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 no introduction needed

answers to many ‘big questions’ — origin of proton’s mass 
and spin —are intimately connected to its GPDs 

need complimentary theoretical knowledge 
on  dependence from (lattice) QCD(x, ξ, t)

very difficult to access full  of GPDs from ongoing 
and upcoming experiments

(x, ξ, t)

this talk: new developments (past ~6 months)
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new developments 

a novel Lorentz invariant formalism for lattice QCD calculations of GPD

fast: ~10 times faster access to t-dependence of GPD

accurate: reduces frame-dependent power corrections

Shohini Bhattacharya (BNL) et al., Phys. Rev. D 106, 1, 114512 (2022)

https://arxiv.org/pdf/2209.05373.pdf
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๏ need a separate calculation for each Δ2 = − t
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life we wanted

asymmetric 
momenta transfer

๏multiple  within a single calculation t

๏ each calculation is faster than symmetric frame2 ×

~ 10 time faster access to t dependence of GPD
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our naive life
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frame-dependent 
power corrections

Pz = 1.25 GeV

t = − 0.67 GeV2

ξ = 0



7

putting on our thinking caps

h†

γ0

ū
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Lorentz invariant formalism 
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pi, Si pf, Sf
Lorentz covariant 
parameterization:

8 Lorentz invariant amplitudes:  Ai (z ⋅ P, z ⋅ Δ, Δ2, z2)

P = (pi + pf)/2

Δ = pf − pi

Fμ(z, P, Δ)

extract  in any frame by combining  with varying , Ai Fμ Si, Sf μ
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from  to GPD: Lorentz invariant mappingAi F+ = ū [γ+ℋLI +
iσ+μΔμ

2m
ℰLI] u

ℋs/a
0 = ∑ hs/a

i Ai ℰs/a
0 = ∑ es/a

i Aiframe-dependent mapping:

frame-dependent kinematic factors

= A1 + ( Δ ⋅ z
P ⋅ z ) A3ℋLI

= − A1 − ( Δ ⋅ z
Δ ⋅ z ) A3 + 2A5 + 2 (P ⋅ z) A6 + 2 (Δ ⋅ z) A8ℰLI
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from  to GPD: Lorentz invariant mappingAi F+ = ū [γ+ℋLI +
iσ+μΔμ

2m
ℰLI] u

= A1 + ( Δ ⋅ z
P ⋅ z ) A3ℋLI

= − A1 − ( Δ ⋅ z
Δ ⋅ z ) A3 + 2A5 + 2 (P ⋅ z) A6 + 2 (Δ ⋅ z) A8ℰLI

z2 → 0, Pz → ∞ :

frame-dependent power corrections

ℋs/a
0 → ℋLI ℰs/a

0 → ℰLI
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filled symbols: 
symmetric frame

unfilled symbols: 
asymmetric frame

 are frame independentAi

Pz = 1.25 GeV

t = − 0.67 GeV2

ξ = 0
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moments of proton GPD: t dependence 

Xiang Gao (ANL) et al, 2305.11117

short-distance expansions of  and  in ℋ ℰ z2

MH(z, P, Δ) =
ℋ(z, P, Δ)

ℋ(z, P = 0,Δ = 0)
= ∑

n=0

(−izPz)n

n!
CMS

n (μ2z2)
CMS

0 (μ2z2)
An+1,0(t) +𝒪(Λ2

QCDz2)

∫
1

−1
xnEq(x, ξ = 0,t)dx = Bq

n+1,0(t)∫
1

−1
xnHq(x, ξ = 0,t)dx = Aq

n+1,0(t)

 up to NNLO+RGECMS
n (μ2z2)

μ = 2 GeV

https://arxiv.org/pdf/2305.11117.pdf
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large power corrections for traditional definitions

zPz

u − d

Mℰ0
(z2, zPz, t)

Pz = 0.83, 1.25, 1.67 GeV
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negligible power corrections, stable moments
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filled symbols: real part 

unfilled symbols: imaginary part 

unleashing its full power

z/a

MHu−d
LI

z/a

MHu+d
LI

disconnected diagrams neglected

t =

Pz = 1.25 GeV
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good agreement with traditional lattice QCD calculations 
of GPD moments using local operators, when available

black squares: OPE of nonlocal quark bilinear purple circles: local operator
μ = 2 GeV



17

0 1 2 3
−t [GeV2]

Au−d
20

−t [GeV2]

0 1 2 3

Bu−d
20

black squares: OPE of nonlocal quark bilinear purple circles: local operator
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black squares: OPE of nonlocal quark bilinear
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we got more …
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quark total angular momentum 
contribution to proton spin

Ju−d = 0.281(21)(11)

Ju+d = 0.296(22)(33)

Jq =
1
2 [Aq

20(0) + Bq
20(0)]

−t [GeV2]

Au+d
20

Bu+d
20

−t [GeV2]

Ji sum rule: 
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… and the 4th
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Joshua Miller (Temple U) et al, 2304.14970 

past those moments …

x dependence via quasi-PDF

H(x) E(x)

https://arxiv.org/pdf/2304.14970.pdf
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Eu−d(x)

x

Hu−d(x)

x μ = 2 GeV
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summary

a new Lorentz invariant formalism for lattice QCD calculations of GPD

t dependence of GPD: faster and more accurate

t dependence of proton’s quark GPD    H(x, ξ = 0,t) E(x, ξ = 0,t)

Eu−d(x)

x

Ju+d ≃ 0.3


