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Introduction



Prerequisites

∃ large scale(s)
⇒ αS expansion (and 1/scale expansion)

→ factorization:

hard scattering
amplitude

=
elementary

hard-scattering
amplitude

⊗
hadron wave

functions
(DAs, GPDs)

(via partons)
⇑

pQCD

evolution form
⇑ ↑

pQCD input

+ power corrections/higher-twists

(factorization?)
DA . . . distribution amplitude (meson, baryon)
GPD . . . generalized parton distributions

4 / 28



Hard-scattering amplitude in pure quark picture

M = TH(x1, · · · ; · · · ;µF1, · · · )⊗
∏
i

Φi({xi};µFi)

xi . . . longitudinal momentum fractions

DA
Φ(. . . ;µF i, µ

2
0) = Φ(0)(. . . ;µF i, µ

2
0) +

αs(µF i)

4π
Φ(1)(. . . ;µF i, µ

2
0) + · · ·

µFi
. . . factorization scale, µ2

0 input scale

Example: proton form factor

TH(. . . ;Q2, {µF i}) =
α2
s(µR)

(4π)2
T

(0)
H (. . . ;Q2) +

α3
s(µR)

(4π)2
T

(1)
H (. . . ;Q2, µR, {µF i}) + · · ·

µR . . . renormalization scale
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Generalized Parton Distributions

x+ ξ

2
P+ x− ξ

2
P+

P1 =
1 + ξ

2
P+ P2 =

1− ξ
2

P+

P = P1 + P2

∆ = P2 − P1

x parton’s ”average” longitudinal momentum fraction

ξ = −∆+

P+
longitudinal momentum transfer (skewness)

∆2 = t momentum transfer

GPDs: F a(x, ξ, t;µ), a ∈ {q,G} µ. . . factorization scale

vector (Ha, Ea) and axial-vector GPDs (H̃a, Ẽa)

transversity GPDs (Ha
T , EaT , H̃a

T , ẼaT )
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Selected exclusive processes

DVCS

γ∗N → γN

factorization:

[Collins, Freund ’99]

Hq, Eq, H̃q, Ẽq

HG, EG H̃G, ẼG

(NLO)

DVMP

γ∗N →MN ′

factorization:

[Collins, Frankfurt, Strikman ’97]

Hqi , Eqi ; HG, EG

H̃qi , Ẽqi

[Collins, Diehl ’99]

((((
(((γ∗N → VTN

′) ⇒ (��F
q
T )

Mtwist-3 ⇒ F qT

(γM)P

γN → γMN ′

factorization:
[Qiu, Yu ’22]

Ha, Ea, H̃a, Ẽa

Ha
T , EaT H̃a

T , ẼaT
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DVMP and WAMP



Meson Production: handbag factorization

γ(∗)N →MN ′

DEEPLY VIRTUAL WIDE ANGLE
Q2 >>, −t << −t, −u, s >>

DVMP WAMP

[Collins, Frankfurt, Strikman ’97] [Huang, Kroll ’00]

factorization
Ha ⊗GPD

GPDs at small (−t)

tw2: γ∗L, tw3: γ∗T

arguments for factorization

Ha(1/x⊗GPD(ξ = 0))

GPDs at large (−t)

Ha ... parton subprocess helicity amplitudes

⇒ M ... hadron helicity amplitudes

⇒ observables (cross sections, asymmetries)
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γ(∗)N →MN ′

DEEPLY VIRTUAL WIDE ANGLE
Q2 >>, −t << −t, −u, s >>

DVMP WAMP

[Collins, Frankfurt, Strikman ’97] [Huang, Kroll ’00]

factorization
Ha ⊗GPD

GPDs at small (−t)

tw2: γ∗L, tw3: γ∗T

arguments for factorization

Ha(1/x⊗GPD(ξ = 0))

GPDs at large (−t)

large scale Q2 (Q2, s or . . . )

twist expansion: 〈H〉tw2
+
〈H〉tw2

Q
+ . . .

αS expansion for each twist: αS(Q) 〈H〉LO + α2
S(Q) 〈H〉NLO
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Meson Production status

DV (VL) P:

tw-2 predictions can describe the data

DVπP:

tw-2 predictions bellow the data

⇒ tw-3 calculations with transversity GPDs (Hq
T ...) [Goloskokov, Kroll ’10]

(2-body approximation)

WAπP:

tw-2 results bellow the data

⇒ tw-3 (2- and 3-body) prediction for photoproduction
[Kroll, P-K. 18’,’22]

⇒ tw-3 prediction for electroproduction (Q2 < −t) [Kroll, P-K. ’21]

⇒ extension to DVπP
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pQCD prediction

M(Q2) =M(0)(Q2)+
αs(µR)

4π
M(1)(Q2) +

α2
s(µR)

(4π)2
M(2)(Q2, µR) + · · ·

Q2. . . characteristic large scale of the process

µR. . . renormalization scale

finite order prediction!, renormalization scale and scheme dependence
⇒ theoretical uncertainty

higher-order corrections (M(2)(Q2, µR), . . . ) are important:
stabilizing effect reducing the dependence of the predictions on the
scales and schemes
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DVMP at NLO



DVMP
Transition form factors

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, u, µϕ, µF ) F a(x, ξ, t, µϕ) φ(u, µF )

a = q, g or NS,S(Σ, g)

hard-scattering amplitude (known up to NLO)

T a(x, ξ, u, µϕ, µF ) =
αs(µR)

4π
T a(1)(x, ξ, u)

+
α2
s(µR)

(4π)2
T a(2)(x, ξ, u, µR, µϕ, µF ) + · · ·

distribution amplitude (DA) evolution, similarly GPD (F a) evolution (known up
to NNLO)

φ(x;µF , µ0) = φ(0)(u, µF , µ0) +
αs(µF )

4π
φ(1)(u, µF , µ0)

+
α2
s(µF )

(4π)2
φ(2)(u, µF , µ0) + · · ·
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DVMP to NLO

γ∗q → (qq̄)q, γ∗g → (qq̄)g

M

p p

M

p p

NLO DV PS+ prod.: [Belitsky and Müller ’01]

NLO DV VL prod.: [Ivanov et al ’04,]

NLO DV VL (corr.), PS, (S, PVL) prod.:

[Duplančić, Müller, Passek-K. ’17]
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GPDs from DVMP

DVMP: transition form factors (known up to NLO)

aT (ξ, t,Q2) =

∫
dx

∫
dy T a(x, ξ, y,Q2/µ2) F a(x, ξ, t, µ2) φ(y, µ2)

”Curse of the dimensionality”
When the dimensionality increases, the volume of the space increases so fast

that the available data become sparse.

complete deconvolution is impossible

different modelling venues (momentum fractions space, conformal
momentum space)
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From x space to conformal momentum space

aT (ξ, t,Q2) =

∫
dx

∫
du T a(x, ξ, y, µ2)) F a(x, ξ, t, µ2) φ(u, µ2)

F...GPDs, a=q,G

conformal moments (analogous to Mellin moments in DIS xn → C
3/2
n (x), C

5/2
n (x))

[Müller, Lautenschläger, P-K., Schäfer 2014] [Duplančić, Müller, P-K. 2017]

aT (ξ, t,Q2) =
1

2i

∫ c+i∞

c−i∞
dj

[
i±
{

tan

cot

}(
πj

2

)]
ξ−j−1

×
[
Tjk(Q2/µ2)

k
⊗ φM,k(µ

2)

]
F a
j (ξ, t, µ2)
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NLO predictions

[Müller, Lautenschlager, P-K., Schäfer ’14], [Duplančić, Müller, P-K., ’17]

large NLO corrections and model dependence

LO evolution important

NLO calculations should include NLO evolution
(conformal momentum representation favorable)

results sensitive to the choice of DA

NLO global DIS+DVCS+DVMP fits needed
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NLO for DV VL production

D. Müller et al. / Nuclear Physics B 884 (2014) 438–546 523

Fig. 6. Relative NLO corrections to the imaginary part of the flavor singlet TFF FS
V (solid) broken down to the gluon

(dashed), pure singlet quark (dash-dotted) and ‘non-singlet’ quark (dotted) at t = 0 GeV2 (left panel) and t = −0.5 GeV2

(right panel) at the initial scale Q2
0 = 4 GeV2.

Our discussion of the imaginary part for the flavor singlet TFF, evaluated from the minimalist
GPD model, is visualized in Fig. 6 for t = 0 (left panel) and t = −0.5 GeV2 (right panel). Here
we display the relative NLO corrections, evaluated analogously to (5.38b), that arise from the
gluonic NLO coefficients (dashed curves), the pure singlet quark (short dash-dotted curves), the
remaining quark part (dotted curves), and the net contribution (solid curves). Clearly, the large-xB

asymptotic arises from the valence content, compare with Fig. 4, where the contributions from the
‘non-singlet’ hard scattering amplitude dominate the net result. As stated, in the valence region
the non-singlet contribution is moderately positive and the pure singlet is negative, while it turns
out that in our model the gluonic one yields a rather sizeable positive correction. In the small-xB

region the gluons dominate in our model and their contributions are essentially governed by the
j = 0 pole. These large corrections increase further with growing −t since the ‘pomeron’ pole
at j = 0.247 + 0.15t gets slightly softer. Note that the shape of the curves in the small-xB region
is governed by the functional forms as it arises from the j = 0 pole contributions, e.g., shown in
(5.50), and R-ratios (5.41c). For our model the quark content vanishes in the xB → 0 limit while
the gluon ones is as sizable as −144% [−233%] for t = −0 [t = −0.5 GeV2].

• Model dependency

Finally, let us also demonstrate in Fig. 7 for the modulus (left panel) and the phase change (right
panel), defined as in (5.27), that the NLO corrections in the flavor singlet sector are rather model-
dependent. We display again the minimalist model (solid curves) and the nnl-SO(3) PW model as
specified in Table 7 (dashed curves) with the narrow DA (5.28) for t = −0 GeV2 (thick curves)
and t = −0.5 GeV2 (thin curves). For the minimalist model the corrections to the modulus are
smaller than 100% and they become negative in the small xB region. As we have discussed
the reduction of relative NLO corrections to the modulus in the large-xB region is a naturally
consequence of analyticity, i.e., the validity of the DR. Compared to Fig. 6, the relative NLO
corrections to the modulus in the small-xB region are looking rather mild (solid curves). Note
that this is caused by the negative size of the NLO contribution, dominated by the j = 0 pole,
which overcompensates the positive LO contribution and induces a phase difference of π in
the small-xB asymptotic. Entirely different features appear for our nnl-SO(3) PW model. Here
the size of NLO corrections is for t = 0 positive in the small-xB region and gets for a softer
‘pomeron’ behavior at t = −0.5 GeV2 negative, where the phase difference slightly increases.

[Müller, Lautenschlager, P-K., Schäfer ’14]

large NLO corrections for small xB , i.e., ξ

20 / 28



Global NLO fits (DIS+DVCS+DVVLP)

small-x global fits to HERA collider data (ρ0)

NLO: [Lautenschlager, Müller, Schäfer ’13]

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit:

0 20 40 60 80 100

Q2 [GeV2]

0.6

0.8

1.0

1.2

1.4

1.6
F

p 2
(x

B
,Q

2
)

. xB = 0.0005

0.0013

0.0032

0.008

NLO DVCS+DVMP

LO DVCS+DVMP

H1

[Čuić, Duplančić, Kumerički, P-K. in preparation]
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0.2 0.4 0.6 0.8

−t [GeV2]

10−1

100

101

102

d
σ
γ
/
d
t

[n
b
/
G

eV
2
]

H1

W = 82 GeV

Q2 = 8, 15.5, 25 GeV2

0.2 0.4

−t [GeV2]

ZEUS

W = 104 GeV

Q2 = 3.2 GeV2

40 60 80 100 120 140 160

W [GeV]

10−1

100

101

102

σ
γ

[n
b

]

ZEUS (idem) :

H1 (idem) :

0 10 20 30 40 50 60 70

Q2 [GeV2]

ZEUS

W = 104 GeV

NLO DVCS+DVMP

NLO DVCS

LO DVCS+DVMP

LO DVCS

[Čuić, Duplančić, Kumerički, P-K. in preparation]

21 / 28



Global NLO fits (DIS+DVCS+DVVLP)

small-x global fits to HERA collider data (ρ0)

NLO: [Lautenschlager, Müller, Schäfer ’13]
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10 15 20 25 30 35 40 45

Q2 [GeV2]

10−1

100

101

102

σ
(γ
∗ L
p
→
ρ

0
p

)
[n

b
]

LO DVMP

LO DVCS+DVMP

NLO DVMP

NLO DVCS+DVMP

H1+R, W = 75 GeV

60 80 100 120 140 160 180 200

W [GeV]

Q2 = 11.9 GeV2

19.5 GeV2

35.6 GeV2

[Čuić, Duplančić, Kumerički, P-K. in preparation]
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Global NLO fits (DIS+DVCS+DVVLP)

small-x global fits to HERA collider data (ρ0)

NLO: [Lautenschlager, Müller, Schäfer ’13]

hard scattering amplitude corrected [Duplančić, Müller, P-K. ’17]

new NLO fit:

5 10 20 50

Q2 [GeV2]

0

1

2

3

4

5

sk
ew

n
es

s
ra

ti
o
H

(x
,x

)/
H

(x
,0

)

x = 0.001

Quarks

5 10 20 50

Q2 [GeV2]

−3

−2

−1

0

1

2
Gluons

LO DVCS

LO DVMP

LO DVCS+DVMP

NLO DVCS

NLO DVMP

NLO DVCS+DVMP

skewness ratio r = H(x,x)
H(x,0) measures goodness of GPD extraction

⇒ NLO fit successful

[Čuić, Duplančić, Kumerički, P-K. in preparation]
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WAMP and DVMP at higher-twist



PS meson production to twist-3

HP0λ,µλ . . . non-flip subprocess amplitudes (twist-2)

GPD

p N

t w 2

and
GPD

p N

+ +

tw2

for η1

HP0−λ,µλ . . . flip subprocess amplitudes (twist-3)

GPD

p N

T

t w 3

GPD

p N

+

+

−

−
T

tw3

Note: just meson DA tw-3 contributions (µπ = 2 GeV)

distribution amplitudes (DAs):
twist-2 (qq̄) : φP
2-body (qq̄) twist-3 φPp, φPσ 3-body (qq̄g) twist-3 φ3P

→ connected by equations of motion (EOMs)
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

2- and 3-body contributions necessary for gauge invariance

WAMP

photoproduction (Q→ 0): HP,φPp = 0 [Kroll, P-K ’18]

no end-point singularities for t̂ 6= 0 !
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Photoproduction (π)

complete tw-3 prediction for π0 photoproduction fitted to CLAS data
and obtained predictions for π±

[Kroll, P-K ’21]
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solid curves:
complete twist-3
dotted curves: twist-2

exp data:
full circles [SLAC ’76]

open circles [CLAS ’17]

triangles [JLab, Hall A ’05]

twist-2 prediction well below the data
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Spin effects - photoproduction

[Kroll, P-K ’21]: π±
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KLL ALL(KLL) . . . correlation of the helicities of the photon
and incoming (outgoing) nucleon

AP,tw2
LL = KP,tw2

LL

AP,tw3
LL = −KP,tw3

LL

→ characteristic signature for dominance of twist-3 (like
σT � σL in DVMP)

[Kroll, P-K ’22]: η, η′
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→ in contrast to π

and η, for η′

dominance of

twist-2 and

sensitivity to

gluons
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Subprocess amplitudes: twist-3

General structure:

HP,tw3 = HP,tw3,qq̄ +HP,tw3,qq̄g

=
(
HP,φPp +HP,φEOMP2

)
+
(
HP,qq̄g,CF︸ ︷︷ ︸+HP,qq̄g,CG

)
= HP,φPp + HP,φ3P ,CF +HP,φ3P ,CG

DVMP (t̂→ 0):

end-point singularities in HP,φPp

∫ 1

0

dτ

τ̄
φPp(τ)

φPp(τ) = 1 + aPp C
1/2
2 (2τ − 1) + . . .

⇒ modified hard-scattering picture

(with k⊥ quark transverse momenta)

⇒ pure collinear picture with effective m2
g

DVπ0P numerical analysis underway [Duplančić, Kroll, P-K., Szymanowski

work in progress]
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Summary and conclusions

DV (VL) P
twist-2 NLO contributions can describe the data
global DIS+DVCS+DVMP fits promising

DV (PS) P
twist-3 dominates
complete (2- and 3-body) analysis underway

WA (PS) P:
twist-3 dominates
complete 2- and 3-body analysis performed
offer access to GPDs at large-t

Meson production promising in accessing additional information about
GPDs.

Meson DA additional nontrivial nonperturbative input.

Thank you.
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FT Δ b

GTMDs Wigner-Ds

FT  Δ⊥ ↔ b⊥

FT

GPDs spin densities

FT  

TMDs

FT

PDs Form Factors charge densities

FT  

[B. Pasquini, 2010]





Generic questions

are accessible energies high enough for perturbative treatment?
and/or pure-quark picture?

are power corrections/higher-twist effects important/to be included at
experimentally accessible energies?



Generic questions

is factorization proven/assumed? broken?

pQCD calculation:

are higher-orders included?

which are technical difficulties in calculating higher-orders?

which are theoretical uncertainties of finite order predictions?

nonperturbative input:

form/modeling of GPDs (DAs)
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