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ABSTRACT: Generalized symmetries (also known as categorical symmetries) is a newly
developing technique for studying quantum field theories. It has given us new insights into
the structure of QFT and many new powerful tools that can be applied to the study of particle
phenomenology. In these notes we give an exposition to the topic of generalized/categorical
symmetries for high energy phenomenologists although the topics covered may be useful to
the broader physics community. Here we describe generalized symmetries without the use of
category theory and pay particular attention to the introduction of discrete symmetries and
their gauging.



Generalized Global Symmetries!

Higher-form symmetries

Various extended objects appear in broad class of theories.
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Non-Invertible Symmetry

Consider a massless QED: y_ ;. charged under gauged U(1)

3 global U(1) 4 with Adler-Bell-Jackiw (ABJ) anomaly

. . N
Vo > el®y_, Yo e®y, = 1], =—-eBYOF F,s
) U 321-[2 aply

"Old days", we interpret thisas: U(1), — ZN,

Now, we say that U(1), — ZN, (invertible) + {non-invertible}
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3 global U(1) 4 with Adler-Bell-Jackiw (ABJ) anomaly
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(U(a, Z3)P(x)) ~ e**P(x)

"Symmetry Defect Operator"
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Non-Invertible Symmetry

t 'Hooft anomaly of Zlg,l) 1-form global symmetry
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Non-Invertible Symmetry
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t 'Hooft anomaly of Zlg,l) 1-form global symmetry
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Gauging 1-form Z( ) of 3d TQFT through the dynamical gauge field F = dA

= identifying 1-form Z( ) symmetry with "bulk" magnetic 1-form symmetry
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Non-Invertible Symmetry
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Non-Invertible Symmetry

Similar construction possible for non-abelian gauge theory with

1-form magnetic center symmetry

eg. G =SUN)/Z,

electric 1-form: Zy

magnetic 1-form: Z;
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Non-Invertible Symmetry

Similar construction possible for non-abelian gauge theory with

1-form magnetic center symmetry

eg. G =SUN)/Z, electric 1-form: Zy
magnetic 1-form: Z;
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Non-Invertible Symmetry

Similar construction possible for non-abelian gauge theory with
1-form magnetic center symmetry

eg. G =SUN)/Z, electric 1-form: Zy ;.
magnetic 1-form: Z;
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Non-Invertible Symmetry

1.0, = U (2, 5,) x A¥? (=) does not have an inverse operation
k k 2T

Di X Dy ~ 55 §(S) exp (= . F)

2. Breaking of non-invertible symmetry

= "Universal" UV Physics!

Monopole in UV — 1-form magnetic symm broken
— non-invertible symm in IR broken
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4 'Hoofb Lrne 6L ~ exp(—Smon) ~ exXp(—Mppn 6t) T

~ exp(—#/gz) ~ exp(—Sinst) u()
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No non-invertible symmetry in SM

SU(2)f U(1)y SU(3)¢
UDp | NyN, —~18N,N,| 0
U(l),, |1 ~18 0
U, [N, —18N, 0
Global U(1)

Allowed
"Budget"

Invertible

Non-invertible

— U(1)y Instanton
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Non-invertible symmetry in SM+U(1)

1. Quantum Invertible Symmetry of SM :

U(1)p-N,
U(D)p,-p, X Uy, f, X ——5

N¢

2. We can gauge a subgroup free of cubic t 'Hooft anomaly

N In SM (Majorana): U(l)Li_Lj
- o -J'F
N In SM +N (Dirac): also U(1)p_p_L

3. Symmetry of Ggp X U(l)LH—LT:

O Invertible: U(l)B—NgNCLe/ZNC

o Non-invertible:  U(1)p,—,, > Zy, (€U(1))



Small M,, from Generalized Symmetry Breaking

1. I will focus on Majorana case.
(Dirac case works great as well)



Small M,, from Generalized Symmetry Breaking

1. I will focus on Majorana case.
(Dirac case works great as well)

2. (Recall) Symmetry of Ggp X U(l)Lﬂ_LT:
o Invertible: U(l)B_NgNCLe/ZNC

o Non-invertible:  U(1)p,—p, > Z;@g (cU@)y)



Small M,, from Generalized Symmetry Breaking

1. I will focus on Majorana case.
(Dirac case works great as well)

2. (Recall) Symmetry of Ggp X U(l)LM_LT:

o Invertible: U(l)B_NgNCLe/ZNC

o Non-invertible:  U(1)p,—p, > Z,%,g (cU1),)
3. Forbidding M,, by non-invertible symmetry

L ~ ALJ(HLL)(HL]) ~ M:;] ViVj



Small M,, from Generalized Symmetry Breaking

1. I will focus on Majorana case.
(Dirac case works great as well)

2. (Recall) Symmetry of Ggp X U(l)LM_LT:
o Invertible: U(l)B_NgNCLe/ZNC
o Non-invertible:  U(1)p,—p, > Z,%,g (cU1),)
3. Forbidding M,, by non-invertible symmetry
L~ A;(HL)(HL) ~ My vy,

e U(1),, ., gauge invariance = only (HL.)?, (HL,)(HL,)



Small M,, from Generalized Symmetry Breaking

1. I will focus on Majorana case.
(Dirac case works great as well)

2. (Recall) Symmetry of Ggp X U(l)Lﬂ_LT:
o Invertible: U(l)B_NgNCLe/ZNC
o Non-invertible:  U(1)p,—p, > Z,%,g (cU1),)
3. Forbidding M,, by non-invertible symmetry
L~ A;(HL)(HL) ~ My vy,
e U(1),, ., gauge invariance = only (HL.)?, (HL,)(HL,)

e From invertible symmetry: (HL,)? forbidden

e From non-invertible symmetry: Both (HL,)?, (HLM)(HLT) forbidden
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4. UV Completion
e non-perturbative breaking of non-invertible symmetry

e Embed U(l)L/,L_LT C SU(Z)H X U(l)z
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Small M,, from Generalized Symmetry Breaking

4. UV Completion
e non-perturbative breaking of non-invertible symmetry

e Embed U(1),—1, © SU(2)y x U(1)g
o [ D y/,LHL/,Lee_ue + yTHLETe_ET T Aqu)Luetle

A, PLe Yy + A, PEPs + Ao, Plp s

e Classical symmetry: U(1); X Uz(l)B =U(1), X U(L)B-NcL

N¢ N¢
e ABJ-anomalies:

o U(1)y = Zy,—1 (SU(2)y inst)

B—N,L

O U(l)B—NCL - ZNC(Ng—l) (SU(2)y inst)



Small M,, from Generalized Symmetry Breaking

4. UV Completion

-_® -
I 7 U(1), SUQ)F = 2
I SU2)y I
LD yHHLueéue + yTHLETéET




Small M,, from Generalized Symmetry Breaking

4. UV Completion

- \H\ 2] e_ _ - -
7 U(1), SU(2)% =2
I SUR)y I
4 LD yHHLueéue + yTHLETéET
2TT
£~22 e (L, ALy,

Vo

2 _2m 1

v .
— yfyug e °H [v,v; — > sin 20,v,v,]



Small M,, from Generalized Symmetry Breaking

4. UV Completion
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4. UV Completion
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o SU(2)y instanton breaks U(1), — Z5

e Non-invertible: Z,%,g =7f c U(l)Le—Lu : broken by instanton
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e Invertible: U(1)B_NgNCLe — Zzzvgzvc : broken by gauging
p? _2rm
o [ ~ yryug e “H [v,v; — 5 sin 20;v,v,]
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Basic Idea: Massless up quark solution

0. Strong CP Problem: 8 = arg[det(e®’y, y4)] < 10710

1. In the presence of massless (chiral) fermion,

0 parameter is unphysical.

u- ey = 65——(9 Aa)fG/\G

2. In nature, up quark seems to be massive
e.g. Chiral-PT + observed hadron mass : m,;/m; ~ 0.6
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3. Consistent story:
" m, = 0 at some UV scale (symmetry!)

* m, #+ 0 generated by non-pertubative (instanton) effects

non-perturbative contribution to mass renormalization is real.
(H.Georgi, I.N.McArthur (1981), K.Choi, C.W.Kim, W.K.Sze (1988))

812

d en?\® T 2 } foo0) 1
,uadet(m) D ¢ (?) e 9% u's det(m m) Tr(m m)



Basic Idea: Massless up quark solution

3. Consistent story:
" m, = 0 at some UV scale (symmetry!)

* m, #+ 0 generated by non-pertubative (instanton) effects

non-perturbative contribution to mass renormalization is real.
(H.Georgi, I.N.McArthur (1981), K.Choi, C.W.Kim, W.K.Sze (1988))
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1

= QCD instanton calculation not under analytic control

= | attice QCD : QCD instanton not sufficient



Solving Strong CP with Non-invertible Symmetry

1. IR : Start with SM with only y,, (massless down quark solution)

2. No non-invertible symmetry in quark sector of SM

(B; = Q; — uf)

U1, U, Uz, Uy, U(1)g, U(1)g,
SU3).J? 1 1 1 1 1 1
SU(),? N. N. N, 0 0 0
U(1),]2 —14N, —14N, —14N, 4N, 4N, 4N,

3. This is true regardless of "global structure” of Gy

SU@B)c x SU2), xU(Dy/T ,

F — 1,Z2,Z3,Z6




Solving Strong CP with Non-invertible Symmetry

4. Intermediate scale : NIS from Embedding

Goal: forbid y;HQd by non-invertible symmetry

SU@3)cXU(DH

ZN,

(1) x SU(2), x U(1)y (H = B;+ B, —2B,)

= Z3 (CFU) Fractional Instantons = NIS from U(1)4,_4, and U(1)4,_q,
(U(D)g,-q,[CFUI* =1, U(1)q,_q,[CFU]* = 1)

- LYd = ycll]HQidfC

= U(1)y gauge-inv: Q,d, Q,d,, Q3ds, Q1d,, Qyd,

= All these components are forbidden by non-invertible symmetries



Solving Strong CP with Non-invertible Symmetry

4. Intermediate scale : NIS from Embedding

Goal: forbid y;HQd by non-invertible symmetry

(2) SU(g)ZXSU(B)H X SU(2); xU(1)y (SU(@3)y = (horizontal) flavor)
N¢
SUB)c SUB)y UM U)g
¢ 3 > 1 0 F=g-u
u‘ 3 3 —1 0
d¢ 3 3 0 1

= W/0 Zzmodding = U(1)g = Z3, U(1)g = Z;
L = y;HQd® forbidden by these invertible symmetries



Solving Strong CP with Non-invertible Symmetry

4. Intermediate scale : NIS from Embedding

Goal: forbid y;HQd by non-invertible symmetry

» with Z;modding = Z3; magnetic 1-form
= fractional instanton breaks U(1)3, U(1)4 completely

L = y;HQd" forbidden by Z3 non-invertible symmetries

(2) SU(g)ZXSU(B)H X SU(2); xU(1)y (SU(@3)y = (horizontal) flavor)
N¢
SUB)c SUB)y UM U)g
¢ 3 > 1 0 F=g-u
u‘ 3 3 —1 0
d¢ 3 3 0 1



Solving Strong CP with Non-invertible Symmetry

5. UV scale : Breaking of NIS by non-perturbative effects

Goal: generate y;H(Qd* by breaking non-invertible symmetry

SU(3) XSU(3)y

UV embedding: c SU(9)
N¢
SU9) U)z U)q
Q 9 1 0 B=0—ue
u¢ 9 -1 0
d° 9 0 1

Lyy 2 3 HQuE + -

yaHQdC forbidden by (d or B + d)



Solving Strong CP with Non-invertible Symmetry

5. UV scale : Breaking of NIS by non-perturbative effects

Goal: generate y;H(Qd* by breaking non-invertible symmetry

SU(3) XSU(3)y

UV embedding: c SU(9)
N¢
SU9) U)g U)g
Q 9 1 0
u¢ 9 -1 0
d° 9 0 1

Lyy 2 yuHQuE + -

U(1)pg_alSU9]? = 0

U(Dp4alSU]* =
(or U(1)4[SU(9)]* = 1)



Solving Strong CP with Non-invertible Symmetry

5. UV scale : Breaking of NIS by non-perturbative effects

Goal: generate y;H(Qd* by breaking non-invertible symmetry




Solving Strong CP with Non-invertible Symmetry

SU(9)
(P)
SU@3). XxSUQB)y/Zs = Start with only y,, HQu®
= 7¢ NIS from fractional CFU instantons
3
" y;HQd" protected by NIS
" Any y,HQd® must be from UV instanton
(i.e. breaking of NIS)
(2)

SM



Solving Strong CP with Non-invertible Symmetry

SU(9)
2T

Lyy 2 y,HQuUE + y,e ®HQd® + -

(D)
SU3), X SU3) /25 « Start with only y, HQu®
= 7¢ NIS from fractional CFU instantons

" y;HQd" protected by NIS

" Any y,HQd® must be from UV instanton
(i.e. breaking of NIS)

(2)

SM



Solving Strong CP with Non-invertible Symmetry

SU(9)
2T

Lyy 2 y,HOU® + y,e *HQA + ---

(D)
SU3), X SU3) /25 « Start with only y, HQu®
= 7¢ NIS from fractional CFU instantons

" y;HQd" protected by NIS

" Any y,HQd® must be from UV instanton
(i.e. breaking of NIS)

(2)

SM Yukawa texture and CKM



THANK YOU
FOR



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

SU(2)y x U(1)y

Vo
U(D),-1,



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

v’ _2° _ mpm, 2%
L~ Yy, E e %H |y, V; — Esm 20;V,V, ] - m, ~ " e ag(ve)
S e H.-
S x V(D N
Vop -

U(D)y,1,



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

21
m.m e
m, ~ L Pe anlve)
Vo
a —@ (ve) = gy (Ve) Sin 6
SUR2)y x U(1), H= 3 GurWeo) = Gnllo H

Vo
U(D),-1,



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

21
m-m e
m, ~ ‘ e 2H(Ve)
Vo
a —@ (ve) = gy (Ve) Sin 6
SUQ)y x U(1), H=yr u\be) = gniloe H

Vo
U(D),-1,

My, 0, (M3)



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

SU(2)y x U(1)y

Vo
U(D),-1,

2T
m.-m __en
m, ~ L Pe anlve)
Vo
2
)3 .
Ay = an’ gur(vdb) = gy(ve) sin Oy

—~ 1
“ﬂr(uz) = a,.(M3/) - —log

My, a (M )



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

4sf—1 4sg—1 (Mym, 2MSH
Vg, ~ M, exp



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

v4s§,—1 _ M4s§,—1 M, my, ox 2MSH
D A m.m p 2
uiT “HT(MZ’ )
— ==
l0g10(Ve/Mz') H=
S ExciGeaDy Gy ==
77 Landau Iogm[mumr/mv MZ'] 4
6 pole 0, = f
5F -~
4. — %=y
3 Increasing By _ g=E
2t to
1 — By =
: a,; (Mz)



Small M,, from Generalized Symmetry Breaking

5. Mf,j from non-invertible symmetry = new physics scale vg

4sf—1 4sg—1 (Mym, 2MSH
Vg, ~ M, exp

Cf) For Dirac mass case

3
2 2 [My)? 31
Vs ~ M5 |— ) ex
® z' (mr) P 4“/11(”’;/)



Small M,, from Generalized Symmetry Breaking

5. Mf,j texture through RG-flow

2 2T
1 - 1 .
L~ yryug e H [v,v; — > sin 20,v,v,]



Small M,, from Generalized Symmetry Breaking

5. Mf,j texture through RG-flow

2 _2T 1

L ~ yryus: e *H |v,v; — . Sin 20, v,V, |
e Below E < vg we have Ggp X U(l)Lu_LT theory

e Let ¢ be the (charge 1) scalar that Higgses U(l)LH_LT

e RG-flow below E < v4 generates textures

2 2m } t t
2 2T
1:“’3’1)’#% e %H [vevrﬂ+vevﬂ(p +vriv P (p]

Vo Vo Vo Vo Vo Vo



