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Small-x resummation: 
How does it work?



Small-x resummation: How does it work?

- Resummation Factorization
We need some factorisation properties

- Mellin Transform 

g(N, Q2) = ∫
1

0
dx xN g (x, Q2) lnk(x) →

1
Nk+1

1



Collinear factorization theorem

σ(N, Q2) = ∑
i=q,g

Ci (N, αs(Q2)) fi (N, Q2)
Coefficient 

function
Parton distribution 

function (PDF)

ln(x)

Our goal: resum NLL terms in the 
coefficient function
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High energy factorization theorem

σ(N, Q2) = ∫
∞

0
dk2

⊥ 𝒞 (N, k2
⊥, Q2, αs) ℱg (N, k2

⊥)
Off-shell coefficient 

function
Unintegrated 

PDF

ℱg (N, k2
⊥) = 𝒰 (N, k2

⊥, Q2) fg(N, Q2)

Cg(N, αs) = ∫
∞

0
dk2

⊥ 𝒞 (N, k2
⊥, Q2, αs) 𝒰 (N, k2

⊥, Q2)
Bonvini, Marzani and Peraro (2016)
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We want to resum NLL terms in the coefficient function  

Cg(N, αs) = ∫
∞

0
dk2

⊥ 𝒞 (N, k2
⊥, Q2, αs) 𝒰 (N, k2

⊥, Q2)
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Coefficient function



We want to resum NLL terms in the coefficient function  

We have to compute the one-loop off-shell coefficient function

Cg(N, αs) = ∫
∞

0
dk2

⊥ 𝒞 (N, k2
⊥, Q2, αs) 𝒰 (N, k2

⊥, Q2)
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Coefficient function



Higgs induced DIS



Higgs induced DIS 

- Higgs gluon effective vertex:

Mμν = i c δb
a [kμ

2 kν
1 − gμνk1 ⋅ k2]

k2
1 = − k 2

1

- Off-shell coefficient function

- nf = 0

k1

k2

q

μ

ν
b

a
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1. We have to work in 
axial gauge:  A ⋅ n = 0

Key points

The off-shell coefficient 
function is free from logs if 

we work in axial gauge

k1

k2
q

μ

ν
b

a

Catani and Hautmann (1994)

2

6

2. We have to understand  
the “sum over polarisation” 
of an off-shell gluon at NLL



- Growing number of terms due to gauge choice 

Πμν
a,b(k, n) = i δa,b [ −gμν

k2
+

kμnν + kνnμ

k2 k ⋅ n ]

Axial gauge 

- Non covariant loop integrals

I = ∫
ddk

(2π)d

1
k2(k − k1)2(k − k2)2(k ⋅ n)
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- Spurious poles
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kμnν + kνnμ
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- Spurious poles
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In = ∫
ddk

(2π)d

f (k ⋅ n)
D1 D2 … Dn

Non covariant loop integrals

1
(k ⋅ n)

Non-covariant part:

Covariant 
denominators

Principal value prescription
1

(k ⋅ n)
→

k ⋅ n
(k ⋅ n)2 + δ2
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Curci, Furmanski and Petronzio (1980)



I2 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − l)2

Non covariant loop integrals

k1

k2

q

k1
k1

k2 k2

q q

k2
1 ≠ 0

9



I2 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − l)2

Non covariant loop integrals

l+ = l ⋅ n

k1

k2

q

k1
k1

k2 k2

q q

k2
1 ≠ 0

9

=
i

16π2 ( 4π
−l2 )

ϵ

Γ(ϵ)∫
1

0
dz f (l+ z) z−ϵ(1 − z)−ϵ



I2 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − l)2

Non covariant loop integrals

l+ = l ⋅ n

k1

k2

q

k1
k1

k2 k2

q q

k2
1 ≠ 0
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=
i

16π2 ( 4π
−l2 )

ϵ

Γ(ϵ)∫
1

0
dz f (l+ z) z−ϵ(1 − z)−ϵ



Non covariant loop integrals
k2

q
x =

k2 ⋅ n
k1 ⋅ n

b = −
k2

1

2k1 ⋅ k2
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k1

I3 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − k1)2(k − k2)2



Non covariant loop integrals
k2

q

−xϵ(1 − x)ϵ ∫
1

x
dy f (l+y)(y − x)−ϵ(b x − y)−1−ϵ

2F1 (1 + ϵ, − ϵ; 1 − ϵ;
(y − x)(b x − 1)
(b x − y)(1 − x) )]

[xϵ ∫
1

0
dz f (l+ z) z−ϵ(b x − z)−1−ϵ

2F1 (1 + ϵ, − ϵ; 1 − ϵ;
(b x − 1)z

b x − z )

x =
k2 ⋅ n
k1 ⋅ n

b = −
k2

1

2k1 ⋅ k2

k1

I3 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − k1)2(k − k2)2

=
i

16π2 ( 4π
−2k1 ⋅ k2 )

ϵ 1
−2k1 ⋅ k2

Γ(1 + ϵ)
ϵ
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Non covariant loop integrals

k1

k2
q

x =
k2 ⋅ n
k1 ⋅ n

b = −
k2

1

2k1 ⋅ k2
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I3 = ∫
ddk

(2π)d

f (k ⋅ n)
k2(k − k1)2(k − k2)2

=
i

16π2 ( 4π
−2k1 ⋅ k2 )

ϵ 1
−2k1 ⋅ k2

Γ(1 + ϵ)
ϵ

−xϵ(1 − x)ϵ ∫
1

x
dy f (l+y)(y − x)−ϵ(b x − y)−1−ϵ

2F1 (1 + ϵ, − ϵ; 1 − ϵ;
(y − x)(b x − 1)
(b x − y)(1 − x) )]

[xϵ ∫
1

0
dz f (l+ z) z−ϵ(b x − z)−1−ϵ

2F1 (1 + ϵ, − ϵ; 1 − ϵ;
(b x − 1)z

b x − z )



- Growing number of terms due to gauge choice 

Πμν
a,b(k, n) = i δa,b [ −gμν

k2
+

kμnν + kνnμ

k2 k ⋅ n ]
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- Spurious poles



I2 = ∫
ddk

(2π)d

1
k2(k − l)2

1
k ⋅ n

Spurious poles
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Power counting: UV finite

∼ Γ(ϵ)∫
1

0
dz f (l+ z) z−ϵ(1 − z)−ϵ

UV spurious pole

Define gauge-dependent counterterms that cancel all the UV poles 

Pritchard and Stirling (1979) 
Curci, Furmanski and Petronzio (1980)



k1

Feynman gauge:

Axial gauge:

−4 (1 − I0) (kμ
1 kν

1 −
k2

1

k1 ⋅ n
(kμ

1 nν + kν
1nμ) +

k4
1

(k1 ⋅ n)2
nμnν)

Πμν(k1, n) = − i
αs

4π
CAδa,b

ϵ [( 11
3

− 4I0) (kμ
1 kν

1 − k2
1gμν)]

I0 = ∫
1

0

du u
u2 + δ2

= − ln(δ)

nf = 0

Counterterms in axial gauge: gluon propagator
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Πμν(k1, n) = i
αs

4π
CAδa,b

ϵ
ZA (kμ

1 kν
1 − k2

1gμν)



Counterterms in axial gauge: effective vertex

k1

k2

CTμν(k1, k2, n) = − [Dμν
1 (k1, k2, n) |UV + Dμν

2 (k1, k2, n) |UV + Dμν
3 (k1, k2, n) |UV ]

k2
1 ≠ 0

k2
2 ≠ 0

Dμν
1 |UV = Ck1k1

(k1, k2, n)kμ
1 kν

1 + Ck2k2
(k1, k2, n)kμ

2 kν
2

+Ck1k2
(k1, k2, n)kμ

1 kν
2 + Ck2k1

(k1, k2, n)kμ
2 kν

1

+Cg(k1, k2, n)gμν + …
14

μ

ν



- Growing number of terms due to gauge choice 

Πμν
a,b(k, n) = i δa,b [ −gμν

k2
+

kμnν + kνnμ

k2 k ⋅ n ]

Axial gauge 

- Non covariant loop integrals
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ddk
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- Spurious poles



1. We have to work in 
axial gauge:  A ⋅ n = 0

Key points

The off-shell coefficient 
function is free from logs if 

we work in axial gauge

k1

k2
q

μ

ν
b

a

Catani and Hautmann (1994)
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2. We have to understand  
the “sum over polarisation” 
of an off-shell gluon at NLL
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axial gauge:  A ⋅ n = 0

Key points

The off-shell coefficient 
function is free from logs if 

we work in axial gauge

k1

k2
q

μ

ν
b

a

2

Catani and Hautmann (1994)

2. We have to understand  
the “sum over polarisation” 
of an off-shell gluon at NLL

Work in progress
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Sum over polarisation of an off-shell gluon

dμν
CH = (d − 2)

kμ
⊥kν

⊥

k 2
⊥

kμ
1 = kμ + kμ

⊥
k2

1 = k2
⊥

k1

k2
q

μ

ν
b

a

2

Catani and Hautmann (1994)

1.  selects the dominant part of the amplitude in 
the leading logarithm approximation 

dμν
CH

2. lim
k 2

⊥→0
⟨dμν

CH⟩ = gμν
⊥
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Sum over polarisation of an off-shell gluon

kμ
1 = kμ + kμ

⊥
k2

1 = k2
⊥

k1

k2
q

μ

ν
b

a

2

1.  selects the dominant part of the amplitude in 
the leading logarithm approximation 

dμν
CH

2. lim
k 2

⊥→0
⟨dμν

CH⟩ = gμν
⊥

Still true at NLL?

Catani and Hautmann (1994)
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dμν
CH = (d − 2)

kμ
⊥kν

⊥

k 2
⊥



|M |2 = ℳμν(k1, k2, n) dμν(k1, n)

Virtual one-loop coefficient function

dμν(k1, n) = − gμν +
k1 μ nν + k1 ν nμ

k1 ⋅ n

𝒞(1) = −
2α3

s 2GF Q2

3 π3 [
ln (ξ) − ln (1 + ξ)

ϵ
(ξ2 + 2ξ + 2) (ξ3 − ξ2 + ξ − 1)

4(ξ + 1)2

+
ξ (2ξ3 − 2ξ − 1)

(ξ + 1)3
ln2(δ) +

ξ3 ln(1 + ξ)
2(ξ + 1)2

ln(δ) + …]

Off-shell gluon emitted by a quark:

ξ =
k 2

⊥

Q2
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k1

k2
q

μ

ν
b

a

2

AR arXiv:2212.02959



Conclusions



Cg(N, αs) = ∫
∞

0
dk2

⊥ 𝒞 (N, k2
⊥, Q2, αs) 𝒰 (N, k2

⊥, Q2)

- Solved main issues due to the choice of axial gauge 

- Virtual contribution 

- Real contribution 

- Cross checks
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Where are we?

Work in progress



Thank you!


