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Motivation

* Investigate compressibility of nuclear
matter, and existence of critical point

* Sign-problem

* Difficult HMC calculations for large
chemical potential

* Reweighting (Determinant costs O(N.))

* Taylor expansion (Limited convergence
radius)
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Sign-problem

* Non-zero chemical potential

e Complex action => complex valued
probability densities?

* This breaks importance sampling
* Metropolis-Hastings, Heatbath....

* Models with these problems
e XY-model, SU(3) spin model, QCD
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Complex Langevin vﬂv/\] \//\vf\v

L= (az + Kz)az

Complex action => Sign problem

Using stochastic equation
instead of importance sampling.

With the correct configuration space

p(P) x exp(=S[o])

atp(¢r t) — LCP(¢J t)

Complex Langevin equation (CLE)
R(dop) = R(K)dt + dw, ; J(do) = I(K)dt

K=—@5[¢]




Complex Langevin Operator

* ng‘ — ax(ax R Kx)
* Solves the Fokker-Planck Equation (FPE)
Lep(x) = 0¢p(x)
Since p(x) o« exp(—S|x]), makes both sides of FPE equal to 0, due to
the choice of the drift



Boundary terms — ceesitei=200 s-ipeosto)

t=10 ——
0.005 1\ B=0.1 t=20
-0.01 |+ ﬁ’a,.? {:gg
0.015 t=100
* Interpolation function between P(t) and p(t) 002 O\ o
",_‘.: -0.025 | \
. T .003}
e Fyo(t,t) = [ P(x,y,t — 1) exp(zL,) O(x + iy) dxdy 0035 |
-0.04
Fo(t,0) = (0)p(p), Fo(t,t) = (0) 0.085 - Correct result
-0.05 ¢—
_ _ 10.055 S —— —
* If Fy(t,T) is constant in tau, then the 1 10 100
CLE resultatt = 10 41

observables are correct



Cut-off effect

* Big error at run-aways
e Limit the imaginary part, to “cut-off” run-aways
B,(Y,t) = 07 Fp(t,7)|r=0

7P (x,y,t)0(x + iy)dxdy + |

|y|<YP(x, y, L0 (x + iy)dxdy

- fly|<Y
* First integral vanishesas t — oo
e Second is easy to calculate on the lattice

* Higher order boundary terms

B,(Y,t) = j P(x,y,t) L? O(x + iy)dxdy
lyl<y

* Use unitarity norm, for gauge fields UN= Tr[UM(x)UJ(x) — 1]



* Action:

TOy m O d e | * Observable:

* Bounary term:

0.1, 0, vs s; CLE data —e—

T
bheta

0= -0.05008
exact integral

Im(Boundary term(Y))

SI9] = (B cos() + 5 5¢?

O[¢] = exp(i¢)

LO[¢] = i(i — S'[P]) exp(ig)

-0.04

-0.05

-0.06

-0.07

% B=0.1, s=0.1 —+—
} B=0.1, 5=0.01 —x—
B=0.1, 5=0.0 —=—




Boundary terms
correction

Im{Boundary term(Y))

* Correcting using boundary terms

F(t,0) — F(t,t) =

* B, might be difficult to get

: : : . : , , , __;___
0 —fgumm — — —_— | 0.06 | Iy ]
-0.01 3'..: 0.08 -
H:_‘, b
0.04 1
-0.02 1l
= 0.03 | ik
003 % B=0.1,5=0.1 —— o002 [ F i
' B=0.1, 5=0.01 = % ]
-0.04 B=0.1,5=0.0 —=— = 001¢ 1l
0
-0.05 |
-0.01 B=0.1,5=0.0 —
008y o0z Bl T i
-0.07 : - : : -0.03 - - .
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6
v %
B,s B, B B,2 /Ba CL error CL correct |corrected CL
0.1,0 |-0.04859(45) | 0.0493(11) |0.04786(79)|0.04891(45) |-0.00115(45) | -0.05006 | -0.04901(62)
0.1, 0.01|-0.01795(49) |0.01801(80)|0.01789(60) |0.01689(50) |-0.03318(50) | -0.05006 | -0.05106(40)
0.1, 0.1 |-0.00048(30) |0.00057(35)|0.00039(28)[0.00049(31) [-0.04957(31) | -0.05006 | -0.04997(6)
05,0 | -0.2474(11) | 0.237(11) | 0.258(11) [0.25818(23)|0.00003(23) | —0.25815| -0.258(11)
0.5, 0.3 |—0.05309(86)| 0.0552(51) | 0.0507(41) |0.04183(70)|-0.19658(70) | —0.23841| —0.2473(37)
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e Update:
UB1(x) = exp [idq (€Kyua(x) +VE 1,000 )| U ()

U p d atl ﬂ g * Using the left derivative
K,ua(x) = _DuaS(x);

the lattice Duaf (U) = 8uf (expliads) U,))]
using CLE

a=0

* If the drift is complex = U € SL(N)

* Needs gauge cooling after each step



Reweighting

* Change the weights .
YWiXi—5 XWX —F <x—>
(x) D e/ e 1 S W
w . / Z
T w! W] Wil

J
* Used in HMC, to simulate non-zero chemical
potential

<W>:< det M (u) >:exp<_;AF(,u,t)>

w'l ~ \det M(u = 0)

w
* Largeu = <W> goes towards zero



Re[spatial plaquette]

Results — Plaquettes

QCD 43x4, Ne=2, m=0.02,u=0.1 QCD 43x4, Ne=2, m=0.02,u=0.1, aps =0
0.65 A CLE ¥ 0.00 A * beta:
Reweight X beta:
0.60 - X —0.0571 % Dpeta:
R —_ beta: 5.
” L —0.10 A *
0.55 X o X
S )()<
O _ .
g g -0.15 9
0.50 o X
X T —0.20 - x&
X ©
| o
0.45 X S, ~0.25 A X;&&
o XX
KK
0.40 - ~0.30 A R
. s
0.35 0.35
450 4.75 5.00 525 550 575 6.00 6.25 0 25 50 75 100 125 150 175 200
B UN
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Re[Polyakov]

Results — Polyakov loops

QCD 43x4,Ns=2,m = 0.02,u=0.1 QCD 43x4,Ns=2,m = 0.02,u=0.1, aps=0
0.30
—>— CLE, aps=0 0.0054 X% Dbeta: 4.9
0.25 Reweight  § ¥  beta: 5.2
. . S 0.000{ % beta:5.5 U1K 1
« % beta: 5.9 W«: KT ’%

0.20 - _ —0.005- KB PR P IR

o]
* z - ) V|

0.15 - S -0.010 \ |
E KX )\[ )3}(\: :~ X Pk
7 —0.015 - L Trrr] [Thke T

0.10 1 c Xl

X —0.020 -
0.05 -
—0.025 -
L XX
0.00 - *
450 475 5.00 525 550 575 6.00 6.25 0 25 50 75 100 125 150 175 200
B UN
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Dynamical
stabilization

(Attanasio, Jager, arxiv: 1808.04400) 107 -

* Introducing a Gauge invariant force, to
the drift

* Designed to grow rapidly with the
unitarity norm

K/,La(x) - Kua(x) + iaDSMa(x)B

Mq(x) = ibq (Z bc<x>bc<x>) o

b,(x)=Tr [Aa U,(x) UJ (x)
U

QCD 8°x4,N;=4,.m=002,8=49, u=0.1

10°

10°

107

107

1[;,11
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https://arxiv.org/abs/1808.04400

Dynamical stabilization - methods

* Kua(x) - Kua(x) + iaDSMua(x)

* Where M,,, now depends on the direction
2
 Mya () = iTr[3,U, U ] (277 | (U, 0Uf ) | -

o\ 3
21r[U, 00U 0] )

* Note that unitary links => M, = 0




Action:
—S=pB,TrU + B,Tr U~1
B1 =B + ket B2 =P +ke ™"

For u # 0, a sign problem appears, since § is

Simple test complex
 Drift: )
K,=ipTr A,U — i Tr A,U™
mOde‘ * And finally

1
A K, = Zi(M -5 Tr M),M = B, U — B,U1



Dynamical Stabilization

- SUL(3)

K, » K, +iapsM,

Ka + aDsMa

SU(3)
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Increasing along tapcM,,

B=20,u=1.0,k=0.1

0.7 +¢ HFIHEHCOOHEICOHEHIEK a a a a a

0.6

0.5
_ 0.4 >|()|(
o
=
* 0.3

0.2 Exact value

—— Quenched
0.14 —— PureSL
¥ CLE
0.01 % CLE phase quenched XX XX X X X X X X

107

106
Qps

1610 10|14 1618

B=2.0,u=1.0k=0.1

—— Quenched *
—— Pure SL

X CLE

¥ CLE phase quenched

Exact value XX XX XKXXXX XX
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Increasing along apsM,,

B=2.0,u=1.0,k=0.1 B=2.0,u=1.0,k=0.1
0.69975 ~ —— Exact value
—9.030 +
—— Quenched
0.69950 —9.032 - X CLE
X F K X ¥ CLE phase quenched
0.69925 - % ¥ —9.034 1
X XXXKEXXXXXXEXXXXKXKEKEXKEKXKXKXX XX
X X XXX XEXXXKEKXEXXKXXEXXXXXKXKKXXX XXX
. 0.69900 ( ~ —9.036 -
: X o |
0.69875 - X ¢ —9.038
—9.040 -
0.69850 - T | $EF XXX KX XXX XXX X
¢ % % X - Exact value —9.042 ARXARAAARXAAARA AR AAARADMD
0.69825 - — Quenched
X CLE ~9.044
0.69800 - ¥ CLE phase quenched
T T T T T T T T _9.046_ T T T T T T T T
10°® 1072 102 106 101 10%% 10%® 10%2 1076 1072 102 10° 101 10% 10 10?2

Ups QAps



Small [attice
with DS-
corrections

Re[Baryonic density]

QCD 43x4,Ns=2,m=0.02,u=0.1

0.05
X X —>— CLE, aD5=0
X x —+— CLE, aps = 102
0.04 - — CLE, aps = 10°
X —— CLE, aps = 101°
X Reweight
0.03 A
0.02 - e,
& Wt L
0.01 A + Jr
0.00- m > >E 8 % i
4.6 4.8 5.0 5.2 5.4 5.6 5.8
B
QCD 43x4,N;=2,m=0.02,u=0.1
0.60 1 —¢e CLE, aps=0 Yo
— 2
—— CLE, aps =10 B
0.55 ] = CLE, aps=10° ot
) —— CLE, aps = 1010 »
1] Reweight s+
=} X
o 0.50 1
£
o
: 9 s
© 0.45
g x =
i et
0.40 ey
=+
h ad
0.35 A
4.6 4.8 5.0 5.2 5.4 5.6 5.8
B

Re[chiral condensate]

QCD 43x4,N;=2,m=0.02,u=0.1

¥ % = CLE, CYD5=0
0.6 N " —— CLE, aps =102
= CLE, Aps = 106
0.5 N * —— CLE, aps = 10%
+ 4 Reweight
0.4 - +
i
0.3 +
0.2
0.11 p -
X X X X x x X a2 o
O'O B T T T T T T T
4.6 4.8 5.0 5.2 5.4 5.6 5.8
B
QCD 43x4,Nf=2,m=0.02,u=0.1
—>— CLE, aps=0 -&
—+— CLE, aps = 102 ]
0.20 1 =« CLE, aps=10° + ’|#
—— CLE, aps = 101° J[ J[
—_ R ight !
= 0151 eweig .|>I< }H(
V4
= ’I;Jr +J[
&£
< 0.10 1
o
0.05 -
s X
e X
0.00 1 xﬁ st S
4.6 4.8 5.0 5.2 5.4 5.6 5.8
B
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DS and Drift terms

values of f5.

Considering the drift term and the DS, for various

» constant for large beta (correct convergence)

* decreasing for low beta (incorrect
convergence)

220

QCD 43x4,Nf=2,m=0.02,u=0.1
—i— CLE, aps = 102
—#%— CLE, aps =106

]
200 —— CLE, (ID5=1010 [}
[ ]
180 - =
&
© 160 1
| |
*
140 - -
] *
.
1201 g
*
4.6 4.8 5.0 5.2 5.4 5.6 5.8
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QCD 43x4,N;=2,m=0.02,u=0.1
m ® EB ® n —8— CLE, aps =102
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10-1 4 —— CLE, Ups = 1010
x * Kk % -
*
n [
[a) 10—2
+
+ o, |
1073 * ‘
4.6 4.8 5.0 5.2 5.4 5.6
B

5.8
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The observables

Tests with apg = 10°

* Plaquettes (spatial/temporal)

* Poliakov Loop (normal/inverse)

e Baryonic density

* (Chiral Condensate)

QCD 83x4,N¢=4,m=0.02,u=0.1

*— CLE Frx+xtx x %X % x
0.05 4 Reweight
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i }
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2 0.45 4 +
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o
*
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*
.
4.6 4.8 5.0 5.2 5.4 5.6
B
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*
o 1.0 *
‘o +
2
K 0.8
C
o
(5]
© 0.6
=
1®)
9 0.4+
0.2 1
+
*
TEEX % ox ox x
4.6 4.8 5.0 5.2 5.4 5.6
B
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— CLE « *
0.30 1 Reweight %
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L ¥
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>
£ 0.15 -
)
o
0.10 A
0.05 4 . +
+ % % X
0.00 T T T T T T
4.6 4.8 5.0 5.2 5.4 5.6
B
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DynStab — High temperature

* Polyakov loop

QCD 83x4,Nf=4,m=0.02,8=5.2, u=0.1

0.248 A

0.246 -

0.244 A

Re[polyakov]

0.242 A

0.240 A

—¢ CLE
Reweight

103

10°

107

10°
Qps

1611

1613 10Il5

QCD 83x4,Nj=4,m=0.02,8=5.2, u=0.1

0.0000 - % dynstab: 1.0E+05
¥ dynstab: 1.0E+07
—0.0025 1 % dynstab: 1.0E+09
tab: 1.0E+12
0.0050 X dynstab: 1.0
—0.0075 A ﬁ;
.
—0.0100 A D FFER
—0.0125 A
—0.0150 - RKLRRBLR
—0.0175 -
1072 1071 10° 10!
UN
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DynStab — High temperature

Chiral condensate

QCD 83x4,N;=4,m=0.02,8=52, u=0.1 QCD 83x4,N;=4,m=0.02,=5.2, u=0.1
0.1205 CLE 0.015
0.1200 1 Reweight 0.010 -
= v 0.0051 | PR L IFRR :
% 0.1195 A + + 2 ol A &}%& MK XK %
a 7 0.0004 %k
2 0.1190 A 3 b |
S 3 —0.0054 HULLLPRA T TR b
= 0.1185 1 5 RPLEKL PR
= £ -0.010 <
oy J A Il
S 0.1180 - Y 5015 L PR PR Pk KL i
g 5‘0-0 5 | KPR [ % dynstab: 1.0E+05
0.1175 ~0.020 1 X dynstab: 1.0E+07
X dynstab: 1.0E+09
0.1170 -0.025 ¥ dynstab: 1.0E+12
103 10° 107 10° 101t 10%3 10% 1072 107! 10° 10!

Qps UN



Dynstab - Low Temperature

Polyakov loop

QCD 83x4,Ns=4,m=0.02, B=49,u=0.1 QCD 83x4,Ns=4,m=0.02, B=49,u=0.1
0.0025 A
0.031 - —>— CLE dynstab: 1.0E+05
Reweight 0.0000 - dynstab: 1.0E+07

dynstab: 1.0E+09
dynstab: 1.0E+12

1~P

:

&
I € € ¢

0.030 A }’( }’( —0.0025 -

3 —0.0050 -
£ 0.029 1 + o
>
2 —0.0075
g,
& 0.028 - 0.0100 - P R RLER
-0.0125 ‘
0.027 -
—0.0150 -
0-026 T T T T L T T L T T L T T L
10° 107 10° 10! 1072 1071 10° 10!

Qps UN



Dynstab - Low Temperature

Chiral condensate

Re[chiral condensate]

QCD 83x4, Nf=4,m=0.02,8=4.9, u=0.1

—— CLE
1.025 - Reweight
1.020 A +
1.015 A %
1.010 A
1.005 A : : : :
10° 107 10° 10t

Qps

B;Re[chiral condensate]

QCD 83x4, Nf=4,m=0.02,8=4.9, u=0.1

0.01 A

0.00 A

—0.01 A

—0.02 A

—0.03 A

X dynstab: 1.0E+05
¥  dynstab: 1.0E+07
X dynstab: 1.0E+09
X dynstab: 1.0E+12

1071t

UN

10° 10!
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Conclusion

CL works very well for non-zero density
(high temperature)

Low temperature deviations can be
estimated using boundary terms

Dynamical Stabilization can slow the
drifts from SU(3) to SL(3)

Dynamical Stabilization can help correct
most observables in low temperature



1 : .
=y Te(M O 'DIMM 'DIMM ) =
=Y

Calculating the boundary

"1“’”.;_1} ,u}':xl” I, |l!| '.I"rx.rla ,:1} [.*'1“’” ,In'.l'i:I|

(
Tr [(M,5)] Tr [(M, JJ )]
Tr[(M,2) Tr[(M, . )]
1r [*'“n.;_:- ) (May ;r-”;'_ 1r |{"'”a-€i i) (Ma pa)l
* Long and difficult calculations Py I L2,) (M) (M,1,) (M )]
A ‘
1 3 b= (M, 2) (Maay ) (Mo ) (Mo pia)]
) = |_TT'(M 1) }ir- (M,7) (Mau ) (M, ", ) (M
N AT “Haa—p e I:‘ ST ’:I|
1 5
2 N2 1 P T (M2 ) (M) (M, Ju}i” i)

e .3 = (Tr(M 1) mTr(M~ 2))

Ql
|Q|22Tr(M (p)M)M~1(D M)M1)

2 K D! Tr(M~1)

ol
JEQ
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