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Small x BFKL evolution
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BFKL evolution equation for high-energy  limit

G is Gluon Green’s function

LL kernel in Mellin space

�0(�) = 2 (1)�  (�)�  (1� �)
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� $ lnk2

2 Resummed gluon Green’s function

The resummation for the evolution of gluon density at small x was developed in series of works using slightly

di↵erent approaches [17, 18, 19, 20, 21], [22, 23, 9, 10, 11, 12], [24], [AS: cite Agustin Sabio - Vera too]. In

this section we shall recap the essential ingredients of the resummation developed in [22, 23, 9, 10, 11, 12] for

the gluon Green’s function. As a result, the renormalization group improved small x evolution was constructed

which contained both DGLAP and BFKL kernels and satisfied momentum sum rule. The equation was written

in the momentum space, but the construction is most easily demonstrated in the Mellin space. The evolution

equation for the gluon Green’s function G(x,k,k0), which depends on the transverse gluon momenta k and

k0, can be written in the folloing form

@

@ ln 1/x
G(x,k,k0) = �(2)(k � k0) +

Z
d2k0

⇡
K(↵s,k,k

0)G(x,k0,k0) , (1)

where the function K is the BFKL kernel which has the following perturbative expansion

K = ↵̄sK0 + ↵̄2
sK1 + . . . (2)

where we introduced the rescaled strong coupling ↵̄s =
↵sNc
⇡ and Nc is the number of colors. In QCD the kernel

is known at leading [5, 6, 4] and next-to-leading order [7, 8, 25], in N=4 sYM up to next-to-next-to leading

accuracy [26, 27, 28]. It is customary to use the Mellin transform to obtain the kernel eigenvalue

�(�) =

Z
dk02
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with the corresponding perturbative expansion corresponding to (2)

↵̄s�(�) = ↵̄s�0(�) + ↵̄2
s�1(�) + . . . . (4)

The leading order kernel eigenvalue reads

�0(�) = 2 (1)�  (�)�  (1� �) , (5)

where  (z) = �0(z)/�(z) is the polygamma function. The next-to-leading order eigenvalue is
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where b = (33� 2Nf )/(12⇡) with Nf the number of quark flavors, and

�(�) =
1X

n=0

(�1)n

 (n+ 1 + �)�  (1)

(n+ �)2
+
 (n+ 2� �)�  (1)

(n+ 1 + �)2

�
. (7)

The LO and NLO eigenvalues contain collinear poles, i.e. poles when � ⇠ 0 and � ⇠ 1. These correspond

to the strong ordering of the transverse momenta in the t channel, either k2 � k02 or k2 ⌧ k02 respectively.

3
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↵̄s =
↵sNc

⇡

BFKL kernel  has expansion

known up to next-to-leading order in QCD

γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function

Example:  scatteringγ*γ*
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k transverse momentum

equation for the gluon Green’s function G(x,k,k0), which depends on the transverse gluon momenta k and

k0, can be written in the folloing form

@

@ ln 1/x
G(x,k,k0) =

Z
d2k0

⇡
K(↵s,k,k

0)G(x,k0,k0) , (1)

where the function K is the BFKL kernel which has the following perturbative expansion

K = ↵̄sK0 + ↵̄2
sK1 + . . . (2)

where we introduced the rescaled strong coupling ↵̄s =
↵sNc
⇡ and Nc is the number of colors. In QCD the kernel

is known at leading [5, 6, 4] and next-to-leading order [7, 8, 37], in N=4 sYM up to next-to-next-to leading

accuracy [38, 39, 40]. It is customary to use the Mellin transform to obtain the kernel eigenvalue

�(�) =

Z
dk02

✓
k02

k2

◆�

K(k,k0) (3)

with the corresponding perturbative expansion corresponding to (2)

↵̄s�(�) = ↵̄s�0(�) + ↵̄2
s�1(�) + . . . . (4)
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where  (z) = �0(z)/�(z) is the polygamma function. The next-to-leading order eigenvalue is
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The LO and NLO eigenvalues contain collinear poles, i.e. poles when � ⇠ 0 and � ⇠ 1. These correspond

to the strong ordering of the transverse momenta in the t channel, either k2 � k02 or k2 ⌧ k02 respectively.

The LO and NLO eigenvalues have specific pole structure in � variable. The LO BFKL eigenvalue has only

single poles, i.e.

�0(�) ⇠
1

�
,

1

1� �
. (8)

The NLO kernel eigenvalues has more complicated structure, since in addition to the single poles it also has

double and triple collinear poles. It is the latter which are responsible for the fact that the NLO term is

numerically large, and these terms need to be properly resummed. The double poles stem from two sources.

The first one is the running coupling term
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NLL corrections to BFKL 
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 (z) = �0(z)/�(z)

Solution to the intercept

NLL corrections to BFKL equation are large and negative

Main sources: 

• running coupling 

• kinematical constraint 

• DGLAP anomalous dimension
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Small x resummation
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Altarelli,Ball,Forte; Thorne, White; Sabio-Vera; Ciafaloni, Colferai, Salam, AS (CCSS)

CCSS resummation (RGI renormalization group improved small x evolution): 
• Include kinematical constraint : leads to shifts of poles 
• Include DGLAP splitting function and running coupling in the leading part 
• Suitable subtractions to avoid double counting, guarantee momentum sum rule 
• Motivation in Mellin space, final equation in the momentum space

Kwiecinski, Martin, Sutton; Andersson, 
Gustafson, Kharraziha, Samuelsson

<latexit sha1_base64="XRqxRPjpVI7k8pCEz1SPIftIRWU=">AAACB3icdVBNSwMxEM36bf2qehQkWARPdbdIbW9FLx4VrC20pWTT2TaYTZZkVi2lNy/+FS8eFPHqX/DmvzGtFVT0wcDLezNk5oWJFBZ9/92bmp6ZnZtfWMwsLa+srmXXNy6sTg2HKtdSm3rILEihoIoCJdQTAywOJdTCy+ORX7sCY4VW59hPoBWzrhKR4Ayd1M5uN3UMXUabEiI0ottDZoy+dm9Fg/2bdjbn532HYpGOSFDyA0fK5VKhUKbB2PL9HJngtJ19a3Y0T2NQyCWzthH4CbYGzKDgEoaZZmohYfySdaHhqGIx2NZgfMeQ7jqlQyNtXCmkY/X7xIDF1vbj0HXGDHv2tzcS//IaKUal1kCoJEVQ/POjKJUUNR2FQjvCAEfZd4RxI9yulPeYYRxddBkXwtel9H9yUcgHxXxwdpCrHE3iWCBbZIfskYAckgo5IaekSji5JffkkTx5d96D9+y9fLZOeZOZTfID3usHvj2ZPQ==</latexit>

! $ ln 1/x
<latexit sha1_base64="zTFoiBYYmmMHh99h0eOnwACDIS8=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYhDiJeyKqMeoF48RzAOSNcxOZjdD5rHMzCphyX948aCIV//Fm3/jJNmDJhY0FFXddHeFCaPaeN63s7S8srq2Xtgobm5t7+yW9vabWqYKkwaWTKp2iDRhVJCGoYaRdqII4iEjrXB4M/Fbj0RpKsW9GSUk4CgWNKIYGSs9XPWyOB5XupKTGJ30SmWv6k3hLhI/J2XIUe+Vvrp9iVNOhMEMad3xvcQEGVKGYkbGxW6qSYLwEMWkY6lAnOggm149do+t0ncjqWwJ407V3xMZ4lqPeGg7OTIDPe9NxP+8TmqiyyCjIkkNEXi2KEqZa6Q7icDtU0WwYSNLEFbU3uriAVIIGxtU0Ybgz7+8SJqnVf+86t+dlWvXeRwFOIQjqIAPF1CDW6hDAzAoeIZXeHOenBfn3fmYtS45+cwB/IHz+QPzjJIo</latexit>

Agg(!) DGLAP anomalous dimension 
without the  term1/ω
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Figure 1: ωs as a function of αs for different subtraction schemes together with the original
result for the ω-expansion. The calculation is done in the fixed coupling case.

All resummed results for the intercept are significantly reduced in comparison with the LL
result and they all give stable predictions even for large values of ᾱs. As we see from the
plot, the changes of resummation procedure as well as subtraction scheme do not significantly
influence the values of ωs. They give at most 20% change at the highest αs ! 0.35. In Fig. 2
we show the effective kernel eigenvalue as a function of γ. We have considered here the
asymmetric ω-shift, which corresponds to the upper energy scale choice ν0 = k2. In this case
it is easy to show that close to γ = 0 the effective eigenvalues from scheme B and the original
ω-expansion [11] satisfy the momentum sum rule. This is illustrated in Fig. 2 by the fact that
ᾱsχeff(γ = 0, ᾱs) = 1 for all values of ᾱs in these schemes. This can be seen by expanding
around γ = 0, where we have

χω(γ, ᾱs) ∝
1 + ωA1(ω)

γ
(69)

which for γ = 0 gives ωA1(ω) = −1, which has the solution ω = 1. Note that a second fixed
intersection point of curves with different αs occurs at γ = 2. This is expected from energy-
momentum conservation3 in the collinear regime Q2

0 $ Q2, because of a behavior similar to
Eq. (69) around the shifted pole 1 + ω − γ = 0. This intersection has no counterpart in the
approach of Ref. [12].

We also examine the second derivative χ′′
eff(γ, ᾱs) which controls the diffusion properties

of the small-x equation, Fig. 3. As we see from the plot, the second derivative is more model-
dependent than the intercept ωs, though the two models A and B presented in this paper

3Such an intersection occurs in scheme A also (where momentum conservation is not satisfied) as an artefact
of the collision of the shifted pole at γ = 1 + ω with the unshifted one at γ = 2.

17

resummed}
Double and triple poles of NLL recovered when 
expanding in , i.e.ω
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Resummation of impact factors: case study of  scatteringγ*γ*

6

• The double-tagged process 
 allows to measure the 

 cross section.  

• Excellent process to study BFKL for two comparable 
virtualities of the photons.  

• BFKL exchange should be dominant at high energy

e+e− ⟶ e+e− + hadrons
γ*γ* ⟶ hadrons

γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function
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High-energy factorization formula

    are negative photon virtualities 

    for  the  process 

    photon polarizations 

   energy scale

Q2
1 = − q2
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Relation between two formulations:

standard high-energy resummed
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where
P

q denotes the sum over quark flavours and eq is the electric charge of quark q in units of the positron

charge. In those papers the expressions are often given for Nc = 3 and TR = 1/2, but it is better to keep track

of such colour structure for the comparison with the subsequent collinear analysis.

Eq. (34) will be used to determine the RGI impact factors at NLO. To this purpose we need to know the

!-dependence of the LO eigenvalue and impact factors. All that will be the subject of the next section.

4 RGI impact factor for transverse photon

4.1 Lowest order TT cross section in the collinear limits

Further information for the �⇤�⇤ cross section, somehow complementary to the multi-Regge kinematics, can

be inferred by analysing the collinear limit, i.e., by considering two photons with very di↵erent virtualities, say

Q1 � Q2. This situation is well described by e↵ective ladder diagrams, like the one depicted in fig. 1, where

the intermediate propagators are strongly ordered in virtuality (decreasing from left to right). At each QCD

vertex the strong coupling is evaluated at a scale given by the largest virtuality of the connected propagators,

while a splitting function Pba(zb/za) describes the fragmentation of the parent parton a (to the right) into a

child parton b (to the left) and an emitted parton (vertical line). The integrals over the ordered longitudinal
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the intermediate propagators are strongly ordered in virtuality (decreasing from left to right). At each QCD

vertex the strong coupling is evaluated at a scale given by the largest virtuality of the connected propagators,

while a splitting function Pba(zb/za) describes the fragmentation of the parent parton a (to the right) into a

child parton b (to the left) and an emitted parton (vertical line). The integrals over the ordered longitudinal

7

next-to-leading order
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HE formula with exact kinematics: argument of the gluon density
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LO impact factor with exact kinematics: shift of poles
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Back to  cross section…γ*γ*
More information by collinear limit: photons with unequal virtualities
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Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.

which is exactly the structure of eqs. (18) and (23).

The collinear integrand �̃(TT ) for two transverse photons at O(↵2↵2
s ) — corresponding to the four-rungs

LO BFKL diagram — is given by (cfr. app.A) [DC: We should indicate the superscript coll for almost

all �’s]
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where l1, k and l2 are the momenta of the t-channel quark, gluon and quark respectively, as depicted from left

to right in fig. 1, while Pab(!) denote Mellin moments of the one-loop splitting functions. The running coupling

at scale |k| is defined in terms of the renormalized coupling ↵s at the renormalization scale µ:
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Substituting the above expansion for ↵s(l21) and ↵s(k2) in eq. (39) and switching to logarithmic variables
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Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.
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By Mellin transforming in Q2
1/Q

2
2 the terms in square brackets1 (while keeping the strong couplings as factors

outside the Mellin transform), we obtain the corresponding expression in �-space:
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The first term O(↵2
s/�

4) could have been obtained by using a fixed coupling constant in eq. (39). The in-

troduction of the running coupling is responsible for the second (b0-dependent) term O(↵3
s/�

5), which will be

important in the analysis of the NLO impact factors.2

Finally, by restoring all the factors of eq. (41), we obtain the Mellin transform of �̃(TT ) of eq. (39), expanded

at order ↵2
s , which is nothing but the integrand of the RGI factorization formula (23a) in the collinear limit:

˜̃�(TT,0)(!, �)
��coll
p=1

= �(T )
0 G0�
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Pgq(!)

�
· ↵

2⇡

⇣
2
X

q2B
e2q

⌘Pq�(!)

�
. (45)

Some remarks are in order.

(i) Since the collinear analysis of the cross section based on the DGLAP chain singles out the leading

logarithmic behaviour in the ratio Q1/Q2, eq. (45) provides just the leading �-pole structure of the RGI

integrand in the neighbourhood of � = 0.

(ii) Such pole structure correspond to p = 1, i.e., energy scale s0 = Q2
1. Adopting the symmetric energy scale

s0 = Q1Q2 (p = 0), according to eq. (24) the pole at � = 0 is shifted at � = �!/2, while keeping the

same coe�cient.

(iii) In the opposite (anti)collinear limit Q1 ⌧ Q2, one obtains the same result of eq. (45), provided one

replaces � ! 1� � and p ! �1, i.e., s0 = Q2
2. At symmetric energy scale s0 = Q1Q2, the pole at � = 1

is shifted at � = 1 + !/2. If p = 1, i.e., s0 = Q2
1, the pole at � = 1 is shifted at � = 1 + !.

(iv) The two sums with electric charges are over quark flavours (q 2 {u, d, . . . }) and a factor of 2 in front of

each sum takes into account quark+antiquark contributions.

Therefore, if we adopt a symmetric energy scale (p = 0) and include both collinear and anticollinear

contributions, the pole structure of the RGI improved integrand reads [DC: Do we use ˜̃� or �G�?] [AS:

1
Recall that (L1 � L2)

n
= ln

n Q2
1

Q2
2
! n!

�n+1 .

2
If one chooses a di↵erent scale for the running coupling, the coe�cient of the b0-dependent term in eq. (44) would change

accordingly.
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In Mellin space up to order α2
s

Additional term  from the running coupling contributing at NLO𝒪(α3
s /γ5)
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we get
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By Mellin transforming in Q2
1/Q

2
2 the terms in square brackets1 (while keeping the strong couplings as factors

outside the Mellin transform), we obtain the corresponding expression in �-space:
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4) could have been obtained by using a fixed coupling constant in eq. (39). The in-

troduction of the running coupling is responsible for the second (b0-dependent) term O(↵3
s/�

5), which will be

important in the analysis of the NLO impact factors.2

Finally, by restoring all the factors of eq. (41), we obtain the Mellin transform of �̃(TT ) of eq. (39), expanded

at order ↵2
s , which is nothing but the integrand of the RGI factorization formula (23a) in the collinear limit:
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Some remarks are in order.

(i) Since the collinear analysis of the cross section based on the DGLAP chain singles out the leading

logarithmic behaviour in the ratio Q1/Q2, eq. (45) provides just the leading �-pole structure of the RGI

integrand in the neighbourhood of � = 0.

(ii) Such pole structure correspond to p = 1, i.e., energy scale s0 = Q2
1. Adopting the symmetric energy scale

s0 = Q1Q2 (p = 0), according to eq. (24) the pole at � = 0 is shifted at � = �!/2, while keeping the

same coe�cient.

(iii) In the opposite (anti)collinear limit Q1 ⌧ Q2, one obtains the same result of eq. (45), provided one

replaces � ! 1� � and p ! �1, i.e., s0 = Q2
2. At symmetric energy scale s0 = Q1Q2, the pole at � = 1

is shifted at � = 1 + !/2. If p = 1, i.e., s0 = Q2
1, the pole at � = 1 is shifted at � = 1 + !.

(iv) The two sums with electric charges are over quark flavours (q 2 {u, d, . . . }) and a factor of 2 in front of

each sum takes into account quark+antiquark contributions.

Therefore, if we adopt a symmetric energy scale (p = 0) and include both collinear and anticollinear

contributions, the pole structure of the RGI improved integrand reads [DC: Do we use ˜̃� or �G�?] [AS:

1
Recall that (L1 � L2)

n
= ln

n Q2
1

Q2
2
! n!

�n+1 .

2
If one chooses a di↵erent scale for the running coupling, the coe�cient of the b0-dependent term in eq. (44) would change

accordingly.
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Q1 Q2l1 l2k

Figure 1: Diagramatics of collinear limit at lowest order in the BFKL factorization formula.

which is exactly the structure of eqs. (18) and (23).

The collinear integrand �̃(TT ) for two transverse photons at O(↵2↵2
s ) — corresponding to the four-rungs

LO BFKL diagram — is given by (cfr. app.A) [DC: We should indicate the superscript coll for almost

all �’s]

�̃(TT )(!, Q1, Q2) = (2⇡)3↵
⇣X

q2A
e2q

⌘
⇥

Z Q2
1

Q2
2

dl21
l21

↵s(l21)

2⇡
Pqg(!)

Z l21

Q2
2

dk2

k2
↵s(k2)

2⇡
Pgq(!)

Z k2

Q2
2

dl22
l22

↵

2⇡

⇣X

q2B
e2q

⌘
Pq�(!) . (39)

where l1, k and l2 are the momenta of the t-channel quark, gluon and quark respectively, as depicted from left

to right in fig. 1, while Pab(!) denote Mellin moments of the one-loop splitting functions. The running coupling

at scale |k| is defined in terms of the renormalized coupling ↵s at the renormalization scale µ:

↵s(k
2) :=

↵s(µ2)

1 + ↵s(µ2)b0 ln
k2

µ2

' ↵s(µ
2)

✓
1� ↵s(µ

2)b0 ln
k2

µ2
+ · · ·

◆

b0 =
11CA � 4TRNf

12⇡
⌘ CA

⇡
b̄ (40)

Substituting the above expansion for ↵s(l21) and ↵s(k2) in eq. (39) and switching to logarithmic variables

Li := ln
Q2

i
µ2 , �i := ln

l2i
µ2 , �k := ln k2

µ2 , we obtain

�̃(TT )(!, Q1, Q2) = (2⇡)3
↵2

2⇡

✓
↵s(µ2)

2⇡
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q2A
e2q
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Z L1
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d�1

Z �1
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d�k

Z �k

L2

d�2
⇥
1� ↵s(µ

2)b0(�1 + �k) + O(↵2
s )
⇤
. (41)

The nested integral in the second line of eq. (41) yields
ZZZ

=
(L1 � L2)3

3!

⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
� ↵s(µ

2)b0
(L1 � L2)4

4!
+ O(↵2

s ) .

By including the overall factor ↵2
s (µ

2) written in the first line of eq. (41) and noting that

↵2
s (µ

2)
⇥
1� ↵s(µ

2)b0(L1 + L2)
⇤
= ↵2

s (Q1Q2) + O(↵4
s ) ,

we get

↵2
s (µ

2)

ZZZ
' ↵2

s (Q1Q2)


(L1 � L2)3

3!
� ↵sb0

(L1 � L2)4

4!
+ O(↵4

s )

�
. (42)

' ↵2
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log3
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Q2
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2
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s )

�
. (43)
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Q2
1 � Q2

2

• Collinear analysis singles out leading logarithmic behavior in ratio , thus 
obtained leading poles at . 

• This corresponds to energy scale Changing to symmetric energy scale 
 the pole at  gets shifted by . 

• In anticollinear limit , , the same result is obtained with pole at  when 
scale  is chosen.  For scale  the pole at  gets shifted to .

Q2
1 /Q2

2
γ ∼ 0

s0 ∼ Q2
1 .

s0 ∼ Q1Q2 γ ∼ 0 −ω/2

Q2
2 ≫ Q2

1 γ ∼ 1
s0 ∼ Q2

2 s0 ∼ Q2
1 γ ∼ 1 γ ∼ 1 + ω

I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]

�(T )
0 G0 �(T )

0

��2⇥coll
p=1

= (2⇡)3↵
⇣
2
X

q

e2q

⌘1
�
· ↵s

2⇡

Pqg(!)

�
· ↵s

2⇡

Pgq(!)

�
· ↵

2⇡

⇣
2
X

q

e2q

⌘Pq�(!)

�

+
⇣
� ! 1 + ! � �

⌘
. (46)

In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF

✓
5

4
� ⇡2

3

◆
! + O(!2) (47)

Pgq(!) =
2CF

!
[1 + !Agq(!)] Agq(0) = �3

4
(48)

Pqg(!) =
2

3
TR [1 + !Aqg(!)] Aqg(0) = �13

12
(49)

Pgg(!) =
2CA

!
[1 + !Agg(!)] Agg(0) = �11

6
+ b̄ , b̄ =

11

12
�

TRNf

3CA
(50)

Pq�(!) =
Nc

TR
Pqg(!) . (51)

Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt

d⇤
ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
P

a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole

structure as

�(T )
0 G0 �(T )

0

��2⇥coll
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=

"
↵↵s
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q

e2q

⌘
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p
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1

�2
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1

(1 + ! � �)2

◆#2

⇥ 1

!

⇣
1 + !Agq(!)

⌘
. (52)

The term in square brackets is exactly the collinear limit of the !-dependent LO impact factor derived from

eq. (37); in other words, it represents the double poles of Bia las et al. impact factor [16] for a transverse photon

with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.

By expanding also Pqg(!) we obtain

�(T )
0 G0 �(T )

0
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p=1
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↵↵s

⇣X

q

e2q

⌘4
3
TR

p
2(N2

c � 1)

!2 
1

�4
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1

(1 + ! � �)4

�

⇥ 1

!

h
(1 + !Aqg)

2(1 + !Agq)
i
. (53)
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Taking both collinear and anticollinear limit for scale choice  we gets0 ∼ Q2
1
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I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]
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In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF
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Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt

d⇤
ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
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a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole

structure as
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The term in square brackets is exactly the collinear limit of the !-dependent LO impact factor derived from

eq. (37); in other words, it represents the double poles of Bia las et al. impact factor [16] for a transverse photon

with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.

By expanding also Pqg(!) we obtain
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Leading structure of impact 
factor with  dependent 
coefficient  by Bialas, Navelet, 
Peschanski

ω

Term from the gluon exchange 
(Born level GGF)

I am confused, we say we adopt symmetric scale, but in equation below there is no symmetric

scale ?]
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In order to classify terms according to the small-x expansion, and also to compare with the known expres-

sions (35,37) of impact factors at leading order, it is convenient to expand the Mellin transforms of the splitting

functions as powers series in !:

Pqq(!) = CF
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Note that Pqg refers to the process where a gluon produces a single quark emitting an antiquark, or viceversa.

Therefore, a gluon splitting into a quark or antiquark of given flavour requires a factor of two. If the (anti-)

quark at some point splits into a gluon, the sum over flavours yields an additional factor Nf . On the contrary,

if the (anti-)quark couples to a photon, the sum over flavours yields a factor
P

q e
2
q . Eq. (51) stems from the

fact that, if a gluon of colour c splits into a quark-antiquark pair with colours a, b, then the squared matrix

element contains
P

ab t
c
abt

d⇤
ab = tr(tctd) = TR�cd, while if a photon splits into a quark-antiquark pair, the sum

over colours is
P

ab �ab�ab =
P

a �aa = Nc.

By taking into account eqs. (48,51) and noting that CFNc = (N2
c � 1)TR, we can rewrite the leading �-pole

structure as
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The term in square brackets is exactly the collinear limit of the !-dependent LO impact factor derived from

eq. (37); in other words, it represents the double poles of Bia las et al. impact factor [16] for a transverse photon

with their full !-dependent coe�cient. [AS: Above there are mixed terms of various poles, this does

not seem to follow from (46) shall we comment more here ?] The factor 1/! — stemming from Pgq(!)

— in the second line of eq. (52) yields the GGF (23b) at lowest order (↵s ! 0), while its finite part / Agq

provides a NLL correction, to be reconsidered later.

By expanding also Pqg(!) we obtain
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Using exact expressions of in Mellin space

Additional term from collinear 
analysis. Can be included by 
modification of impact factor:

One possibilityfollowing: 3

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �)
h
1 +

!

2
Agq(!)

i
(scheme I) (59a)

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �) + CT
!

2
Agq(!)


1

�2
+

1

(1 + ! � �)2

�
(scheme II) (59b)

�(T )
0 (!, �; 1) = �(T,BNP)

0 (!, �) + CT !Agq(!)
1 + !Aqg

(1 + ! � �)2
(scheme III) . (59c)

Scheme I is an overall renormalization of the impact factor. Scheme II just modifies the coe�cient of the

(leading-twist) double poles. Scheme III is motivated by the fact that the Pgq vertex is attached to the impact

factor to the right, thus providing a 1/� pole only to �0(!, 1 � �). Note that schemes I and II preserve the

� $ 1 � � symmetry of the impact factor, while scheme III does not. In particular B = B̃ = Aqg + Agq/2 in

schemes I and II, while B = Aqg, B̃ = Aqg +Agq + !AqgAgq in scheme III (which fulfills exactly eq. (56)).

4.3 NLO TT cross section in the collinear limit

Our next task is to determine the transverse impact factors at NLO. Specifically, we want to determine some

function �(T )
1 (!, �) such that

• the RGI cross section (23a) agrees with the NLL BFKL one (18a);

• the same RGI cross section agrees with the DGLAP cross section in the collinear limits Q1 � Q2 and

Q1 ⌧ Q2 — in this case at order ↵3
s .

The first condition has already been considered, and leads to the constraint provided by eq. (34) at ! = 0.

(a)

Q1 Q2

(b)

Q1 Q2

Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit

˜̃�(TT )
1 (!, �; 1) = ˜̃�(TT )

0 (!, �; 1)


↵s

2⇡

Pgg

�
+ 2

↵s

2⇡

Pqq

�
� ↵sb0

�
+ O(�0)

�
, (60)

where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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RGI LO transverse 
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Need two constraints for RGI NLO impact factor
1) RGI cross section agrees with the BFKL at NLO
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At NLO this leads to the relation for the impact factors:
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where CT and D(0) were already determined in eq. (58). Then, from eq. (32) we find

A1 � b/2 = U + V . (70)

By noting that �0(�) = �0(1� �) = �0(0, �; p) for any p, eq. (34) can be simplified into

�1(�) + �1(1� �) = �1(0, �) + �1(0, 1� �)

+ �0(�)[@!�0(0, �) + @!�0(0, 1� �)] + �0(�)@!X0(0, �) , (71)

where �’s and X must be considered here at p = 0, i.e., by replacing � ! � + !/2 in eqs. (62) and (63). From

eq. (67) we can expand the l.h.s. of eq. (71) around the collinear pole � = 0:

�1(�) + �1(1� �) = �0(�) ↵̄s


�5/2

�2
+

fA + fB
�

+ O(�0)

�
. (72)

By expanding the r.h.s. of eq. (71) using eqs. (62) and (63) — with the replacement � ! � + !/2 — , the

coe�cient �5/2 of the quadratic pole within square brackets in eq. (72) is correctly reproduced, while the

coe�cients of the simple poles are equal if

fA + fB = B + B̃ +D +M + M̃ + U
��
!=0

. (73)

This is indeed the case. In fact, by exploiting eqs. (56) and (65), we find

B + B̃ +D +M + M̃ + U
��
!=0

= 2P̄qq + 2Aqg +Agq +Agg +D � b̄
��
!=0

(74a)

= �43

12
= fA + fB , (74b)

thus proving the consistency of NL BFKL and LO DGLAP.

Of course, the constraints (70) and (74a) derived from eqs. (32) and (34) respectively, can be fulfilled in

many ways. In tab. 1 we present some choices that we prefer on physical grounds.

Schemes ”collA” and ”collB” are motivated by the collinear analysis that suggests the value of B+ B̃ from

eq. (56) and the values of M + M̃ and U from eqs. (65) and (61). In the former we assign the running-coupling

term �b̄ to the kernel, in the latter to the IFs.

In the other three schemes ”zV. . . ” we set to zero the coe�cient V of the double pole of X1, following the

spirit of the RG improvement to transfer the most singular �-poles of NL objects into regular !-corrections

5
With running-coupling scale µ2

R = Q2
1, the double poles of �1(�) are A1/�

2
and (A1 � b̄)/(1 � �)2. With symmetric scale

µ2
R = Q1Q2, the coe�cients of both poles are equal to A1 � b̄/2.

14

For the highest poles (quartic in transverse case) this gives:

This coincides with NLO result ( by Chirilli,Kovchegov in the form written by Ivanov, Murdaca, Papa)
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2) RGI cross section agrees with the DGLAP collinear limits  and  at Q1 ≫ Q2 Q1 ≪ Q2 𝒪(α3
s )

following: 3
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0 (!, �) + CT !Agq(!)
1 + !Aqg

(1 + ! � �)2
(scheme III) . (59c)

Scheme I is an overall renormalization of the impact factor. Scheme II just modifies the coe�cient of the

(leading-twist) double poles. Scheme III is motivated by the fact that the Pgq vertex is attached to the impact

factor to the right, thus providing a 1/� pole only to �0(!, 1 � �). Note that schemes I and II preserve the

� $ 1 � � symmetry of the impact factor, while scheme III does not. In particular B = B̃ = Aqg + Agq/2 in

schemes I and II, while B = Aqg, B̃ = Aqg +Agq + !AqgAgq in scheme III (which fulfills exactly eq. (56)).

4.3 NLO TT cross section in the collinear limit

Our next task is to determine the transverse impact factors at NLO. Specifically, we want to determine some

function �(T )
1 (!, �) such that

• the RGI cross section (23a) agrees with the NLL BFKL one (18a);

• the same RGI cross section agrees with the DGLAP cross section in the collinear limits Q1 � Q2 and

Q1 ⌧ Q2 — in this case at order ↵3
s .

The first condition has already been considered, and leads to the constraint provided by eq. (34) at ! = 0.

(a)

Q1 Q2

(b)

Q1 Q2

Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit
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where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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Figure 2: Diagramatics of collinear limit at next-to-leading order in the BFKL factorization formula.

The second condition determines the structure of the collinear poles (� ' 0 and � ' 1 + !) of the impact

factors. We begin by generalizing eq. (46) to O(↵3
s ). This amounts to consider ladder diagrams with five

splittings between the photons. The vertices at the photon legs are necessarily QED couplings as before. The

other three vertices are of QCD type, and leads to the three diagrams of fig. 2. Such diagrams, together with

the running-coupling term of eq. (44), provide the integrand of the RGI factorization formula at O(↵3
s ) in the

collinear limit
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where ˜̃�(TT )
0 is the LO integrand defined in eq. (45).

3
Other schemes can be considered, see sec. 4.3.
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This determines the structure of the impact factors at  the poles at  and at γ ∼ 0 γ ≃ 1 + ω

LO

• Can attribute it to the GGF 

• Can attribute it to the impact factor 

• Running coupling can attribute to either or both 



Small x resummation of the photon-gluon impact factor, QCD Evolution Workshop 2023, Orsay, May 26, 2023 17

Figure 8: Cross sections for Q2 = 17 GeV2, compared with L3 (Q2 = 16 GeV2) and OPAL (Q2 = 17.9 GeV2)

data. This NLO improved curve is the sum of our averaged NLO BFKL resummed scheme and LO quark box

contribution. The PMS optimized curve is from [15].

Figure 9: Cross sections for Q2 = 16 GeV2, compared with L3 (Q2 = 16 GeV2) data.

23

Figure 10: Cross sections for Q2 = 17.9 GeV2, compared with OPAL (Q2 = 17.9 GeV2) data.

Figure 11: Cross sections for Q2 = 17 GeV2. The upper and lower µR band is computed from average values

of the 5 resummed schemes with half or double µ2
R respectively. Similarly, the upper and lower ⇤QCD band is

computed from average values of the 5 resummed schemes with double or half ⇤2
QCD respectively.
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L3: Q2 = 16 GeV2 OPAL: Q2 = 17.9 GeV2

Spread in resummation models 

Overall consistent with the data (LL BFKL overestimates the data, NLL 
underestimates) 

But this calculation is  for  light (massless) flavors… nf = 3

preliminarypreliminary

Results for  cross sectionγ*γ*
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Figure 12: Cross sections for Q2 = 16 GeV2, compared with L3 (Q2 = 16 GeV2) data. This NLO improved

curve is the sum of the NLO BFKL resummed scheme (nf = 4) and LO quark box contribution.

Figure 13: Cross sections for Q2 = 17.9 GeV2, compared with OPAL (Q2 = 17.9 GeV2) data. This NLO

improved curve is the sum of the NLO BFKL resummed schemes (nf = 4) and LO quark box contribution.
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Figure 12: Cross sections for Q2 = 16 GeV2, compared with L3 (Q2 = 16 GeV2) data. This NLO improved

curve is the sum of the NLO BFKL resummed scheme (nf = 4) and LO quark box contribution.

Figure 13: Cross sections for Q2 = 17.9 GeV2, compared with OPAL (Q2 = 17.9 GeV2) data. This NLO

improved curve is the sum of the NLO BFKL resummed schemes (nf = 4) and LO quark box contribution.
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…for  massless, cross section effectively multiplied by 2.78.nf = 4

Calculation overshoots the data 
However, charm is treated as massless, so not realistic 
Mass effects are large in NLO massive impact factor 
Need resummation with masses 
NLO corrections to quark box+resummation of double logs, change little bit 
the result 

preliminarypreliminary
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•Resummation needed to for both gluon Green’s function and impact factors 

•Impact factors get shift of collinear poles, similar to GGF 

•Collinear limit imposed to constraint the RGI impact factors 

•Resummed result thus matches to BFKL and DGLAP  

•Resummation  gives result consistent with LEP data, lower than LL and 
higher than NLL 

•NLO and double log resummation in the quark box will slightly modify the 
result, though not large energy behavior 

•Mass effects (charm) need to be treated separately in resummation 


