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QCD “phase diagram” for nuclei from dilute to dense region
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Dilute region: 

Probing length 

x ∼ 𝒪(1)
λ ∼ 1/xp ≪ L ∼ A1/3

Relatively dense region: 

Probing length 

x ≲ 𝒪(1)
λ ∼ 1/xp ≲ L ∼ A1/3

Dense region: 

Probing length 

x ≪ 𝒪(1)
λ ∼ 1/xp ≫ L ∼ A1/3
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QCD theoretical frameworks from dilute to dense region

no
n-

pe
rtu

rb
at

iv
e 

re
gi

on
Y = ln 1

x

ln Q2

dense region

relatively dense region

dilute region

Leading twist collinear factorization

PDF, DGLAP evolution

Collins, Soper, 1981

High-twist formalism

Multi-parton correlation, DGLAP-type evolution

Qiu, Stermann, 1991

Kang, Wang, Wang, Xing, 2014

Color Glass Condensate (CGC)

Wilson lines, nonlinear BK/JIMWLK evolution

See review: Gelis, Iancu, Venugopalan, 2003
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Scan the phase diagram in proton-nucleus collisions

• Multiple scattering in dilute and dense medium

x ⌧ 1x ⇠ 1
Increasing	energy

§ A dense system
§ Probes	interact	

coherently

Going	forward

x ⇠ p?p
s
e�y

§ A dilute system
§ Probes	interact	

independently

Probing length: λ ∼
1
xp

BackwardA PForward
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• Experimental phenomena in dilute and dense medium

14
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FIG. 12. RpA of charged hadrons as a function of pT at backward rapidity, �2.2 < ⌘ < �1.2, Au-going (filled [black]
circles) and forward rapdity, 1.4 < ⌘ < 2.4, p-going (open [red] circles) in various centrality classes of p+Au collisions atp
sNN = 200 GeV.
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FIG. 13. RpA of charged hadrons in 2.5 < pT < 5 GeV/c as a function of ⌘ in various centrality classes of p+Au collisions atp
sNN = 200 GeV. Also shown are comparisons to a pQCD calculation [14].

RpA =
σpA

σpp

Nuclear modification factor

x ⇠ p?p
s
e�y

dilute region: enhancement

dense region: suppression

Scan the phase diagram in proton-nucleus collisions

PHENIX (2020)
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Evidence of CGC?
Qiu, Vitev, PRL, 2004

Kang, Vitev, HX, PRD, 2012

• High-twist calculation also explain the data

• Which framework is correct?
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Theoretical framework for multiple scattering expansion
• Generalized factorization theorem

perturbative	expansion

Multiple	 scattering
expansion

�h
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h
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+ . . .

The global PDF analysis

23

Hadronic scale:
Global PDF fit results

LHC scale

Perturbative 
Evolution

 Combine state-of-the-art theory calculations, the constraints from PDF-sensitive measurements from 
different processes and colliders, and a statistically robust fitting methodology

 Extract Parton Distributions at hadronic scales of a few GeV, where non-perturbative QCD sets in

Use perturbative evolution to compute PDFs at high scales as input to LHC predictions

High scales:
input to 

LHC

Juan Rojo                                                                                                                 MPP, Munich, 26/07/2017

1

Q2
! A1/3

Q2

• Nuclear enhanced power correction

Parton	density	increases

twist-4 expansion

CGC: sum of all multiple scatterings
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• QCD factorization at twist-4 EPJ Web of Conferences

l'l

p

h
l

l'

*γ

X
1

2h

h

XX

*γ

Figure 2. Schematic representation of partonic subprocesses in QCD “embedded” within the experimentally
measured semi-inclusive deep inelastic lepton (l) scattering l + p �! l0 + h + X, where p is the incoming proton
and h represents the detected hadron in the final state (left panel). The right panel shows the analogous situation
for the Drell-Yan process h1+h2 �! �⇤+X �! l+ l0+X, where h1(2) represent incoming hadrons. The thick lines
in both panels denote “eikonalized”, i.e., Wilson-line extended quarks to account for initial (DY) or final (SIDIS)
state interactions. Examples of single gluon exchanges emanating from these lines are also shown. Additional
hard-gluon exchanges have been omitted. In both panels the symbol X represents an inclusive sum over all final
states.

the same as in DIS — left panel of the same figure. Moreover, the momentum-scale dependence of
these PDFs is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [12–14] evolu-
tion equation, so that once determined at an initial scale, they can be evolved in perturbative QCD
to any desired reference momentum to confront theoretical predictions with the experimental data
using the appropriate anomalous dimensions (i.e., splitting functions). A large set of PDFs has been
extracted from global analysis of the existing data, from the low-momentum to the Large Hadron
Collider (LHC) regime, but this procedure depends on the accuracy of the process-dependent pertur-
batively calculated short-distance part Hµ⌫a , see [5] for a recent review.

Thus, the factorization formalism [15] of the µ dependence contains a strong predictive power for
scattering o↵ a nucleon (hadron). However, its validity on the partonic level, beyond the collinear
approximation, faces challenges which are related to the appearance of so-called rapidity divergences
ensuing from Wilson lines and their renormalization (see Sec. 3). Theoretically, these e↵ects originate
from the Wilson-line-extended structure of the operator definition of quark (gluon) correlators, as it
becomes obvious from the following TMD field correlator [16–18]

�
q[C]
i j (x, kT ; n) =

Z
d(y · P)d2yT

(2⇡)3 eik·y Dp| ̄ j(y)W(0, y|C) i(0)|p
E
y·n=0

. (8)

One notices the path dependence of this expression encoded in the contour C in the exponential line
integral. It can be resolved by adopting that particular contour which ensures the continuous color
flow in the considered partonic process. As a result, the DY process, shown in the right panel of Fig.
2, contains a sign reversal relative to the SIDIS situation (left panel in Fig. 2), which originates from
the change of a future-pointing Wilson line to one with the opposite orientation as a consequence of
CP invariance and CPT conservation in QCD. This entails the breakdown of universality, because the
factored out nonperturbative part of the SIDIS setup cannot be used without readjustment (sign flip) in
the DY process:

h
f?1Tq

i
DY
= �
h
f?1Tq

i
SIDIS

[19]. This intriguing behavior constitutes in fact the litmus
test of the TMD approach to single spin asymmetries [20] which require that the rescattering of the
struck quark in the field of the remnant hadron generates an interaction phase. This phase would be
forced to vanish by the time-reversal invariance in the absence of the directional dependence of the
Wilson line. Additional phases appear for time-reversal-odd TMD PDFs even at the leading-twist
level when includes into the Wilson lines the Pauli tensor term to account for a correct treatment of
the spin degrees of freedom [21, 22].

EPJ Web of Conferences
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Figure 2. Schematic representation of partonic subprocesses in QCD “embedded” within the experimentally
measured semi-inclusive deep inelastic lepton (l) scattering l + p �! l0 + h + X, where p is the incoming proton
and h represents the detected hadron in the final state (left panel). The right panel shows the analogous situation
for the Drell-Yan process h1+h2 �! �⇤+X �! l+ l0+X, where h1(2) represent incoming hadrons. The thick lines
in both panels denote “eikonalized”, i.e., Wilson-line extended quarks to account for initial (DY) or final (SIDIS)
state interactions. Examples of single gluon exchanges emanating from these lines are also shown. Additional
hard-gluon exchanges have been omitted. In both panels the symbol X represents an inclusive sum over all final
states.

the same as in DIS — left panel of the same figure. Moreover, the momentum-scale dependence of
these PDFs is governed by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [12–14] evolu-
tion equation, so that once determined at an initial scale, they can be evolved in perturbative QCD
to any desired reference momentum to confront theoretical predictions with the experimental data
using the appropriate anomalous dimensions (i.e., splitting functions). A large set of PDFs has been
extracted from global analysis of the existing data, from the low-momentum to the Large Hadron
Collider (LHC) regime, but this procedure depends on the accuracy of the process-dependent pertur-
batively calculated short-distance part Hµ⌫a , see [5] for a recent review.

Thus, the factorization formalism [15] of the µ dependence contains a strong predictive power for
scattering o↵ a nucleon (hadron). However, its validity on the partonic level, beyond the collinear
approximation, faces challenges which are related to the appearance of so-called rapidity divergences
ensuing from Wilson lines and their renormalization (see Sec. 3). Theoretically, these e↵ects originate
from the Wilson-line-extended structure of the operator definition of quark (gluon) correlators, as it
becomes obvious from the following TMD field correlator [16–18]

�
q[C]
i j (x, kT ; n) =

Z
d(y · P)d2yT

(2⇡)3 eik·y Dp| ̄ j(y)W(0, y|C) i(0)|p
E
y·n=0

. (8)

One notices the path dependence of this expression encoded in the contour C in the exponential line
integral. It can be resolved by adopting that particular contour which ensures the continuous color
flow in the considered partonic process. As a result, the DY process, shown in the right panel of Fig.
2, contains a sign reversal relative to the SIDIS situation (left panel in Fig. 2), which originates from
the change of a future-pointing Wilson line to one with the opposite orientation as a consequence of
CP invariance and CPT conservation in QCD. This entails the breakdown of universality, because the
factored out nonperturbative part of the SIDIS setup cannot be used without readjustment (sign flip) in
the DY process:

h
f?1Tq

i
DY
= �
h
f?1Tq

i
SIDIS

[19]. This intriguing behavior constitutes in fact the litmus
test of the TMD approach to single spin asymmetries [20] which require that the rescattering of the
struck quark in the field of the remnant hadron generates an interaction phase. This phase would be
forced to vanish by the time-reversal invariance in the absence of the directional dependence of the
Wilson line. Additional phases appear for time-reversal-odd TMD PDFs even at the leading-twist
level when includes into the Wilson lines the Pauli tensor term to account for a correct treatment of
the spin degrees of freedom [21, 22].

dh`2
hT

�i
dzh

/ Dq/h(z, µ
2)⌦H

LO(x, z)⌦ Tqg(x, 0, 0, µ
2)

+
↵s

2⇡
Dq/h(z, µ

2)⌦H
NLO(x, z, µ2)⌦ Tqg(gg)(x, 0, 0, µ

2)

Multiple	 scattering	hard	probe	and	medium	properties can	be	factorized!!!

Qiu, Sterman, 1991; Luo, Qiu, Sterman, 1993

Kang, Wang, Wang, HX, PRL 2014

Incoherent multiple scattering - from dilute to relative dense
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• Enhancement from twist-4 contribution
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FIG. 12. RpA of charged hadrons as a function of pT at backward rapidity, �2.2 < ⌘ < �1.2, Au-going (filled [black]
circles) and forward rapdity, 1.4 < ⌘ < 2.4, p-going (open [red] circles) in various centrality classes of p+Au collisions atp
sNN = 200 GeV.
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FIG. 13. RpA of charged hadrons in 2.5 < pT < 5 GeV/c as a function of ⌘ in various centrality classes of p+Au collisions atp
sNN = 200 GeV. Also shown are comparisons to a pQCD calculation [14].

Kang, Vitev, HX, PRD 2014

Li, Kang, HX, 2023

PHENIX, PRC, 2020

Predict ion of nuclear 
e n h a n c e m e n t f r o m 
i n c o h e r e n t m u l t i p l e 
scattering

Incoherent multiple scattering - from dilute to relative dense
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• Hybrid (dilute-dense) factorization

Coherent multiple scattering - CGC

Probing
Saturation
Physics in

pA
Collisions

Bo-Wen
XiaoñZá

Introduction

Forward
Hadron
Productions
in pA

Collisions

Sudakov
Factor

Summary

kt factorization vs Dilute-Dense factorizations

kt factorization for single inclusive gluon productions in hadron-hadron collision:

3

atic error in the comparison of theory and experiment.
Explicitly noticing such problems can be an important
motivation for topics for further research that are impor-
tant for the success of a field.

The kT -factorization formula that we discuss, Eq. (1)
below, is intended to be valid for single inclusive jet pro-
duction in hadron-hadron collisions. It is widely used
in phenomenological applications to study the particle
multiplicity observed at hadron colliders. (For some ex-
amples see [4–12] and references therein. A comparison
of some phenomenological predictions to LHC data for
the particle multiplicities in both proton-proton and lead-
lead collisions was presented by the ALICE collaboration
[13].)

The kT -factorization formula used in this area is (see,
e.g., Ref. [8, Eq. (1)]):

d�

d2pT dy
=

2�s

CF p2
T

�

�
�

d2kA,T fA(xA, kA,T ) fB(xB , pT � kA,T ). (1)

Here fA and fB are TMD densities of gluons in their
parent hadrons, and the two gluons combine to give an
outgoing gluon of transverse momentum pT which gives
rise to an observed jet in the final state. In the formula,
CF = (N2

c � 1)/2Nc with Nc = 3 for QCD, y is the
rapidity of the final-state jet, and xA,B = (pT /

�
s)e±y.

The incoming hadrons A and B can be protons or nuclei.
Questions that now naturally arise are: Where does

this formula originate from? Where can a proper deriva-
tion be found, and under what conditions and to what
accuracy is the derivation valid? What are the explicit
definitions of the unintegrated distributions fA,B, and do
these definitions overcome the subtleties that are found
in constructing definitions of TMD distributions in QCD
in the non-small-x regime [2, Chs. 13 & 14]? In an ideal
world, we could say that in order for the requirements
(T1)–(T4) to be fulfilled, it is absolutely necessary that
these questions be answered, and that a person who reads
a paper which makes use of this formula can, if needed,
go back to the original source and himself/herself repro-
duce and verify the derivations. But we must recognize
that in the real world some of these issues are very deep
and di�cult, and that therefore complete answers to the
questions do not (yet) all exist. Nevertheless, in this
subject, we should expect some kind of derivation, with
the accompanying possibility of an outsider being able
to identify, for example, possible gaps in the logic where
further work is needed.

However, as we will explain below, we tried to find any
kind of a derivation of the formula by following citations
given for it, but were unable to do so. Our findings can
be visualized in Fig. 1, which shows the chain of refer-
ences that one needs to follow to arrive at the nearest
possible source(s), starting from a selection of recent pa-
pers. Coming to those sources we find that the formula is
never derived but essentially asserted. Moreover, the ba-
sic concepts involved are never defined in a clear enough

way to make it understandable what exactly it is that
is being done. We therefore find it impossible that (1)
can be satisfactorily re-derived from sources referenced
in the literature, contrary to what should be the case if
principles (T1)–(T4) hold.

A clear symptom that these are not merely abstract
di�culties but are problems with practical impact is that
the overall normalization factor di�ers dramatically be-
tween the references. See, for example, Eq. (40) in [14]
and Eq. (4.3) in [15] — and notice that this di�erence in
normalization does not appear to be commented on, let
alone explained. The di�erence in normalization factors
demonstrates that at least one of the presented factor-
ization formulas is definitively wrong. (In the two ap-
pendices of the present paper, we will show that in fact
the normalizations of both formulas appear to be wrong.)
There are a number of di�cult physical and mathemati-
cal issues that need to be addressed if one is to provide a
fully satisfactory proof of a factorization formula. These
issues go far beyond a mere normalization factor. But
the existence of problems with the normalization factor
is a diagnostic: it provides a clear and easily verifiable
symptom that something has gone wrong. A minimum
criterion for a satisfactory derivation is that it should be
explicit enough to allow us to debug how the normaliza-
tion factor arises.

At the top of our chart of references, Fig. 1, we have
chosen some of the recent phenomenological applications
[8–11] that make use of (1). We also include some earlier
highly cited phenomenological applications [5, 6]. There
exist a very great number of papers which make use of
(1), so we include here only a representative few. As is
indicated in the top part of Fig. 1, a central source that
is given for (1) is the highly cited Ref. [14]. We thus ask
whether we then can find a derivation of (1) in [14].

That paper performs a calculation in a quasi-classical
approximation of particle production in DIS using the
dipole formalism (see the reference for the exact calcu-
lations that define this “quasi-classical” approximation).
There actually is an implicit assumption of a factorized
structure from the very start in this formalism (see Eqs.
(1) and (7) in the reference). For our purposes it is im-
portant to notice what the exact statement is regarding
(1), which can be found as Eq. (40) in [14]. (An unimpor-
tant di�erence is that in [14], the f ’s in (1) are instead
written as f/k2

T .) Prior to this equation, an equation for
the production of gluons in DIS is derived, Eq. (39) in
[14]. The exact statement just prior to stating (1) in the
form of Eq. (40) in [14] reads

The form of the cross section in Eq. (39) sug-
gests that in a certain gauge or in some gauge
invariant way it could be written in a fac-
torized form involving two unintegrated gluon
distributions merged by an e�ective Lipatov
vertex.

There is no derivation of Eq. (1). Rather, this equation is
stated as being the “usual form of the factorized inclusive

Factorization and NLO correction? Only proved for DY and Higgs !
For dijet processes in pp, AA collisions, no kt factorization[Collins, Qiu,
08],[Rogers, Mulders; 10].

Dilute-Dense factorizations

x1 � p��
s
e+y � 1

x2 � p��
s
e�y � 1

Jan 8, 2013 Zhongbo Kang, LANL

Observation at high energy

! The spin asymmetry becomes the largest at forward rapidity region, 
corresponding to
! The partons in the projectile (the polarized proton) have very large momentum 

fraction x: dominated by the valence quarks (spin effects are valence effects)
! The partons in the target (the unpolarized proton or nucleus) have very small 

momentum fraction x: dominated by the small-x gluons

! Thus spin asymmetry in the forward region could probe both
! The transverse spin effect from the valence quarks in the projectile: Sivers 

effect, Collins effect, and etc
! The small-x gluon saturation physics in the target

4

projectile:

target:

valence

gluon

�
s

Tuesday, January 8, 2013

Protons and virtual photons are dilute probes of the dense target hadrons.
For dijet productions in forward pA collisions, effective kt factorization:

d�pA!ggX

d2P?d2q?dy1dy2
=xpg(xp, µ)xAg(xA, q?)

1
⇡

d�̂

d̂t
.

4 / 16

� ⇠ xpfq/p(xp)⌦H ⌦ F(xg, k?)⌦Dh/q(z)

Parton	density	increases

xp =
p?
z
p
s
ey

xg =
p?
z
p
s
e�y

xppa � kTa

xgpb ⇠ kTb

Probing	valance	quark	– DGLAP	evolution

Probing	dense	gluon	– BK	evolution

• All multiple scatterings become equally important, need to be resumed.

• Coherent multiple scattering are encoded in the so-called unintegrated 

gluon distribution ℱ(xg, k⊥)

Dumitru, Jalilian-Marian (2002)
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• Hybrid (dilute-dense) factorization

Coherent multiple scattering - dilute region

Albacete, Marquet, PLB 2010

Dimitri, Jalilian-Marian, PRL 2012

Chirilli, Xiao, Yuan, PRL 2012

Stasto, Xiao, Zaslavsky, PRL 2014

Kang, Vitev, HX, PRL 2014

Iancu, Mueller, Triantafyllopoulos, 
JHEP 2016

Liu, Kang, Liu, PRD 2020

Shi, Wang, Wei, Xiao, PRL 2022

……

Suppression from CGC calculation
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• efforts along this direction

A unified picture of dilute and dense limits
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• Take direct photon production as an example

The relation between CGC and high-twist expansion

⟨k2
⊥⟩ ∼ Q2

s ∝ A1/3x−λ

Parton	density	increases
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Direct photon production in p+A collisions
• Single scattering (q+g channel)

• leading twist collinear factorization
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• Initial state double scattering and single-triple interference

Looking backward - incoherent multiple scattering from high-twist

• Final state double scattering and initial-final interference
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•  Complete twist-4 contribution

•  Positive contribution from incoherent multiple scattering 

Only initial state rescattering contributes 
positive -> nuclear enhancement

Looking backward - incoherent multiple scattering from high-twist

result from initial state rescattering
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•  Direct photon production with the CGC/saturation framework

Looking forward - coherent multiple scattering from CGC

• CGC differential cross section

• Dipole correlator
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•  Consistency between CGC and single scattering

From CGC to leading twist collinear factorization

Dropping out the phase in small-  limitx

Baier, Mueller, Schiff, 2004

• considering large  to go beyond small-pγ⊥ x
1

(ξl⊥ − pγ⊥)2
≈

1
p2

γ⊥
+

ξ2l2
⊥

p4
γ⊥

+ …

twist-2 twist-4
• Twist-2 cross section
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•  Consistency between CGC and double scattering

• considering large  to go beyond small-pγ⊥ x
1

(ξl⊥ − pγ⊥)2
≈

1
p2

γ⊥
+

ξ2l2
⊥

p4
γ⊥

+ …

• Twist-4 cross section
twist-2 twist-4

Some terms are missing comparing to twist-4 result with finite  !x

From CGC to twist-4 collinear factorization
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•  Bringing back the longitudinal “sub-eikonal” phase for single scattering

A unified picture of dilute and dense limits

Expand the Wilson line:

Collinear expansion:

Matching exactly to leading-twist result beyond small-  limitx
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•  Missing diagram in CGC 

A unified picture of dilute and dense limits

+

• formation time for photon production:

• LPM effect: ，coherent double scattering cancels,

   while this diagrams remains a net incoherent double scattering.

τγ,form ≫ y− − y′ −
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•  Consistency between CGC and double scattering

A unified picture of dilute and dense limits

Recover the complete result from twist-4 formalism and the gauge link in PDF!

25 diagrams at twist-4
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Summary

Taking direct photon production in pA collision as an example, we show the 
consistency between the collinear factorization (dilute) and the extended CGC 
(dense), and establish a unified picture for dilute-dense dynamics in QCD medium.

Yu Fu, Zhong-Bo Kang, Farid Salazar, Xin-Nian Wang, and Hongxi Xing 
2023, to appear soon!
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relatively dense region

dilute region

Leading twist collinear 
factorization


High-twist formalism

Multi-parton correlation, DGLAP-
type evolution


Color Glass Condensate (CGC)

Wilson lines, nonlinear BK/
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Outlook THANKS!
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dense region

relatively dense region

dilute region

Mapping out the QCD phase diagram for nuclei with worldwide efforts 
using a unified theoretical framework!


