latexit> M
om

en
tu
m
-I
nd
ep
en
de
nt

Including thermal 
population at T=1 TeV

Minimal KSVZ model
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RESULTS

DISTORTED DISTRIBUTION LEADS TO 
LARGER RELIC ABUNDANCE (~40%)!

<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns
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, F
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t

<latexit sha1_base64="qg2DJhNwkZCUOskdR7csW8hafTQ=">AAACBHicbVC7SgNBFJ31GeMraplmMQg2hl0RtQzaaCFEMA9IljA7uUmGzM4uM3fFsKSw8VdsLBSx9SPs/Btnky008cAMh3PuvTP3+JHgGh3n21pYXFpeWc2t5dc3Nre2Czu7dR3GikGNhSJUTZ9qEFxCDTkKaEYKaOALaPjDy9Rv3IPSPJR3OIrAC2hf8h5nFI3UKRTbCA+Y3IQBSIyDo2vZhQjMJXHcKZScsjOBPU/cjJRIhmqn8NXuhixORzFBtW65ToReQhVyJmCcb8caIsqGtA8tQyUNQHvJZImxfWCUrt0LlTkS7Yn6uyOhgdajwDeVAcWBnvVS8T+vFWPv3Eu4jGIEyaYP9WJhY2inidhdroChGBlCmeLmrzYbUEUZmtzyJgR3duV5Uj8uu6dl9/akVLnI4siRItknh8QlZ6RCrkiV1Agjj+SZvJI368l6sd6tj2npgpX17JE/sD5/ALKPmMU=</latexit> M
om

en
tu
m
-I
nd
ep
en
de
nt

Including thermal 
population at T=1 TeV

Minimal KSVZ model



AXION DISTRIBUTION FUNCTION
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Distorted to larger momenta

(Similar to neutrinos, 


but larger effect)

Minimal KSVZ model
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RESULTS

<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns
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, F
ul
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<latexit sha1_base64="qg2DJhNwkZCUOskdR7csW8hafTQ=">AAACBHicbVC7SgNBFJ31GeMraplmMQg2hl0RtQzaaCFEMA9IljA7uUmGzM4uM3fFsKSw8VdsLBSx9SPs/Btnky008cAMh3PuvTP3+JHgGh3n21pYXFpeWc2t5dc3Nre2Czu7dR3GikGNhSJUTZ9qEFxCDTkKaEYKaOALaPjDy9Rv3IPSPJR3OIrAC2hf8h5nFI3UKRTbCA+Y3IQBSIyDo2vZhQjMJXHcKZScsjOBPU/cjJRIhmqn8NXuhixORzFBtW65ToReQhVyJmCcb8caIsqGtA8tQyUNQHvJZImxfWCUrt0LlTkS7Yn6uyOhgdajwDeVAcWBnvVS8T+vFWPv3Eu4jGIEyaYP9WJhY2inidhdroChGBlCmeLmrzYbUEUZmtzyJgR3duV5Uj8uu6dl9/akVLnI4siRItknh8QlZ6RCrkiV1Agjj+SZvJI368l6sd6tj2npgpX17JE/sD5/ALKPmMU=</latexit> M
om

en
tu
m
-I
nd
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en
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nt

Including thermal 
population at T=1 TeV

Planck18+BAO constraint on massless species

Minimal KSVZ model
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RESULTS

BUT QCD AXION BEHAVES AS 

HOT DARK MATTER

<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns

on
ly
, F
ul
l R

es
ul
t

<latexit sha1_base64="qg2DJhNwkZCUOskdR7csW8hafTQ=">AAACBHicbVC7SgNBFJ31GeMraplmMQg2hl0RtQzaaCFEMA9IljA7uUmGzM4uM3fFsKSw8VdsLBSx9SPs/Btnky008cAMh3PuvTP3+JHgGh3n21pYXFpeWc2t5dc3Nre2Czu7dR3GikGNhSJUTZ9qEFxCDTkKaEYKaOALaPjDy9Rv3IPSPJR3OIrAC2hf8h5nFI3UKRTbCA+Y3IQBSIyDo2vZhQjMJXHcKZScsjOBPU/cjJRIhmqn8NXuhixORzFBtW65ToReQhVyJmCcb8caIsqGtA8tQyUNQHvJZImxfWCUrt0LlTkS7Yn6uyOhgdajwDeVAcWBnvVS8T+vFWPv3Eu4jGIEyaYP9WJhY2inidhdroChGBlCmeLmrzYbUEUZmtzyJgR3duV5Uj8uu6dl9/akVLnI4siRItknh8QlZ6RCrkiV1Agjj+SZvJI368l6sd6tj2npgpX17JE/sD5/ALKPmMU=</latexit> M
om

en
tu
m
-I
nd
ep
en
de
nt

Including thermal 
population at T=1 TeV

Dedicated search in dataset required!

Planck18+BAO constraint on massless species

Minimal KSVZ model
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<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns

on
ly
, F
ul
l R

es
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t

Including thermal 
population at T=1 TeV

0.074 0.13 0.19P
m∫ [eV]
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P
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∫
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V
]

QCD AXION BEHAVES AS HOT 
DARK MATTER

<latexit sha1_base64="k/+p8UC2rDV8tHV1qR5dviplbjg="></latexit>

ma  0.24 eV, 95% C.L.
X

⌫

m⌫  0.14 eV, 95% C.L.

<latexit sha1_base64="EcAkRpnJ5fxtHFUsMkPvOVQ71mA=">AAACC3icbVDLSgMxFM3UV62vqks3oUUQCmVGRF0W68KFQgX7gE4pmTRtQ5PMkNwRy9C9G3/FjQtF3PoD7vwb08dCWw+EHM45l+SeIBLcgOt+O6ml5ZXVtfR6ZmNza3snu7tXM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg8G5bFfv2fa8FDdwTBiLUl6inc5JWCldjbnX9twh/jAHiApX96MCr6JJZZtX8W4YG/SzubdojsBXiTejOTRDJV29svvhDSWTAEVxJim50bQSogGTgUbZfzYsIjQAemxpqWKSGZayWSXET60Sgd3Q22PAjxRf08kRBozlIFNSgJ9M++Nxf+8Zgzd81bCVRQDU3T6UDcWGEI8LgZ3uGYUxNASQjW3f8W0TzShYOvL2BK8+ZUXSe246J0WvduTfOliVkcaHaAcOkIeOkMldIUqqIooekTP6BW9OU/Oi/PufEyjKWc2s4/+wPn8AbJsmi4=</latexit>

⇤CDM+
X

m⌫ +ma

Minimal KSVZ model
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<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
io
ns
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, F
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Including thermal 
population at T=1 TeV

0.074 0.13 0.19P
m∫ [eV]

0 0.19 0.38

ma [eV]

0.074

0.13

0.19

P
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∫
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V
]

QCD AXION BEHAVES AS HOT 
DARK MATTER

<latexit sha1_base64="k/+p8UC2rDV8tHV1qR5dviplbjg="></latexit>

ma  0.24 eV, 95% C.L.
X

⌫

m⌫  0.14 eV, 95% C.L.

<latexit sha1_base64="EcAkRpnJ5fxtHFUsMkPvOVQ71mA=">AAACC3icbVDLSgMxFM3UV62vqks3oUUQCmVGRF0W68KFQgX7gE4pmTRtQ5PMkNwRy9C9G3/FjQtF3PoD7vwb08dCWw+EHM45l+SeIBLcgOt+O6ml5ZXVtfR6ZmNza3snu7tXM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg8G5bFfv2fa8FDdwTBiLUl6inc5JWCldjbnX9twh/jAHiApX96MCr6JJZZtX8W4YG/SzubdojsBXiTejOTRDJV29svvhDSWTAEVxJim50bQSogGTgUbZfzYsIjQAemxpqWKSGZayWSXET60Sgd3Q22PAjxRf08kRBozlIFNSgJ9M++Nxf+8Zgzd81bCVRQDU3T6UDcWGEI8LgZ3uGYUxNASQjW3f8W0TzShYOvL2BK8+ZUXSe246J0WvduTfOliVkcaHaAcOkIeOkMldIUqqIooekTP6BW9OU/Oi/PufEyjKWc2s4/+wPn8AbJsmi4=</latexit>

⇤CDM+
X

m⌫ +ma

Using CLASS + MontePython, Lesgourgues 11/../ + 
Audren 12/+Brinckmann 18

Minimal KSVZ model



THE (NEAR) FUTURE
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OUTLOOK

<latexit sha1_base64="FGTBbB2Ytacppppv0I1XSaFe+Zc=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwIGFXRD0GBfEYxTwgCWF20kmGzM4uM71iWHLz4q948aCIV3/Bm3/j5HHQxIKGmqpupruCWAqDnvftzM0vLC4tZ1ayq2vrG5vu1nbZRInmUOKRjHQ1YAakUFBCgRKqsQYWBhIqQe9y6FfuQRsRqTvsx9AIWUeJtuAMrdR09+oID5gW7cPQSMn+Eb1KpKS3YBKJg6ab8/LeCHSW+BOSIxMUm+5XvRXxJASFXDJjar4XYyNlGgWXMMjWEwMx4z3WgZqlioVgGunojgE9sEqLtiNtSyEdqb8nUhYa0w8D2xky7Jppbyj+59USbJ83UqHiBEHx8UftRFKM6DAU2hIaOMq+JYxrYXelvMs042ijy9oQ/OmTZ0n5OO+f5v2bk1zhYhJHhuySfXJIfHJGCuSaFEmJcPJInskreXOenBfn3fkYt845k5kd8gfO5w/3k5lf</latexit> P
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Including thermal 
population at T=1 TeV

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 

Simons Observatory, DESI, Euclid 

Next few years
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CMB-S4

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 
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CMB-S4

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 
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CMB-S4

UPCOMING COSMO SURVEYS WILL PROBE 
PRODUCTION DURING QCD CROSSOVER,


WHERE PION RATE CANNOT BE USED

NEED NON-PERTURBATIVE RATE! 

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 
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Inspired by 

“Strong sphalerons”

McLerran, Mottola, 
Shaposhnikov 90/

Tassler,Moore 10/…
See also Berghaus, 
Graham, Kaplan, 

Moore, Rajendran 20
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Brinckmann+18

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 
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CMB-S4

Production between 

2 GeV-1 TeV not included!

CMB-
S4+Euclid

Brinckmann+18

Caveat:

Sensitivity reach to massless species,

Underestimates reach on QCD axion 
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CONCLUSIONS

IN THE EARLY UNIVERSE, QCD AXION IS PRODUCED BOTH NON-THERMALLY 

& 


VIA SCATTERINGS WITH SM STATES (PIONS, GLUONS, FERMIONS).

PROVIDES DIFFERENT AXION DETECTION STRATEGY, 

INDEPENDENT OF ASTROPHYSICS AND 


COLD DARK MATTER ABUNDANCE

HOT QCD AXION POPULATION OBSERVABLE 

AS DARK RADIATION OR HOT DARK MATTER IN


CMB AND LSS SURVEYS



CONCLUSIONS

INTERESTING PREDICTION: QCD AXION SPECTRUM IS SIGNIFICANTLY DISTORTED.

ENHANCEMENT OF RELIC ABUNDANCE!

NEW CONSERVATIVE “HOT DM BOUND” ON QCD AXION SET WITH COSMOLOGICAL 
DATASETS CONSIDERING ONLY PRODUCTION BELOW THE CROSSOVER 

UPCOMING CMB SURVEYS REQUIRE NEW (NON-PERTURBATIVE)

THEORY CALCULATION TO CONSTRAIN/DISCOVER QCD AXION

WE HAVE NOW OBTAINED A RELIABLE PRODUCTION RATE 

FROM PIONS BELOW THE QCD CROSSOVER, OVERCOMING BREAKDOWN OF CHPT

THANK YOU!
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PION RATE



SCATTERING RATE
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At weak coupling, the rate above is dominated by 2->2 scatterings 

(e.g. axion-gluon->gluon-gluon, axion-pion->pion-pion)

During QCD crossover, quantity to be evaluated on the lattice



LESSON FROM PIONS
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FIG. 1: The new S0 wave unconstrained fit (UFD), where the dark band covers the uncertainties, versus the existing phase
shift data from [27, 28]. Note that the K → 2π point has been excluded from the fit as explained in the text.
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FIG. 2: The new S0 wave unconstrained fit (UFD), where the
dark band covers the uncertainties, versus the “old” phase
shift data from K!4 decays [7] together with the final NA48/2
results, which supersedes the data from the same experi-
ment [8] that we used in KPY08. We are also showing the
isospin violation correction [22], which has been included in
the data shown here. Finally, we show the results of the CFD
parametrization to be explained in Sect. V, which is almost
indistinguishable from the UFD curve.

for 4M2
K < s < (1.42GeV)2. By neglecting the term pro-

portional to the η momentum, which is numerically very
small as seen in the Appendix A.1, and by re-expanding
the above equation in powers of k2/s1/2 up to third order,

we recover the polynomial expression in KPY06, but the

definition above ensures the 0 ≤ η(0)0 ≤ 1 physical condi-
tion, whereas the simple polynomial in KPY06 did not.
For the inelasticity data, we follow again the same se-

lection as in previous works of this series, but we do not
include now the data from Kaminski et al. [27] in the
χ2 calculation; we only consider the 1973 data of Hyams
et al. [27] and Protopopescu et al. [27]. The reason is
that the main source of uncertainty is systematic, and
if we include the large number of points of Kaminski et
al. with their huge statistical errors, the outcome of the
fit has much smaller errors than the original systematic
uncertainties. By keeping only the other two sets, which
are incompatible, we obtain a fit with a large χ2/d.o.f.,
and by rescaling the uncertainties in the inelasticity pa-
rameters we mimic the dominant systematic uncertain-
ties much better. Of course, our results are still in very
good agreement with Kaminski et al. Was the systematic
uncertainty not dominant, this would not be necessary.
In Table V of the Appendix, we provide the values for
the ε̃i parameters, and in Fig. 4 we show the results of
the unconstrained fit to the S0 wave inelasticity data up
to 1420 MeV.
Finally, let us remark that the inelasticity is the scat-

tering parameter that suffers the biggest change with re-
spect to the KPY08-KPY06 parametrization, as can be
seen in Fig. 5. The new parametrization shows a big dip
in the inelasticity between 1 and 1.1 GeV, whereas the
KPY08 one does not. As already commented in PY05,
this is a longstanding controversy (see, for instance [21]
and references therein) between different sets of data
coming from pure ππ → ππ scattering versus those com-
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Figure 2. The phase shifts of solution 1 from Protopopescu et al.,[10] Hyams et al.[11a] and Es-
tabrooks and Martin[11a] compared with the prediction with the parameters (2.6) (solid line below
1 GeV). We emphasize that this is not a fit to these experimental data, but is obtained from the pion
form factor.[9] The error here is like the thickness of the line.
Above 1 GeV, the dotted line and error (PY) are as follows from the fit (2.7).

It should be remarked, however, that there are other solutions for the P wave above 1.15 GeV. In
the first analysis of Hyams et al.,[11a] that we have followed here, a resonance occurs with a mass ∼ 1.6 GeV,
and its effect is only felt above ∼ 1.4 GeV; but in the second analysis by the same group, Hyams et al.,[11b] a
broad, highly inelastic resonance (actually, more a spike than a resonance) with a mass ∼ 1.35 GeV appears,
or does not appear, depending on the solution chosen. Finally, the Particle Data Group (based mostly on
evidence from e+e− annihilation and τ decay) report a resonance at 1.45 GeV: one has to admit that the
situation for the P wave above 1.15 GeV is not clear. We will return to this later.

2.2. The S waves

2.2.1. Parametrization of the S wave for I = 2

We consider three sets of experimental data. The first corresponds to solution A in the paper by Hoogland et
al.,[12] who use the reaction π+p → π+π+n. We will not consider the so-called solution B in this paper; while
it produces results similar to the other, its errors are clearly underestimated. The second set corresponds
to the work of Losty et al.,[12] who analyze instead π−p → π−π−∆. The third set are the data of Cohen
et al.,[4] who consider π−n → π−π−p. These three sets represent a substantial improvement over other
determinations; since they produce two like charge pions, only isospin 2 contributes, and one gets rid of the
large S0 wave contamination. However, they still present the problem that one does not have scattering of
real pions.

For isospin 2, there is no low energy resonance, but f (2)
0 (s) presents the feature that a zero is expected

(and, indeed, confirmed by the fits) in the region 0 < s < 4M2
π . This zero of f (2)

0 (s) is related to the so-called
Adler zeros and, to lowest order in chiral perturbation theory, occurs at s = 2z22 with z2 = Mπ. We note

– 6 –
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In the elastic region (<1 GeV), unitarity implies

-the pion-pion scattering amplitude-
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Figure 3. Continuous line: The I = 2, S-wave phase shifts, and error bands, corresponding to
(2.7), (2.8) and (2.9), denoted by PY. Dotted line: the fit from ref. 6. The experimental points are
from Losty et al. (black squares), Hoogland et al.,[12] solution A (black dots), and Cohen et al.[4] (black
triangles). We have also included data from Durusoy et al. and from Solution B of Hoogland et al.,
although they were not used in the fits. The dashed line, which lies below our fit, is the S2 phase of
Colangelo, Gasser and Leutwyler,[2] with error band attached.

that, unlike the corresponding zero for the S0 wave, 2z22 is inside the region where the conformal expansion
is expected to converge.

In ref. 6, we neglected inelasticity below 1.45 GeV, and fitted all experimental data, for s1/2 ≤
1380 MeV. A more precise determination (and, above all, with more realistic error estimates) is obtained
if we realize that inelasticity is detected experimentally above the 2πρ threshold, ŝ1/2 = 1.05 GeV, so we
should fit separately the low and high energy regions (Fig. 3).

In the low energy region, we fix z2 = Mπ and fit only the low energy data, s1/2 < 1.0 GeV; later, in
Sect. 4, we will allow z2 to vary. We write

cot δ(2)0 (s) =
s1/2

2k

M2
π

s− 2z22

{

B0 +B1

√
s−

√
ŝ− s

√
s+

√
ŝ− s

}

, z2 ≡ Mπ; ŝ1/2 = 1.05 GeV . (2.8a)

Then we get χ2 /d.o.f. = 13.0/(25− 2) and

B0 = −80.4± 2.8, B1 = −73.6± 12.6; a(2)0 = (−0.052± 0.012)M−1
π ; b(2)0 = (−0.085± 0.011)M−3

π .
(2.8b)

For the high energy region we neglect the inelasticity below 1.45 GeV, and then add inelasticity by
hand. We consider two extreme possibilities: fitting the whole range, or fitting only high energy data (s1/2 ≥
0.91 GeV), requiring agreement of the central value with the low energy determination at s1/2 = 1 GeV. We
accept as the best result an average of the two, and thus have

cot δ(2)0 (s) =
s1/2

2k

M2
π

s− 2M2
π

{

B0 +B1

√
s−

√
s0 − s√

s+
√
s0 − s

}

;

s1/20 =1.45 GeV; B0 = −123± 6, B1 = −118± 14,

(2.9)
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Figure 4. Distortion of the axion spectrum for an example value of fa, as obtained by solving the momentum dependent
Boltzmann equations with the rate from scatterings with pions only, below Tc (solid curve). The Bose-Einstein distribution
(dashed curve) leads to the same energy density as the numerical solution lead to the same energy density, but the actual
distribution is shifted to higher momenta.

with the actual distribution. The result is reported in Fig. 4 and shows that that the actual distribution is broader
and peaked to higher momenta than the Bose-Einstein distribution.

In all cases, either using the exact treatment or the momentum-independent calculation, the relic axion energy
density is translated into an e↵ective number of neutrino species at Tf = 30 MeV,�Ne↵ |T=Tf ⌘

8

7

⇢a

⇢�
|T=Tf , then

multiplied by [g⇤,S(Tf )/g⇤,S(T⌫)]�4/3, where T⌫ = 3 MeV corresponds to the temperature at which neutrinos start
decoupling.

For the second analysis presented in this paper, i.e. including the potential production due to non-perturbative
e↵ects during the QCD crossover, we used a hybrid approach, motivated by the lack of a momentum-dependent rate
during the QCD crossover. In a first step, we integrated the momentum independent equation (A4) from Ti = 2 GeV
to Tc = 150 MeV, using an averaged rate �̄ determined by dimensional analysis, as explained in the main text. We set
initial conditions Y |T=Ti = Y

eq
|T=1 TeV and assumed g⇤,S = 106.75 at T & TeV. The second step of the calculation

was made using the momentum-dependent Boltzmann equation, with the corresponding rates for production due to
pions only, as explained in section III. Initial conditions for the distribution function at Tc were set according to the
would-be equilibrium distributions at Tdec, defined as the temperature corresponding to the yield computed with the
momentum-independent analysis above Tc, i.e.

Tdec ⌘ Tc

✓
Y

Yeq

◆ 1
3

����
T=Tc

, (A6)

and fp|T=Tc = f
eq
p |T=Tdec .

Appendix B: Correspondence between ⇡⇡ and a⇡ scattering

At leading order in 1/fa, the most general e↵ective Lagrangian for the axion coupled to the lightest two quark fields
q = (u, d) can be written as

L = q̄

✓
i@/+

c0

2fa
@/ a �5

◆
q � q̄LMaqR + h.c. , Ma ⌘

✓
mu 0
0 md

◆
e
i a
2fa

(1+c3�
3
)
, (B1)

where qR,L ⌘
1±�5

2
q and c0 and c3 are the model dependent axion couplings to the isosinglet and isotriplet axial

currents (e.g. for KSVZ models [53, 54] c3 = 0, while for DFSZ models [55, 56] c3 = cu � cd, where cu,d are the
Leading Order Low Energy axion-pion Lagrangian
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couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:

L⇡ =
f
2
⇡

4
Tr

⇥
@µU@

µ
U

† + 2B0(MaU
† + UM

†
a)

⇤
+ . . . U ⌘ exp(i~⇡ · ~�/f⇡) , (B2)

where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.

At leading order the axion only appears in the mass term, which can be written also as

m
2
⇡f

2
⇡

2
ReTr

h
(1 � ✏�

3)
⇣
Ue

�i a
2fa

(1+c3�
3
)

⌘i
. (B3)

In this frame there is an a-⇡0 mixing that can be rotated away by an orthogonal rotation with angle ✓a⇡:

✓a⇡ '
(✏ � c3)f⇡

2fa
, (B4)

up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:

⇡
0 = cos(✓a⇡)⇡

0

phys
+ sin(✓a⇡) aphys ' ⇡

0

phys
+ ✓a⇡aphys . (B5)

It follows that, at each order in chiral perturbation theory, the leading axion couplings at high energies (i.e. those with
the maximum number of derivatives, not suppressed by light quark masses) will be proportional to the corresponding
⇡
0 ones (the proportionality factor being given by the mixing angle itself), namely:

Ma⇡i!⇡j⇡k = ✓a⇡ · M⇡0⇡i!⇡j⇡k + O

✓
m

2
⇡

s

◆
. (B6)

The m
2
⇡/s corrections are the highest at low energy close to threshold. There the relative error can be estimated

using the LO formula |MLO|
2 = ✏

2(s2 + t
2 + u

2
� 3m4

⇡)/(4f
2
af

2
⇡) and is bounded by

�|M|
2

|M|2
=

⇠

1 � 2⇠


1

11
, ⇠ ⌘

3m4
⇡

2(s2 + t2 + u2)
, (B7)

where the bound is saturated at s = 4m2
⇡, t = u = �

1

2
m

2
⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
0

), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
±

! ⇡
0
K

±
, ⇡

±
K

0; aK0
!

⇡
0
K

0
, ⇡

�
K

+; aK̄0
! ⇡

0
K̄

0
, ⇡

+
K

�) at leading order and in the limit m⇡ ! 0 (consistent with the m
2
⇡/s ! 0 limit

we used for the pions) turns out to be

|MaK!⇡K |
2 =

3 t2

16f2
⇡f

2
a

(1 � ✏
2) +

(s � m
2

K)(s+ t � m
2

K)

2f2
⇡f

2
a

✏
2
, (C1)

where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).

Axion-quark Lagrangian (after chiral rotations)

<latexit sha1_base64="EvKPIfJLmpXmuXaKxBd6IF9OYGE="></latexit>

@µa

2fa
jµA ⇠ O(Mq)

9
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where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.
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up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:
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0 ones (the proportionality factor being given by the mixing angle itself), namely:

Ma⇡i!⇡j⇡k = ✓a⇡ · M⇡0⇡i!⇡j⇡k + O

✓
m

2
⇡

s

◆
. (B6)

The m
2
⇡/s corrections are the highest at low energy close to threshold. There the relative error can be estimated

using the LO formula |MLO|
2 = ✏

2(s2 + t
2 + u

2
� 3m4

⇡)/(4f
2
af

2
⇡) and is bounded by

�|M|
2

|M|2
=

⇠

1 � 2⇠


1

11
, ⇠ ⌘

3m4
⇡

2(s2 + t2 + u2)
, (B7)

where the bound is saturated at s = 4m2
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⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
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), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
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where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence
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At LO axion appears only in

9

couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:

L⇡ =
f
2
⇡

4
Tr

⇥
@µU@

µ
U

† + 2B0(MaU
† + UM

†
a)

⇤
+ . . . U ⌘ exp(i~⇡ · ~�/f⇡) , (B2)

where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
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represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.
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extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:

⇡
0 = cos(✓a⇡)⇡

0

phys
+ sin(✓a⇡) aphys ' ⇡

0

phys
+ ✓a⇡aphys . (B5)

It follows that, at each order in chiral perturbation theory, the leading axion couplings at high energies (i.e. those with
the maximum number of derivatives, not suppressed by light quark masses) will be proportional to the corresponding
⇡
0 ones (the proportionality factor being given by the mixing angle itself), namely:

Ma⇡i!⇡j⇡k = ✓a⇡ · M⇡0⇡i!⇡j⇡k + O

✓
m

2
⇡

s

◆
. (B6)

The m
2
⇡/s corrections are the highest at low energy close to threshold. There the relative error can be estimated

using the LO formula |MLO|
2 = ✏

2(s2 + t
2 + u

2
� 3m4

⇡)/(4f
2
af

2
⇡) and is bounded by

�|M|
2

|M|2
=

⇠

1 � 2⇠


1

11
, ⇠ ⌘

3m4
⇡

2(s2 + t2 + u2)
, (B7)

where the bound is saturated at s = 4m2
⇡, t = u = �

1

2
m

2
⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
0

), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
±

! ⇡
0
K

±
, ⇡

±
K

0; aK0
!

⇡
0
K

0
, ⇡

�
K

+; aK̄0
! ⇡

0
K̄

0
, ⇡

+
K

�) at leading order and in the limit m⇡ ! 0 (consistent with the m
2
⇡/s ! 0 limit

we used for the pions) turns out to be

|MaK!⇡K |
2 =

3 t2

16f2
⇡f

2
a

(1 � ✏
2) +

(s � m
2

K)(s+ t � m
2

K)

2f2
⇡f

2
a

✏
2
, (C1)

where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).

And diagonalising one gets axion couplings from

Iso-singlet
Iso-triplet
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Figure 4. Distortion of the axion spectrum for an example value of fa, as obtained by solving the momentum dependent
Boltzmann equations with the rate from scatterings with pions only, below Tc (solid curve). The Bose-Einstein distribution
(dashed curve) leads to the same energy density as the numerical solution lead to the same energy density, but the actual
distribution is shifted to higher momenta.

with the actual distribution. The result is reported in Fig. 4 and shows that that the actual distribution is broader
and peaked to higher momenta than the Bose-Einstein distribution.

In all cases, either using the exact treatment or the momentum-independent calculation, the relic axion energy
density is translated into an e↵ective number of neutrino species at Tf = 30 MeV,�Ne↵ |T=Tf ⌘

8

7

⇢a

⇢�
|T=Tf , then

multiplied by [g⇤,S(Tf )/g⇤,S(T⌫)]�4/3, where T⌫ = 3 MeV corresponds to the temperature at which neutrinos start
decoupling.

For the second analysis presented in this paper, i.e. including the potential production due to non-perturbative
e↵ects during the QCD crossover, we used a hybrid approach, motivated by the lack of a momentum-dependent rate
during the QCD crossover. In a first step, we integrated the momentum independent equation (A4) from Ti = 2 GeV
to Tc = 150 MeV, using an averaged rate �̄ determined by dimensional analysis, as explained in the main text. We set
initial conditions Y |T=Ti = Y

eq
|T=1 TeV and assumed g⇤,S = 106.75 at T & TeV. The second step of the calculation

was made using the momentum-dependent Boltzmann equation, with the corresponding rates for production due to
pions only, as explained in section III. Initial conditions for the distribution function at Tc were set according to the
would-be equilibrium distributions at Tdec, defined as the temperature corresponding to the yield computed with the
momentum-independent analysis above Tc, i.e.

Tdec ⌘ Tc

✓
Y

Yeq

◆ 1
3

����
T=Tc

, (A6)

and fp|T=Tc = f
eq
p |T=Tdec .

Appendix B: Correspondence between ⇡⇡ and a⇡ scattering

At leading order in 1/fa, the most general e↵ective Lagrangian for the axion coupled to the lightest two quark fields
q = (u, d) can be written as

L = q̄

✓
i@/+

c0

2fa
@/ a �5

◆
q � q̄LMaqR + h.c. , Ma ⌘

✓
mu 0
0 md

◆
e
i a
2fa

(1+c3�
3
)
, (B1)

where qR,L ⌘
1±�5

2
q and c0 and c3 are the model dependent axion couplings to the isosinglet and isotriplet axial

currents (e.g. for KSVZ models [53, 54] c3 = 0, while for DFSZ models [55, 56] c3 = cu � cd, where cu,d are the
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couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:

L⇡ =
f
2
⇡

4
Tr

⇥
@µU@

µ
U

† + 2B0(MaU
† + UM

†
a)

⇤
+ . . . U ⌘ exp(i~⇡ · ~�/f⇡) , (B2)

where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.

At leading order the axion only appears in the mass term, which can be written also as

m
2
⇡f

2
⇡

2
ReTr

h
(1 � ✏�

3)
⇣
Ue

�i a
2fa

(1+c3�
3
)

⌘i
. (B3)

In this frame there is an a-⇡0 mixing that can be rotated away by an orthogonal rotation with angle ✓a⇡:

✓a⇡ '
(✏ � c3)f⇡

2fa
, (B4)

up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:

⇡
0 = cos(✓a⇡)⇡

0

phys
+ sin(✓a⇡) aphys ' ⇡

0

phys
+ ✓a⇡aphys . (B5)

It follows that, at each order in chiral perturbation theory, the leading axion couplings at high energies (i.e. those with
the maximum number of derivatives, not suppressed by light quark masses) will be proportional to the corresponding
⇡
0 ones (the proportionality factor being given by the mixing angle itself), namely:

Ma⇡i!⇡j⇡k = ✓a⇡ · M⇡0⇡i!⇡j⇡k + O

✓
m

2
⇡

s

◆
. (B6)

The m
2
⇡/s corrections are the highest at low energy close to threshold. There the relative error can be estimated

using the LO formula |MLO|
2 = ✏

2(s2 + t
2 + u

2
� 3m4

⇡)/(4f
2
af

2
⇡) and is bounded by

�|M|
2

|M|2
=

⇠

1 � 2⇠


1

11
, ⇠ ⌘

3m4
⇡

2(s2 + t2 + u2)
, (B7)

where the bound is saturated at s = 4m2
⇡, t = u = �

1

2
m

2
⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
0

), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
±

! ⇡
0
K

±
, ⇡

±
K

0; aK0
!

⇡
0
K

0
, ⇡

�
K

+; aK̄0
! ⇡

0
K̄

0
, ⇡

+
K

�) at leading order and in the limit m⇡ ! 0 (consistent with the m
2
⇡/s ! 0 limit

we used for the pions) turns out to be

|MaK!⇡K |
2 =

3 t2

16f2
⇡f

2
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(1 � ✏
2) +

(s � m
2

K)(s+ t � m
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2f2
⇡f

2
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✏
2
, (C1)

where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).

Axion-quark Lagrangian (after chiral rotations)
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couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:
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4
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⇤
+ . . . U ⌘ exp(i~⇡ · ~�/f⇡) , (B2)

where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.

At leading order the axion only appears in the mass term, which can be written also as
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In this frame there is an a-⇡0 mixing that can be rotated away by an orthogonal rotation with angle ✓a⇡:
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(✏ � c3)f⇡

2fa
, (B4)

up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:
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It follows that, at each order in chiral perturbation theory, the leading axion couplings at high energies (i.e. those with
the maximum number of derivatives, not suppressed by light quark masses) will be proportional to the corresponding
⇡
0 ones (the proportionality factor being given by the mixing angle itself), namely:
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The m
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⇡/s corrections are the highest at low energy close to threshold. There the relative error can be estimated

using the LO formula |MLO|
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where the bound is saturated at s = 4m2
⇡, t = u = �

1

2
m

2
⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
0

), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
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we used for the pions) turns out to be
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where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).
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couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:
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where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.

At leading order the axion only appears in the mass term, which can be written also as
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In this frame there is an a-⇡0 mixing that can be rotated away by an orthogonal rotation with angle ✓a⇡:
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, (B4)

up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:
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It follows that, at each order in chiral perturbation theory, the leading axion couplings at high energies (i.e. those with
the maximum number of derivatives, not suppressed by light quark masses) will be proportional to the corresponding
⇡
0 ones (the proportionality factor being given by the mixing angle itself), namely:
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where the bound is saturated at s = 4m2
⇡, t = u = �
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⇡. Therefore the asymptotic high energy formula is expected

to hold also at low energies within 10% accuracy, better than the LO �PT formula.

Appendix C: Axion Kaon amplitudes

To estimate the importance of axion scattering with heavier hadrons below Tc we computed at leading order

the scattering amplitude with single kaons (K±, K0 and K
0

), which are the next to lightest states after pions. The
interactions are described by the same e↵ective Lagrangian of pions in eq. (B2), the only di↵erence being that the field

is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
including pions and kaons [50]), same for the axion dependent quark mass matrix Ma = diag(mu,md,ms)eia/(3fa),
where ms is the strange quark mass.

The total amplitude modulus squared for the processes aK ! ⇡K (which include aK
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we used for the pions) turns out to be
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where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).

And diagonalising one gets axion couplings from

Iso-singlet
Iso-triplet
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Figure 4. Distortion of the axion spectrum for an example value of fa, as obtained by solving the momentum dependent
Boltzmann equations with the rate from scatterings with pions only, below Tc (solid curve). The Bose-Einstein distribution
(dashed curve) leads to the same energy density as the numerical solution lead to the same energy density, but the actual
distribution is shifted to higher momenta.

with the actual distribution. The result is reported in Fig. 4 and shows that that the actual distribution is broader
and peaked to higher momenta than the Bose-Einstein distribution.

In all cases, either using the exact treatment or the momentum-independent calculation, the relic axion energy
density is translated into an e↵ective number of neutrino species at Tf = 30 MeV,�Ne↵ |T=Tf ⌘

8

7

⇢a

⇢�
|T=Tf , then

multiplied by [g⇤,S(Tf )/g⇤,S(T⌫)]�4/3, where T⌫ = 3 MeV corresponds to the temperature at which neutrinos start
decoupling.

For the second analysis presented in this paper, i.e. including the potential production due to non-perturbative
e↵ects during the QCD crossover, we used a hybrid approach, motivated by the lack of a momentum-dependent rate
during the QCD crossover. In a first step, we integrated the momentum independent equation (A4) from Ti = 2 GeV
to Tc = 150 MeV, using an averaged rate �̄ determined by dimensional analysis, as explained in the main text. We set
initial conditions Y |T=Ti = Y

eq
|T=1 TeV and assumed g⇤,S = 106.75 at T & TeV. The second step of the calculation

was made using the momentum-dependent Boltzmann equation, with the corresponding rates for production due to
pions only, as explained in section III. Initial conditions for the distribution function at Tc were set according to the
would-be equilibrium distributions at Tdec, defined as the temperature corresponding to the yield computed with the
momentum-independent analysis above Tc, i.e.

Tdec ⌘ Tc

✓
Y

Yeq

◆ 1
3

����
T=Tc

, (A6)

and fp|T=Tc = f
eq
p |T=Tdec .

Appendix B: Correspondence between ⇡⇡ and a⇡ scattering

At leading order in 1/fa, the most general e↵ective Lagrangian for the axion coupled to the lightest two quark fields
q = (u, d) can be written as

L = q̄
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where qR,L ⌘
1±�5

2
q and c0 and c3 are the model dependent axion couplings to the isosinglet and isotriplet axial

currents (e.g. for KSVZ models [53, 54] c3 = 0, while for DFSZ models [55, 56] c3 = cu � cd, where cu,d are the
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couplings to the up and down quarks axial currents).
At low energies the e↵ective theory for axion and pions reads:
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where ~� are the Pauli matrices, ~⇡ are the pion fields, the constant B0 = m
2
⇡/(mu + md) at leading order and dots

represent higher order terms in the derivative and quark mass expansion. Note that at leading order in the chiral
expansion c0 does not appear. Indeed since at leading order in the quark mass expansion the pion axial current is
orthogonal to the isosinglet one, the contributions proportional to the coe�cient c0 will always be suppressed by at
least one power of the quark masses, therefore they will not dominate at high energies.

At leading order the axion only appears in the mass term, which can be written also as
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In this frame there is an a-⇡0 mixing that can be rotated away by an orthogonal rotation with angle ✓a⇡:
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up to higher order terms in f⇡/fa. From this it follows that the diagonalization to mass eigenstates will introduce
extra axion couplings (besides those originating directly from Ma and thus suppressed by the quark masses) from
shifts of the neutral pions:
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is now defined as a 3⇥ 3 unitary matrix U = exp(i~� · ~⇧) (with ~� the Gell-Mann matrices and ~⇧ the eight meson fields
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where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).
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where in this case s ⌘ (pa + pK)2 and t ⌘ (pa � p⇡)2.
Note that the Boltzmann suppression in the scattering with kaons below Tc is partially compensated by the absence

of the overall isospin suppression ✏
2 present for the pions. Indeed the axion rate due to scatterings with kaons would

become comparable to the pions one not much after Tc, at around T = 200 MeV (see fig. 5).
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At all orders in ChPT
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Parameter Planck18+BAO+Pantheon

100!b (2.252) 2.246+0.014
�0.015

!cdm (0.119) 0.120+0.001
�0.002

100 ✓s (1.042) 1.042+0.0003
�0.0003

ln 1010As (3.051) 3.054+0.015
�0.016

ns (0.968) 0.968+0.004
�0.005

⌧reio (0.059) 0.058+0.007
�0.008P

m⌫  0.14 (95% C.L.)

ma  0.24 (95% C.L.)

H0[km/s/Mpc] (68.17) 67.75+0.51
�0.54

S8 (0.819) 0.821+0.011
�0.011

Table I. The mean (best-fit in parenthesis) ±1� error of the cosmological parameters obtained by fitting the ⇤CDM+
P

m⌫+ma

model to the cosmological datasets Planck18+BAO. Upper bounds are presented at 95% CL. H0 and S8 are derived parameters
from the eight cosmological parameters.

galaxy samples of BOSS DR12 at z = 0.38, 0.51, and 0.61 [28], including the measurements of the rate of growth of
structure [29], (we use the “consensus” likelihood of [28], bao fs boss dr12), and the Pantheon Supernovae data [30].
We run ten chains, achieving Gelman-Rubin factors R � 1  0.005 for all parameters. The resulting one- and two-
dimensional posterior distributions for all parameters are shown in Fig. 4 (including H0 and S8 ⌘ �8

p
⌦m/0.3. The

mean ±1� error values for the ⇤CDM parameters, together with the 95% C.L. bound for ma, are reported in Table I.
Additionally, we have checked that our upper bound on the axion mass is unaltered if we use the base ⇤CDM model
with only one massive neutrinos and m⌫ = 0.06 eV. The use of the actual axion distribution function, rather than a
Bose-Einstein distribution with the same energy density, leads to a minor relaxation in the axion mass bound (⇠ 4%)
with the combination of datasets above.

Notice that the bound on the axion contribution to �Ne↵ is significantly stronger than the massless species
constraint, �Ne↵  0.28 at 95% C.L. (Planck 18+BAO) [31], because of the non-negligible axion mass.
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<latexit sha1_base64="zXX2Bn79I+CT7B2i8yfwSte06D4=">AAACB3icbZDLSsNAFIYnXmu9VV0KEiyCq5KIqCspunFnBXuBJpTJ9LQdOpOEmROxhOzc+CpuXCji1ldw59s4vQja+sPAx3/O4cz5g1hwjY7zZc3NLywuLedW8qtr6xubha3tmo4SxaDKIhGpRkA1CB5CFTkKaMQKqAwE1IP+5bBevwOleRTe4iAGX9JuyDucUTRWq7DnXUvo0lZKs/Mf9BDuMWVtmWWtQtEpOSPZs+BOoEgmqrQKn147YomEEJmgWjddJ0Y/pQo5E5DlvURDTFmfdqFpMKQStJ+O7sjsA+O07U6kzAvRHrm/J1IqtR7IwHRKij09XRua/9WaCXbO/JSHcYIQsvGiTiJsjOxhKHabK2AoBgYoU9z81WY9qihDE13ehOBOnzwLtaOSe1Jyb46L5YtJHDmyS/bJIXHJKSmTK1IhVcLIA3kiL+TVerSerTfrfdw6Z01mdsgfWR/f7i6aAQ==</latexit>

⌦a > ⌦cdm

<latexit sha1_base64="9JxTxqZpeqdEDQOl5Nc/PTJU1Es=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprxlsslanuhtRwKRRvoUDJu5nmNAkl74Sju5nfeeLaiFQ94jjjQUIHSsSCUbSS70dcIvWNSIjXr9bcujsHWSVeQWpQoNmvfvlRyvKEK2SSGtPz3AyDCdUomOTTip8bnlE2ogPes1TRhJtgMr95Ss6sEpE41bYUkrn6e2JCE2PGSWg7E4pDs+zNxP+8Xo7xTTARKsuRK7ZYFOeSYEpmAZBIaM5Qji2hTAt7K2FDqilDG1PFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMMjgGV7hzcmdF+fd+Vi0lpxi5hj+wPn8AX57kVQ=</latexit>
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Adapted from Ferrer, 
Masso, Panico, Pujolàs, 

FR 18

<latexit sha1_base64="PStcbjveh/Op18va9gTUIhN6+mY=">AAACMnicbZBNSwMxEIazflu/qh69BIsgCGVXRL0IRS96UsFWoS0lm05rMMkuyaxalv1NXvwlggc9KOLVH2Ha7kGtLwRenplhMm8YS2HR91+8sfGJyanpmdnC3PzC4lJxeaVmo8RwqPJIRuYqZBak0FBFgRKuYgNMhRIuw5ujfv3yFowVkb7AXgxNxbpadARn6FCreNI4VdBlLUYPaG7TBsI9pkrYLNv6zSwaobujvH2XZa1iyS/7A9FRE+SmRHKdtYpPjXbEEwUauWTW1gM/xmbKDAouISs0Egsx4zesC3VnNVNgm+ng5IxuONKmnci4p5EO6M+JlClreyp0nYrhtf1b68P/avUEO/vNVOg4QdB8uKiTSIoR7edH28IAR9lzhnEj3F8pv2aGcXQpF1wIwd+TR01tuxzsloPznVLlMI9jhqyRdbJJArJHKuSYnJEq4eSBPJM38u49eq/eh/c5bB3z8plV8kve1zdE26yw</latexit>

⌦a = ⌦mis + ⌦strings + ⌦dw
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<latexit sha1_base64="exULa3geEre92i20j6ld5yl3/6Q=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURUS9C0YsnqWA/oA1hs9m0SzebsDtRa8gv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yEMwW2/W2UlpZXVtfK65WNza3tqrmz21ZxKgltkZjHsutjRTkTtAUMOO0mkuLI57Tjj64mfueeSsVicQfjhLoRHggWMoJBS55ZvfGyPtBHyIKHPL9wPLNm1+0prEXiFKSGCjQ986sfxCSNqADCsVI9x07AzbAERjjNK/1U0QSTER7QnqYCR1S52fTw3DrUSmCFsdQlwJqqvycyHCk1jnzdGWEYqnlvIv7n9VIIz92MiSQFKshsUZhyC2JrkoIVMEkJ8LEmmEimb7XIEEtMQGdV0SE48y8vkvZx3TmtO7cntcZlEUcZ7aMDdIQcdIYa6Bo1UQsRlKJn9IrejCfjxXg3PmatJaOY2UN/YHz+AP2lk04=</latexit>

Ndw = 1

<latexit sha1_base64="zXX2Bn79I+CT7B2i8yfwSte06D4=">AAACB3icbZDLSsNAFIYnXmu9VV0KEiyCq5KIqCspunFnBXuBJpTJ9LQdOpOEmROxhOzc+CpuXCji1ldw59s4vQja+sPAx3/O4cz5g1hwjY7zZc3NLywuLedW8qtr6xubha3tmo4SxaDKIhGpRkA1CB5CFTkKaMQKqAwE1IP+5bBevwOleRTe4iAGX9JuyDucUTRWq7DnXUvo0lZKs/Mf9BDuMWVtmWWtQtEpOSPZs+BOoEgmqrQKn147YomEEJmgWjddJ0Y/pQo5E5DlvURDTFmfdqFpMKQStJ+O7sjsA+O07U6kzAvRHrm/J1IqtR7IwHRKij09XRua/9WaCXbO/JSHcYIQsvGiTiJsjOxhKHabK2AoBgYoU9z81WY9qihDE13ehOBOnzwLtaOSe1Jyb46L5YtJHDmyS/bJIXHJKSmTK1IhVcLIA3kiL+TVerSerTfrfdw6Z01mdsgfWR/f7i6aAQ==</latexit>

⌦a > ⌦cdm

<latexit sha1_base64="9JxTxqZpeqdEDQOl5Nc/PTJU1Es=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprxlsslanuhtRwKRRvoUDJu5nmNAkl74Sju5nfeeLaiFQ94jjjQUIHSsSCUbSS70dcIvWNSIjXr9bcujsHWSVeQWpQoNmvfvlRyvKEK2SSGtPz3AyDCdUomOTTip8bnlE2ogPes1TRhJtgMr95Ss6sEpE41bYUkrn6e2JCE2PGSWg7E4pDs+zNxP+8Xo7xTTARKsuRK7ZYFOeSYEpmAZBIaM5Qji2hTAt7K2FDqilDG1PFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMMjgGV7hzcmdF+fd+Vi0lpxi5hj+wPn8AX57kVQ=</latexit>
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Adapted from Ferrer, 
Masso, Panico, Pujolàs, 

FR 18

Generically only in 
toy model with one 

fermion charged 
under PQ


Relic abundance 
from strings under 
active investigation


…/Gorghetto, Hardy, 
Villadoro 18, 20/

Hindmarsh+19,21/
Buschmann+21


<latexit sha1_base64="PStcbjveh/Op18va9gTUIhN6+mY=">AAACMnicbZBNSwMxEIazflu/qh69BIsgCGVXRL0IRS96UsFWoS0lm05rMMkuyaxalv1NXvwlggc9KOLVH2Ha7kGtLwRenplhMm8YS2HR91+8sfGJyanpmdnC3PzC4lJxeaVmo8RwqPJIRuYqZBak0FBFgRKuYgNMhRIuw5ujfv3yFowVkb7AXgxNxbpadARn6FCreNI4VdBlLUYPaG7TBsI9pkrYLNv6zSwaobujvH2XZa1iyS/7A9FRE+SmRHKdtYpPjXbEEwUauWTW1gM/xmbKDAouISs0Egsx4zesC3VnNVNgm+ng5IxuONKmnci4p5EO6M+JlClreyp0nYrhtf1b68P/avUEO/vNVOg4QdB8uKiTSIoR7edH28IAR9lzhnEj3F8pv2aGcXQpF1wIwd+TR01tuxzsloPznVLlMI9jhqyRdbJJArJHKuSYnJEq4eSBPJM38u49eq/eh/c5bB3z8plV8kve1zdE26yw</latexit>

⌦a = ⌦mis + ⌦strings + ⌦dw
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<latexit sha1_base64="exULa3geEre92i20j6ld5yl3/6Q=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURUS9C0YsnqWA/oA1hs9m0SzebsDtRa8gv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yEMwW2/W2UlpZXVtfK65WNza3tqrmz21ZxKgltkZjHsutjRTkTtAUMOO0mkuLI57Tjj64mfueeSsVicQfjhLoRHggWMoJBS55ZvfGyPtBHyIKHPL9wPLNm1+0prEXiFKSGCjQ986sfxCSNqADCsVI9x07AzbAERjjNK/1U0QSTER7QnqYCR1S52fTw3DrUSmCFsdQlwJqqvycyHCk1jnzdGWEYqnlvIv7n9VIIz92MiSQFKshsUZhyC2JrkoIVMEkJ8LEmmEimb7XIEEtMQGdV0SE48y8vkvZx3TmtO7cntcZlEUcZ7aMDdIQcdIYa6Bo1UQsRlKJn9IrejCfjxXg3PmatJaOY2UN/YHz+AP2lk04=</latexit>

Ndw = 1

<latexit sha1_base64="gsoOX1sxCCogIB92kMp+GSc86MQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURUU9S9OJJKtgPaEPYbDbt0s0m7E7UGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/hTIFtfxulpeWV1bXyemVjc2u7au7stlWcSkJbJOax7PpYUc4EbQEDTruJpDjyOe34o6uJ37mnUrFY3ME4oW6EB4KFjGDQkmdWb7ysD/QRsuAhzy8cz6zZdXsKa5E4BamhAk3P/OoHMUkjKoBwrFTPsRNwMyyBEU7zSj9VNMFkhAe0p6nAEVVuNj08tw61ElhhLHUJsKbq74kMR0qNI193RhiGat6biP95vRTCczdjIkmBCjJbFKbcgtiapGAFTFICfKwJJpLpWy0yxBIT0FlVdAjO/MuLpH1cd07rzu1JrXFZxFFG++gAHSEHnaEGukZN1EIEpegZvaI348l4Md6Nj1lryShm9tAfGJ8//yqTTw==</latexit>

Ndw > 1

<latexit sha1_base64="zXX2Bn79I+CT7B2i8yfwSte06D4=">AAACB3icbZDLSsNAFIYnXmu9VV0KEiyCq5KIqCspunFnBXuBJpTJ9LQdOpOEmROxhOzc+CpuXCji1ldw59s4vQja+sPAx3/O4cz5g1hwjY7zZc3NLywuLedW8qtr6xubha3tmo4SxaDKIhGpRkA1CB5CFTkKaMQKqAwE1IP+5bBevwOleRTe4iAGX9JuyDucUTRWq7DnXUvo0lZKs/Mf9BDuMWVtmWWtQtEpOSPZs+BOoEgmqrQKn147YomEEJmgWjddJ0Y/pQo5E5DlvURDTFmfdqFpMKQStJ+O7sjsA+O07U6kzAvRHrm/J1IqtR7IwHRKij09XRua/9WaCXbO/JSHcYIQsvGiTiJsjOxhKHabK2AoBgYoU9z81WY9qihDE13ehOBOnzwLtaOSe1Jyb46L5YtJHDmyS/bJIXHJKSmTK1IhVcLIA3kiL+TVerSerTfrfdw6Z01mdsgfWR/f7i6aAQ==</latexit>

⌦a > ⌦cdm

<latexit sha1_base64="9JxTxqZpeqdEDQOl5Nc/PTJU1Es=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprxlsslanuhtRwKRRvoUDJu5nmNAkl74Sju5nfeeLaiFQ94jjjQUIHSsSCUbSS70dcIvWNSIjXr9bcujsHWSVeQWpQoNmvfvlRyvKEK2SSGtPz3AyDCdUomOTTip8bnlE2ogPes1TRhJtgMr95Ss6sEpE41bYUkrn6e2JCE2PGSWg7E4pDs+zNxP+8Xo7xTTARKsuRK7ZYFOeSYEpmAZBIaM5Qji2hTAt7K2FDqilDG1PFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMMjgGV7hzcmdF+fd+Vi0lpxi5hj+wPn8AX57kVQ=</latexit>
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Adapted from Ferrer, 
Masso, Panico, Pujolàs, 

FR 18

Generically only in 
toy model with one 

fermion charged 
under PQ


Relic abundance 
from strings under 
active investigation


…/Gorghetto, Hardy, 
Villadoro 18, 20/

Hindmarsh+19,21/
Buschmann+21


<latexit sha1_base64="PStcbjveh/Op18va9gTUIhN6+mY=">AAACMnicbZBNSwMxEIazflu/qh69BIsgCGVXRL0IRS96UsFWoS0lm05rMMkuyaxalv1NXvwlggc9KOLVH2Ha7kGtLwRenplhMm8YS2HR91+8sfGJyanpmdnC3PzC4lJxeaVmo8RwqPJIRuYqZBak0FBFgRKuYgNMhRIuw5ujfv3yFowVkb7AXgxNxbpadARn6FCreNI4VdBlLUYPaG7TBsI9pkrYLNv6zSwaobujvH2XZa1iyS/7A9FRE+SmRHKdtYpPjXbEEwUauWTW1gM/xmbKDAouISs0Egsx4zesC3VnNVNgm+ng5IxuONKmnci4p5EO6M+JlClreyp0nYrhtf1b68P/avUEO/vNVOg4QdB8uKiTSIoR7edH28IAR9lzhnEj3F8pv2aGcXQpF1wIwd+TR01tuxzsloPznVLlMI9jhqyRdbJJArJHKuSYnJEq4eSBPJM38u49eq/eh/c5bB3z8plV8kve1zdE26yw</latexit>

⌦a = ⌦mis + ⌦strings + ⌦dw
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<latexit sha1_base64="exULa3geEre92i20j6ld5yl3/6Q=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURUS9C0YsnqWA/oA1hs9m0SzebsDtRa8gv8eJBEa/+FG/+G7dtDtr6YODx3gwz8/yEMwW2/W2UlpZXVtfK65WNza3tqrmz21ZxKgltkZjHsutjRTkTtAUMOO0mkuLI57Tjj64mfueeSsVicQfjhLoRHggWMoJBS55ZvfGyPtBHyIKHPL9wPLNm1+0prEXiFKSGCjQ986sfxCSNqADCsVI9x07AzbAERjjNK/1U0QSTER7QnqYCR1S52fTw3DrUSmCFsdQlwJqqvycyHCk1jnzdGWEYqnlvIv7n9VIIz92MiSQFKshsUZhyC2JrkoIVMEkJ8LEmmEimb7XIEEtMQGdV0SE48y8vkvZx3TmtO7cntcZlEUcZ7aMDdIQcdIYa6Bo1UQsRlKJn9IrejCfjxXg3PmatJaOY2UN/YHz+AP2lk04=</latexit>

Ndw = 1

<latexit sha1_base64="gsoOX1sxCCogIB92kMp+GSc86MQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURUU9S9OJJKtgPaEPYbDbt0s0m7E7UGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/hTIFtfxulpeWV1bXyemVjc2u7au7stlWcSkJbJOax7PpYUc4EbQEDTruJpDjyOe34o6uJ37mnUrFY3ME4oW6EB4KFjGDQkmdWb7ysD/QRsuAhzy8cz6zZdXsKa5E4BamhAk3P/OoHMUkjKoBwrFTPsRNwMyyBEU7zSj9VNMFkhAe0p6nAEVVuNj08tw61ElhhLHUJsKbq74kMR0qNI193RhiGat6biP95vRTCczdjIkmBCjJbFKbcgtiapGAFTFICfKwJJpLpWy0yxBIT0FlVdAjO/MuLpH1cd07rzu1JrXFZxFFG++gAHSEHnaEGukZN1EIEpegZvaI348l4Md6Nj1lryShm9tAfGJ8//yqTTw==</latexit>

Ndw > 1

<latexit sha1_base64="zXX2Bn79I+CT7B2i8yfwSte06D4=">AAACB3icbZDLSsNAFIYnXmu9VV0KEiyCq5KIqCspunFnBXuBJpTJ9LQdOpOEmROxhOzc+CpuXCji1ldw59s4vQja+sPAx3/O4cz5g1hwjY7zZc3NLywuLedW8qtr6xubha3tmo4SxaDKIhGpRkA1CB5CFTkKaMQKqAwE1IP+5bBevwOleRTe4iAGX9JuyDucUTRWq7DnXUvo0lZKs/Mf9BDuMWVtmWWtQtEpOSPZs+BOoEgmqrQKn147YomEEJmgWjddJ0Y/pQo5E5DlvURDTFmfdqFpMKQStJ+O7sjsA+O07U6kzAvRHrm/J1IqtR7IwHRKij09XRua/9WaCXbO/JSHcYIQsvGiTiJsjOxhKHabK2AoBgYoU9z81WY9qihDE13ehOBOnzwLtaOSe1Jyb46L5YtJHDmyS/bJIXHJKSmTK1IhVcLIA3kiL+TVerSerTfrfdw6Z01mdsgfWR/f7i6aAQ==</latexit>

⌦a > ⌦cdm

<latexit sha1_base64="9JxTxqZpeqdEDQOl5Nc/PTJU1Es=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0swm7E6GU/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZprxlsslanuhtRwKRRvoUDJu5nmNAkl74Sju5nfeeLaiFQ94jjjQUIHSsSCUbSS70dcIvWNSIjXr9bcujsHWSVeQWpQoNmvfvlRyvKEK2SSGtPz3AyDCdUomOTTip8bnlE2ogPes1TRhJtgMr95Ss6sEpE41bYUkrn6e2JCE2PGSWg7E4pDs+zNxP+8Xo7xTTARKsuRK7ZYFOeSYEpmAZBIaM5Qji2hTAt7K2FDqilDG1PFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMMjgGV7hzcmdF+fd+Vi0lpxi5hj+wPn8AX57kVQ=</latexit>
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Adapted from Ferrer, 
Masso, Panico, Pujolàs, 

FR 18

<latexit sha1_base64="WnJPGWzmP//OBMheRBbjkpj1tqM="></latexit>

�✓̄ ⇠ �V/⇤4
QCD . 10�10

Generically only in 
toy model with one 

fermion charged 
under PQ


More generic, but 
leaves only small 
region depending 

on astro

Relic abundance 
from DWs not 
totally settled, 

serves as estimate


…/Kawasaki, Saikawa 
14/…


Relic abundance 
from strings under 
active investigation


…/Gorghetto, Hardy, 
Villadoro 18, 20/

Hindmarsh+19,21/
Buschmann+21


+ Observable 

nEDM/pEDM!


<latexit sha1_base64="PStcbjveh/Op18va9gTUIhN6+mY=">AAACMnicbZBNSwMxEIazflu/qh69BIsgCGVXRL0IRS96UsFWoS0lm05rMMkuyaxalv1NXvwlggc9KOLVH2Ha7kGtLwRenplhMm8YS2HR91+8sfGJyanpmdnC3PzC4lJxeaVmo8RwqPJIRuYqZBak0FBFgRKuYgNMhRIuw5ujfv3yFowVkb7AXgxNxbpadARn6FCreNI4VdBlLUYPaG7TBsI9pkrYLNv6zSwaobujvH2XZa1iyS/7A9FRE+SmRHKdtYpPjXbEEwUauWTW1gM/xmbKDAouISs0Egsx4zesC3VnNVNgm+ng5IxuONKmnci4p5EO6M+JlClreyp0nYrhtf1b68P/avUEO/vNVOg4QdB8uKiTSIoR7edH28IAR9lzhnEj3F8pv2aGcXQpF1wIwd+TR01tuxzsloPznVLlMI9jhqyRdbJJArJHKuSYnJEq4eSBPJM38u49eq/eh/c5bB3z8plV8kve1zdE26yw</latexit>

⌦a = ⌦mis + ⌦strings + ⌦dw


