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Long-term project: TMD factorization valid at small and moderate x

do s [ »
m = Z ef/d kLDf/A(xAvkL)Df/B(xBaqL —k1)C(g, k1)

flavors

+ power corrections + “Y — terms”

The quantities D4 (xa, k1), Dy/p(xs,q1 — k1), and C(q, k1) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
.

At moderate x4, xz: CSS approach. The TMDs Dy /4 (x4, k) ) are defined with a
combination of UV and rapidity cutoffs.

At x4, xp < 1: kp-factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS approach to small x (< nobody tried)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, I.B, 2015-2023)

Example: power corrections ~ é for small-x DY hadronic tensor = EM gauge
invariance of DY tensor.

Ian Balitsky Rapidity-only TMD factorization at one loop CQCD Evolution 23 May 2023 2/32



TMD factorization from rapidity factorization

Sudakov variables:

—to
Il
!
(SN
|
]

p = api+pp2+pi, P12~ pa, P2 =pp, P

pA

“Projectile” fields : |8] < o,

“Central” fields

pPB

“Target” fields : || < oy

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of é = power corrections
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Result for W, for unpolarized hadrons up to Qi

Power corrections are ~ leading twist x ("é or ”QL2> x (1+ 5 + %)

(Pleasant) surprise: all but one terms not suppressed by - are determined by
the leading-twist TMDs due to QCD equations of motion

Result:

Wh(a) = Wib(g) + W, (q),

1

W;li,f:( ) = Zej%Wp,V(q)a W{LFI;( ) = ﬁ/dszFf(qakl)WSI/(q7kL)a
I c
1

Wi (q) = ZefWii’i Wile) = / dk H (g k)W (q.k1)

where F/ and H' are (o, = x4, B, = xp)

Fl(g.ky) = flag k) (Bg (g = 0)1) + A < ff
H(q.k1) = higlag, k)i (B, (q = K) 1) + hij > iy

Ian Balitsky Rapidity-only TMD factorization at one loop CQCD Evolution 23 May 2023 4/32



Gauge-invariant structures  ¢"W/, = ¢"W/!, =0

uv
Wﬁy (C[ kL)

_ L L I dudv o
= —¢h + —(dlgt +qlgt) + 1 /[c/,+ g7 —4(k, g —k).]
1 QH p vy Q4 p QH

N {@( L b

of o

Svi

)( 72/») + v q = agp1 — Byp2

ZWH (qa kl)
[

- |
quqv — q4uqv
—kit(q — k)i — ki (q — k)it — g (kg — k) + 2720 o PRI (g — k)L

l ~
(g‘ a0 + k(g = 03] + 25 [ (q = k) — kg — 0] + o)
_ qHng qyﬂ]l‘/ [(] (k q— k)L] (k g— k) B qu«%/ +CINCIH
l H

(2k—q,q)L(k,q — k).

Hopefully agrees with Vladimirov’s talk yesterday
Ian Balitsky
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Angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80 — 100 GeV and O,
varies from 0 to 120 GeV.

Our analysisisvalidat 9, =10 —-30GeVand Y ~ 0 (x4 ~ xg ~ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (c4 = cos ¢,

s = sin ¢ etc.)

do 3 do Ao
_99 2 Y )+ —32)+A
d0%dydSy 16 dgidy |\ T G0 7 (1= 3¢) + Avsaneo +

+ Aszsgcy + Agco + A5S§S2¢ + Ags295¢ + A7S9S¢}

A

2
SoC
202¢>

Easy-to-do approximations
m Large N,
= Only TMD £; in the factorization approximation: fi (x,k3) ~ f(x)g(k3)
m Log accuracy: fi(x, k) ~ fk%) and 0> > kX > ¢}

With this approximations, only Ay and A, can be calculated
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Comparison of A, with LHC results

Logarithmic estimate of A

Inm?/Q%
) 142l
QL In Q7 /m
Ay = 2 2 (%)
m% 14+ Qillnmg/Ql
m? In Q% /m?
020}
015}
010}
005 -
_—
L
\ \ \ \ \ \
10 15 20 25 30 35 0

Figure: Comparison of prediction (x) with lines depicting angular coefficient Ay
in bins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A, with LHC results

Logarithmic estimate of A,

o 1
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Figure: Comparison of prediction (xx) with lines depicting angular coefficient
Ay inbins of 0, and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Coefficient function for TMD factorization at one loop

Particle production by gluon-gluon fusion (point gg® vertex is a 7 < 1
approximation for Higgs production.)

s2Q% > Q% zm?
FE@=M Q=dt

Goal: one-loop TMD factorizaton formula for hadronic tensor.
Result of calculation of one-loop coefficient function:

W(pa;ps;q) = /d'n e TOLD \(xp,b1504)Dyyp(xp. bisop)

asN, [ 5 b 50,0, ag By ,”2} }
Al [y 2 D180p0t 501, Q9 oy (1022 -
xexp{ 2w " 4 (na’+q)(nap+'y)+2

+ NLO terms ~ 0((13) + power corrections
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Reminder: rapidity factorization of functional integral

"Projectile” fields: | 3| < o, Matching: In o,

in the projectile

TMDs and In o,

in the target

TMDs should

"Target” fields: || < oy, cancel with Ing,
and Ino, in
the coefficient

a functions.

"Central” fields

Al c ANB, k| ~my:
Glauber gluons
c R i ANB k, <m,:
’ soft gluons

B T AN B gluons =
AMB s g
o] <oy B soft/Glauber (sG)
gluons

A sG gluons cancel

— out
ap

Formal rescaling: s = (so, ¢ — oo, Q2 -fixed Qg = x4, Bp =13

- o - 1 -1 OpOis ~1/2
Rapidity cutoffs : a, > o, > ,37 ~¢Y By>o, >> —=n~(, o ~ ¢
1
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Coefficient function in the functional-integral language

After integration over central fields
1 a Ay
TV = D), I FL P (x2) 24, (41 . i)
= /9‘% W (1)U, ()W (1) Wy (1) [(95”()6{-,%%xf7xu)o""‘”’(x;ﬂxh;ﬁ,xu)

_ _ agN, _
+ /dz1 dzy , dz, dszdwwalde;dsz o Ci(x1, x5 2 ,z;L,w;r,w,-L;op,U,)

x Og”(zzﬂzzhzl_,zu)O"j""‘(z;r,zzL;zT,zu) + ]
where & = A + B+ sG

and  O(F x5, y1) = &FF (7, x0)x,x — 00| [—oo + 3, y]FH (3, 1)

Calculation of coefficient function ¢; in the background field A = A +B+C

_ _ asN, -
/dz2 dz, dzy dzy dwfdwy, dw)dw, | zxﬁpeh (1, %2527 520, Wi, Wi, 5 0p, O)
x AT ATz )BT (2 2, ) B ()
NL2 -1 4/7a Fapy b bAp
=6 ¢ (FL Y (0) F3,F7 (x1)) 4

- <(5ijyap(x277x2L;XT7X1L)017;U’(X2+7XZL;XT7XIL)>A
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Diagrams for (F¢, F** (x;)F} F"*(x1)) 4 in background fields

“Virtual” diagrams

X2

(a) (b) (© (d)

“Real” diagrams
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

_i8 . . . . . s
The rapidity-only e "°» regularization is depicted by point splitting:
F** shown by dots stand at x{ = x;, +x; andxh =x,, + x5
Wilson lines start from x| = x, + 6+ and x, = x; + ¢+ where 6+ = g;

(@) (b) (© (d)

“Target” TMD matrix elements. The rapidity-only ¢ ~'= regularization is depicted by point
splitting.
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (¢ = 4 — 2, @"p = %)
- 1 1 s(8 — Bp) -
—ip* [ dadpd, 1 —¢/P)e
H / @ ﬁpJ‘B—ieaﬂsfpiJriea(ﬁfﬁB)sfpi+ie( ¢ )
- Mﬂe/@(l_ei@,xn) #dBps—p _ 1 T(e) ["dBpz—5
P o B B—ic 872 (K2 p2)E Sy B B —ic

S-regularization with A= (z+) — A= (z+)et*

Bodp Bg — B 1 1 )X B
el BN — — P ) (I 2 -1
/() Bp B —id 8773( € o 4 +E ( ! —i0 )

I T(e)

872 (% p2)e

Rapidity-only cutoff

[ e ' s(8 — Bs) i(p¥
—il dadBd . 1 — P
/ 6pL/)’*leaﬂs—pi—Q—iea(/)’—ﬂg)s—pi—i—ie( )
"dp. (o > Bps o 1 XA
= [ == (1 =P / do————¢'c = In? ( — ifpos—e*
/ P ( ) 0 afps +p* 1672 (=B 4 )
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(Intermediate) Result

W(xi,x2) — WM(x,x)

= / daldk o, dBydky, dagdK . dByd Ky, e~ 5es —iouex o=ibion —ithox!
w e~ ilkatkyx) L —i(kitkyx2) 1 4 '(-/’(”L’[_ l‘{l, )B*i,u ([3;” k;u )A / -/’(”“_ k, )B*j,u(ﬁh k)
X gz[l - Itgnl;ém](am a;a ﬁlﬂ /B;IakaL,k;L7kbiak;;erlvxZ)

with

[I - I?r::éal](a£17 Qg ﬂl/n ﬂlﬁk/aLvk/akabL7k2Lax27x1)

—ial )k —iB)k2 X3, 50,0
- b o g
—loy )K'y | —1Pb)Kp |
—ia Ve . (—iB)eY —iae'  (—iB)eY
e e (ia)e | (Cig)e |
oy Op Oy Tp

5

where (—ia,) = —i(a, + i€) etc. Power corrections ~ (' and ~ ¢~'/? are neglected.
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(Intermediate) Result

W(xi,x2) — WM(x,x)
= / daldk ,, dBydky, do,dk , dByd Ky, e @ies ~icaet g=ified ~ifex
x e ikatkom) L —ilk, ki x2) L 4 ',f/’(nf,-kf,f\)Bfi’“(ﬂflnk;u A _‘f'/y(ﬂ”_k” )B(By, ky, )
x g}l — il (Qas &, By By kay s kiy ki, Ky X1, X2)
with
(I — Tond” (s as Bys Bos Ko oK a s ki s Ky 5 %2, x1)

. 2 . 2 2
(_la;)k/h (_lﬁ}/;)k/m 12 X2, S0p0t

= — n
(—ica)ks  (—iBp)ky, 4
—ioa VeV (—iB)eY —iaVeY  (—iB)eY
e (it (e (if)e
o, Op Oy Tp

where (—ia,) = —i(a, + i) etc. Power corrections ~ ¢! and ~ ¢ !/? are neglected.

This formula is not yet the final result for the coefficient function. The coefficient function
was defined as a result of integration over C-fields with a > o, and 5 > ¢,,. Since we did
not impose these restrictions while calculating the loop integrals, we need to subtract sG
contributions (with o < o4, 8 < 0,,) to these integrals.
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Result for the coefficient function

Result of sG subtraction:

o k/?. _ il k/2 . . X
term —1In ( l,a“) 5+ In ¢ 1,5”) +L disappears = no dynamics in the transverse plane
(—ioy)k i (71[%)1{,,L

Wy, x) — W™ (x,x) — W(x,x)
- /a‘a’dﬁéa‘aadﬁbe*iafz@x{*i%mf o iBrexs —iBrox|
a
b —i b i
X U‘i (()(/z"\'zx )V ’7“(5;)7X2L)Lr‘/ /(”u--x‘l )V ]’u(ﬁbale)
X &€ (0, v, B, Bi X1, %2)
where

C1 (), gy By B X, x1) = 1 — L7 — I

—ia e —iB"\eY i 2 _ Y
_ o lewer ) (FiBer | (Fider | (ZiB)e” | o

2
X1, SO0 -
4 oy op oy op

= In®

The coefficient function in the coordinate space is made of (+) - prescriptions since

_ /o 3.1
/daei‘”[ln(—ig—i-e) = M-i—5(z)/ di,
g Z 0

Z
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Result for the coefficient function

Our formula

1 v
R(NZ — 1)(ph, pp|&°Fi, F (x2)g°F3 ,F"* (x1) |pa, )

= /@be/ \Ij;f« (1), (li)\ll;é(t,-)\I/pB (#) [O;” (x;,xh;zf,xu)oij:m (x;,xZL ;XT7X1L)

a N, - 4
o @1()61,)@;21- s W ;0’,,,0’,)

X O;II(Z;JCZL;Zlivxll)olj;m(z;»erL;ZT7X|L) + 0(053)}

+ /dzfdz;dwrrdw;r

is not yes TMD formula since &/ = A + B + sG and soft/Glauber gluons connect
“projectile” and “target” gluons.

It is well known that Glauber gluons cancel and soft gluons form soft factors.
With rapidity-only cutoffs, soft factors are power corrections = TMD formula
1
16 V& = (P, pil&*F, F (x2)8 F5, F7 (x1) |pa, pi)
= (PAlOF (5 2 sy 21, ) pa) (P OF 7 (o 32 sxf 3, ) |pa)

+ / dzy dz, dwfra’wz+

agN, .
o Ci(x1,x2;2; , W/ 5 0p,01)
+

< (PAOF (&3 32,520 51 ) Ipa) (Pl OF (& 32,52 1, ) )
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Matching of coefficient function and TMDs

TMD evolution equations

d ..
1],0 !
ap—g O (a, 0gy X2, 1 X1, )

OCSNC SX%ZL .7 . Aij;o, /
5 [2 In YRRl In(—ia,op, + €) + In(—icyop, +€) + Z'y} O (o, 0y X2, %1 ,)

d sy
Utaolj’a’(ﬁb7 Bpr X2, ,X1,)

2
IZL + In(—iB,0; + €) + In(—iBpo; + €) + 27] O (B By, X2, ,x1,)

= 21n
27r [
Matching of o, and o, evolutions =
d asN, sx3
Utdio_te(xh_:xh_;a;aauzﬁllwﬁbgapaat) = 271' |:21I1 ifL
+ 1n(716é0—t + E) + 11’1(71'/8]70'[ + E) + 2’?] Q:(-xlv-XZ; O(;, Qg, ﬁ;v /817’ Op, Ut)
d N, sX1,
a,,d—UPQ(xu,xgl;ag, Qas By By 0py 01) = 2S7TC [2 In %

+ In(—iaj0, + €) + In(—ic,0, + €) + Z’y] C(x1 |, %0, 500, Qs By Bp; 0p, 0v)
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Matching of coefficient function and TMDs
The solution of this equations compatible with our first-order result is

asNe

Q:(XILJCZL;a;aaaaﬂévﬁb;a—paaf) = € 2

C(xn S0, B, B30, 07)

= hadronic tensor is

, , ’ ’ asNe @ (x1n yal 0y BE,Bri0ps0,
Wl tar By Borrt 132, ) = /daamdﬂbdﬂbez« )

X @2‘@;;)(0‘:170‘!17')6%_7x1;)‘pA><pll.’3‘@lj;m(ﬁiln6b7x2;7'x1J_)|pB> +
Reminder

Q:I (O[:” Oy, 51/75 ﬁb;){f],xz; o—p7 UI)

2 . . . .
_ ln2 leLso—pO—’ — In (_lo/'zll)e’y In (_1/8]’7)3’}’ —In (_l&ﬂ)e’y In (—lﬁ[,)e"/ + ﬂ_Z

4 oy op oy op
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Forward case (= particle production by gluon fusion)

W(pAva;q) = /dbl ei(qyb)LW(pA7pB;aqv/Bq7bl)7

2
™ - o
W(pa:psi g, By b1) = 50 G (g b pa) 67 (Bys bus ps)

agN, [, 5 b 50,0 o, B m?
—— | > =22 —2(In 2 In = —}}
Xexp{ 27r[n 4 (nat+'y)(n0p+'y)+2
+ NLO terms ~ O(af) + power corrections (%)
where g,.}”’, ;' are gluon TMDs:
. 1
(PalOF (27,07, b1 )Ipa) = *gzgz/ duuGy" (u,by)cosuoz™,
0
1
(pslOF (27,07 ,b1)Ipp) = —8292/ duuGy'(u,b1) cosuez™,
0
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Matching of coefficient function and TMDs

The r.h.s. of the evolution formula () does not depend on cutoffs o, and o, as long as
_2 -2
0p 2 Gy = % ando; > 6, = % Thus, the result of double-log Sudakov evolution

reads

2
™ Gp ij;&
W(pa,ps; ag, By, b1) = Engijl(ame_;pA)g'h "(Bg»b1;pB)

27,2
OCSNC [(ln Q bl

2
: + 27)2 — 24— %] } + O(a}) terms + power corrections
T

X exp{ —
This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution should stop at Szogs ~ bf. After that:
m If g = x ~ 1 - DGLAP-type evolution from oy = % to of, = @ :
summation of (a;In '%2)"
-2 -2
m If Bp = xp < 1 - BFKL-type evolution from oy = % to o = % : summation of
(as lan)n
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Conclusions

Conclusion: rapidity-only TMD factorization works!

m Power corrections ~ é for DY hadronic tensor = EM gauge

invariance of DY tensor.

m Back-of-the-envelope estimates of angular distributions for DY
Z-boson production are in good agreement with LHC data.

m Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xp

Outlook
m (writing paper on) Power corrections ~ é for SIDIS.

m Matching to DGLAP and BFKL/BK evolutions
m Conformal invariance of rapidity-only factorization

Thank you for attention!

22/32
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Backup slide: soft factor with rapidity-only cutoffs

Leading-order diagrams

2 2
Result of calculation: ﬁLiz(f%) ~ 0(%) ~ 0(”5—‘21’3) ~ 0(¢717?)

Soft factor with rapidity-only regularization does not have perturbative
contributions which can mix with the TMD evolution
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In the tree approximation: classical YM field with sources

Tree approximation:
Projectile fields: 5 =0= A(x",x1), ¥a(x",x1)
Target fields: o« = 0 = B(x™,x,), ¥p(x~,x1)

Yo

Ye = sum of tree diagrams in external A, A, 14, ¢4 and B, B, 1, ¥ fields
with sources

Jy = (P+m)(Ya+p), J,=D'F'(A+B)

and

]LA =(P+ II?)(’I,ST}A + 1;3), J, = [)“F“’”(;\ + B)
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>-x = Feynman diagrams with retarded propagators

The fields A, 1 and A, ¢ do not depend on x+ =
if they coincide at x* = oo = they coincide everywhere.

Similarly, o
B, 1, and B, ¢, do not depend on x~ =
if they coincide at x~ = oo they should be equal.

Since A = A and B = B the sources and background fields are the same to the

left and to the right of the cut

=

¥c and C,, are given by the sum of tree diagrams with retarded Green functions
(F. Gelis, R. Venugopalan)
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Classical solution

The sum of diagrams with retarded Green functions < solution of classical YM

equations
(P+m) =0, D'Fl, = gty
f

- +

Au(x) Xfﬁzioo Au(x7ixn),  P(x) xié"’o
Alt(x)x = BM(X+7)CJ_), ¢(x)x 2o ?ﬁb(ﬁ,n)

The projectile and target fields satisfy YM equations

Boundary conditions :

(Per./‘)li’Z =0, D'F% = g@,’t“‘/w’f

j% a

(P+mp)), = 0, D'FS, = gl"v.,

Projectile partons: k = ap; + k, target partons: k = 8p; + k, = partons are not
on the mass shell
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Classical solution

The sum of diagrams with retarded Green functions < solution of classical YM

equations
(P+mp) =0, DFL, = > gl ty0f
f

+_ _ +
A/t(x) e Au(xox),  P(x) = Ya(x™,x1)

Au() " EZ Bt x), v E Tt xy)
The projectile and target fields satisfy YM equations

Boundary conditions :

(P+m)y = 0, D'Fy,, = gLty
A

(P+mpj, = 0, D'Fj,
Projectile partons: k = ap; + k, target partons: k = 8p; + k, = partons are not
on the mass shell

Method of solution:

m Start with ¢4 + ¢p and A, + B, in the gauge A" = 0,A~ =0
m Correct by computing Feynman diagrams (with retarded propagators) with
sources (P + m)(va + vp) and J, = DFFF (U + V)
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Classical fields in the leading order in pi/pﬁ S a%

The solution of YM equations in general case (scattering of two “color glass
condensates”) is yet unsolved problem.

Fortunately, for our case of particle production with % < 1 we can use this small

parameter and construct the approximate solution.

At the tree level transverse momenta are ~ ¢* and longitudinal are ~ Q* =

,A = series in % oY= 1,/)(0) + 1;‘)(1) +oy A=A0 L A0 4

NB: After the expansion

1 | R S

: = ; = -5 - 4 ; +
PP iy pt—pitiepo  pt o pl+iepo pt+iepo

the dynamics in transverse space is trivial.

Fields are either at the point x, or at the point 0; = TMDs

Ian Balitsky Rapidi y TMD factorization at one loop CQCD Evolution 23 May 2023
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Leading-N,. power corrections

Power corrections are ~ leading twist x (‘fé or ”QL2> x (1+ 5 + #)

(Pleasant) surprise: most of the terms not suppressed by - are determined by
the leading-twist TMDs due to QCD equations of motion

Leading twist:

1 — —iox™ +i(k,x T n
s [ 4 xR I 6 1) ey O18) = ik

Power correction:

1

dxdx| e —iogx™ +i(k,x) |
8m3s /

X (AR (¢ x0) PalUixx0) — s Us(x,x1) ] (0)|A)

= —kifi(og, ki) + ogki [fJ_(aq,kJ_) + gL(aq,kL)],

(Mulders & Tangerman, 1996)
At small o, = x4 one can drop the second term
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Evolution of gluon TMDs

Gluon TMD operator
Og(x ,xj_;er,}U_) = ngii(eraxl)[xax:t oon][:toon+yay]F7](y+,yJ_)

Rapidity-regularized operator

O (xt xy",y1) = F7N L, 2N F Ny,
ba 5 =

+) = g(Fii)b<x+7xJ-’_6_)[x+7_oo}x ’

ISy
S

FE(xy,x

1

y9;0<yJ_7y+) = [_Oo7y+];bg(F7i>b(x+7xJ-v_61_)

Approximation: Bgos > (x —y)1*
Leading-order evolution equation is the same as in quark case with ¢; — N,

replacement (G.A. Chirilliand I.B., 2019)
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Quark loop contribution to gluon TMD evolution
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Quark loop contribution to gluon TMD evolution

Result of calculations: BLM scale is the same as in the quark case with ¢y — N,
replacement = rapidity evolution is the same

T (Bpyx ) T (Bp,y1) = F{EO(By,x1) T (B, y1)

Ne as(#/g) 1 SO 1 _ 1
o [1n asly) (QJ@I')“’“[ imitd) + oy &x(#/qo):l
N, as(pg) 1 - 1 1
6‘ﬁ [hl a-:(mg()) (a:(ﬁll) +ln[_lTB+€])+m_m]

Double-log Sudakov evolution should stop at Szogs ~ b7 >. After that:

-2
m If 8 = xp ~ 1 - DGLAP-type evolution from oy = % to ofin = m :

N

. b2
summation of (aIn =%-)"
my
—2

—2

m If 8 = xp < 1 - BFKL-type evolution from oy = % {0 ofin = l% :
summation of (a Inxz)"

Matching: use general equation for TMD evolution at all xz from papers with A.

Tarasov.
Drawback: very complicated. MB conformal invariance will help?
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