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example: B → πℓν
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a novel process:  ?B → ρℓν̄
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ū

u
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•  
• ,  
• established 
• very precise

B → πℓν
f+ f0

•  
•  
• new 

B → ρℓν
V, A0, A1, A2
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how to  
achieve this?



scattering on the lattice

Angular momentum on the lattice

Infinite volume:
• ܱ 3 symmetry
• Infinite irreps ܬ = 0±, 1±,…

A lattice QCD study of the mesonȡ 9

Finite volume box:
• ܱ symmetry
• 10 irreducible representations

Many-to-one mapping

[R.C Johnson]
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many-to-one•  symmetry 
•  infinite irreps ( ) 

O(3)
JP

• discrete symmetries,  Λ

L

⃗pi =
2π
L

⃗m ⃗m ∈ Z3

E⋆
thr.

E⋆
thr

⟨p1 |p2⟩ = 2E δ(p1 − p2)
⟨p1 |p2⟩ ≠ 2E δ(p1 − p2)

infinite volume: finite volume:
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n }



lattice states: energies

discrete spectrum where:

C(2)
L = C(2)

∞ − A′ 

1
F−1(E⋆) + T(E⋆)

A

Luscher NPB354 
Rummukainen, Gottlieb hep-lat/9503028 
Kim, Sharpe, Sachrajda hep-lat/0507006  
Leskovec, Prelovsek hep-lat/1202.2145  
Briceno 1401.3312 
Briceno, Dudek, Young 1706.06223 
Woss, Wilson, Dudek 2001.08474 
[and many more] 

C(2)
L = + + …

det [F−1(E⋆) + T(E⋆)] = 0

E⋆
thr

E⋆
n

poles!

https://arxiv.org/abs/hep-lat/9503028
https://arxiv.org/abs/hep-lat/0507006
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https://arxiv.org/abs/1401.3312
https://arxiv.org/abs/1706.06223
https://arxiv.org/abs/2001.08474


lattice states: normalization

R = lim
E→En

E − En

F−1 + T

|EΛ⋆
n ⟩L ∼ R |p1p2(E⋆ = EΛ⋆

n )⟩∞

C(3)
L = C(3)

∞ − A′ RA

normalization of finite-volume states

C(3)
L = + + …

Lellouch, Luscher hep-lat/0003023
Lin, Sachrajda, Testa hep-lat/0104006
…
Briceno, Hansen, Walker-Loud 1406.5965
Briceno, Hansen 1502.04314
Briceno, Dudek, LL 2105.02017

the “Lellouch-Lüscher” factor
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residue of pole!
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https://arxiv.org/abs/2105.02017


a cartoon scheme of B → ππℓν̄
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3-point functions

C3,i = ⟨ Oi( ⃗p, Λ) Vμ OB( ⃗pB) ⟩
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-point function lattice data3
C3,i = < Oi( ⃗p, Λ) Vμ OB( ⃗pB)⟩
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ratio aic fit:
cv: 0.7355
sig: 0.0129

c3 aic fit:
cv: 0.7348
sig: 0.0298

idx: 8 Pi 1,1,1 irr A2 r 1 state 1 Pf 0,0,1 q 1,1,0 cmu 1

⟨n
| V

| B
⟩

AIC average

a multitude of models…

Jay & Neil, 2008.01069

https://arxiv.org/abs/2008.01069


det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)

E q2 q2

fR(Epole)

Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism

Im(E)

Re(E)

II )⋆

⋆ππ

ρ

transition amplitude

V(E⋆, q2) = F(E⋆, q2)
T(E⋆)

k

÷
Im(q2)

Re(q2) q2
MAX

B⋆

Bπ

Boyd, Grinstein, Lebed hep-ph/9412324
Bourrely, Caprini, Lellouch 0807.2722
Alexandrou, LL, Meinel et al. 1807.08357 =

2iV(E⋆, q2)
mB + 2mπ

ϵμναβ εν* pαpβ
B

⟨ππ, E⋆ |V |B, pB⟩∞

T =
E⋆Γi

m2
R − E⋆2 − iE⋆Γi

ΓI =
g2

ρππ

6π
p3

E⋆2

ΓII =
g2

ρππ

6π
p3

E⋆2

1 + (kRr0)2

1 + (kr0)2F(E⋆, q2) =
1

1 − q2

m2
P

∑
n,m

An,m zn(q2) (E⋆2 − E2
thr)

m

q = pf − pi

E⋆ = 2 m2
π + k2

⟨B |V |n⟩L = ⟨B, pB |V |ππ, E⋆⟩∞Rn

“Lellouch-Lüscher” factor

https://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/0807.2722
https://arxiv.org/abs/1807.08357
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details I

❖ FF3N0M0_TBWI 

❖

❖

χ2/dof = 74.3 / 63 = 1.179

A0,0 = 0.2413(66)

❖     FF3N1M0_TBWI 

❖   

❖

❖

χ2/dof = 66.8 / 62 = 1.078

A0,0 = 0.2256(87)

A1,0 = − 0.41(18)

❖    FF3N0M1_TBWI 

❖           

❖

❖

χ2/dof = 39.1/62 = 0.630

A0,0 = 0.279(12)

A0,1 = − 0.061(13)

❖   FF3N1M1_TBWI 

❖   

❖

❖

❖

❖

χ2/dof = 29.9 / 60 = 0.499

A0,0 = 0.260(16)

A1,0 = − 0.88(50)

A0,1 = − 0.031(21)

A1,1 = 1.46(82)



details II

❖ FF3N0M0_TBWII 

❖  

❖

χ2/dof = 34.3 / 63 = 0.545

A0,0 = 0.2376(71)

❖ FF3N1M0_TBWII 

❖  

❖  

❖

χ2/dof = 34.0 / 62 = 0.549

A0,0 = 0.2365(89)

A1,0 = − 0.03(22)

❖ FF3N0M1_TBWII 

❖  

❖  

❖

χ2/dof = 32.2 / 62 = 0.520

A0,0 = 0.240(23)

A0,0 = − 0.003(33)

❖ FF3N1M1_TBWII 

❖  

❖  

❖  

❖  

❖

χ2/dof = 30.4 / 60 = 0.507

A0,0 = 0.232(20)

A1,0 = − 0.27(60)

A0,1 = 0.008(28)

A1,1 = 0.45(1.02)



parameterization dependence

❖  dependence  

❖ different  dependence  
in BWI and BWII  

❖ FF3N1M1_TBWII - central

E⋆

E⋆

E
⋆



combining the parameterizations
E

⋆

data

F(6.9) = 0.847(37)(55)
(4.3%)(6.5%)



b → sℓℓ
CPV ?

photo
couplings

❖ Vector transition amplitude 
example

❖ similar uncertainties as FLAG!

❖ a great start to a (more) 
complete understanding of SM

❖ todo:

❖  continuation to physics!

❖  limit!

mπ

a → 0

nuclear EW


