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The 3-D nucleon structure in momentum space is 

still not known yet!

Spin and 𝑘⊥ correlations?

Spatial distribution?

Angular momentum of partons?

Parton intrinsic transverse momentum? 
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Gluon TMDs

Azimuthal asymmetries in 𝐽/𝜓 − 𝑗𝑒𝑡 and 𝐽/𝜓 − 𝛾 pair production in 𝑒𝑝 scattering at EIC

Numerical estimates 

Conclusion



Gauge links

▪ Parameterizations: for the unpolarized (U) and transversely polarized (T) 

target

Boer-Mulders

Kotzinian-
Mulders

PretzelosityWorm-gearHelicitySivers

Mulders and Rodrigues PRD 63 094021(2001)

Gluon TMDs
❑ Gluon-gluon correlator at leading twist

Gluon field tensor
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➢ Consider the electroproduction processes:   𝒆 𝒍 + 𝒑 𝑷 → 𝒆 𝒍′ + 𝑱/𝝍 𝑷𝝍 + 𝜸 𝒑𝜸 + 𝑿

                                                                                      𝒆 𝒍 + 𝒑 𝑷 → 𝒆 𝒍′ + 𝑱/𝝍 𝑷𝝍 + 𝒋𝒆𝒕(𝒑𝒋) + 𝑿

4

𝑝𝛾 𝑜𝑟 𝑝𝑗

𝑝⊥

𝜙𝛾

𝑑𝜎 ∝ 𝑇𝑀𝐷 − 𝑃𝐷𝐹 ⊗ 𝑑 ො𝜎 ⊗ [𝐻𝑎𝑑𝑟𝑜𝑛𝑖𝑧𝑎𝑡𝑖𝑜𝑛]

𝑧 < 1

𝑧 is fraction of virtual photon 

energy carried by 𝐽/𝜓 in 

proton rest frame.

𝛾∗ − 𝑝 c.m. frame



➢ 𝑷𝝍⊥ and 𝑷𝒋⊥ are transverse momentum of 𝐽/𝜓 and 𝑗𝑒𝑡

respectively in the plane orthogonal to the proton 

momentum.

➢ We define sum and difference of transverse momenta

𝒒𝑻 = 𝑷𝝍⊥ + 𝑷𝒋⊥ , 𝑲⊥ =
𝑷𝝍⊥ − 𝑷𝒋⊥

𝟐

➢ In the case where 𝒒𝑻 ≪ |𝑲⊥|,  the 𝐽/𝜓 and jet are almost back-to-back in the transverse plane.  

𝜙𝑇 denotes azimuthal angle of 𝒒𝑻

TMD Factorization

➢ 𝑝 − 𝛾∗ center of mass frame which move along 𝑧 

direction 

➢ Assume TMD factorization.
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𝑦

𝑥

Transverse Plane



𝑑𝜎 =
1

2𝑠

𝑑3𝑙′

2𝜋 32𝐸𝑙′

𝑑3𝑃𝜓

2𝜋 32𝐸𝜓

𝑑3𝑃𝑗

2𝜋 32𝐸𝑗
∫ 𝑑𝑥𝑑2𝑝𝑇 2𝜋 4𝛿4 𝑞 + 𝑝𝑔 − 𝑃𝜓 − 𝑃𝑗 ×

 
1

𝑄4 𝐿𝜇𝜇′
𝑙, 𝑞 Φ𝑔

𝜈𝜈′
𝑥, 𝑝𝑇

2 𝑀𝜇𝜈
𝑔𝛾∗→𝐽/𝜓 𝑔

𝑀
𝜇′𝜈′
∗𝑔𝛾∗→𝐽/𝜓 𝑔

Lepton tensor: 𝐿𝜇𝜇′
(𝑙, 𝑞) = 𝑒2(−𝑔𝜇𝜇′

𝑄2 + 2 𝑙𝜇𝑙′𝜇′
+ 𝑙𝜇′𝑙𝜇 )

Parameterization of gluon correlator for unpolarized proton target at ‘Leading Twist’

Φ𝑔
𝜈𝜈′

𝑥, 𝒑𝑻
𝟐 =

1

2𝑥
[−𝑔⊥

𝜈𝜈′
𝑓1

𝑔
𝑥, 𝒑𝑇

2 +
𝑝𝑇

𝜈 𝑝𝑇
𝜈′

𝑀𝑝
2 + 𝑔⊥

𝜈𝜈′  𝒑𝑇
2

2𝑀𝑝
2 ℎ1

⊥𝑔
𝑥, 𝒑𝑇

2 ] 

Unpolarized gluon distribution

Linearly polarized gluon distribution
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➢ Quarkonium is a bound state of heavy quark and anti-quark (𝑄 ത𝑄) 

Soft process

NRQCD factorization

G. T. Bodwin et al, PRD51 (1995), Lepage 95

Non-perturbative; long distance 

matrix elements (LDMEs)

𝑄 ത𝑄 pair with [2𝑆+1𝐿𝐽
1,8

] quantum number 

Perturbative short distance coefficient

Cross section in particular color, angular momentum and spin 

state “n” : 
2𝑆+1

𝐿𝐽, calculated by perturbative QCD

Describes conversion of 𝑄 ത𝑄[𝑛] states 

into final quarkonium state.

Hard 

process
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Gluon initiated hard process: 𝛾∗𝑔 → 𝑄 ത𝑄 𝑔, contributes significantly over the quark(anti-quark) 

initiated hard process: 𝛾∗𝑞 ത𝑞 → 𝑄 ത𝑄 𝑞 ത𝑞 , in the small−𝑥 domain. 

Tree level Feynman diagrams for the hard process: 𝛾∗ + 𝑔 → 𝑐 + ҧ𝑐 + 𝑔 8



𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 : amplitude for production of 𝑄 ത𝑄 pair. 

The spin projection operator, 𝒫𝑆𝑆𝑧
𝑃𝜓, 𝑘 , projects the spin triplet and spin singlet states of 𝑄 ത𝑄 pair

The amplitude can be written as 

𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 = 

𝑚=1

8

𝐶𝑚𝒪𝑚(𝑞, 𝑝, 𝑃𝜓, 𝑘)

Π𝑆𝑆𝑧
= 𝛾5 for spin singlet (𝑆 = 0)

Π𝑆𝑆𝑧
= 𝜖𝑆𝑧

𝜇
𝑃𝜓 𝛾𝜇 for spin triplet (𝑆 = 1)

𝑀(𝛾∗𝑔 → 𝑄 ത𝑄[2𝑆+1𝐿𝐽
1,8

] 𝑃𝜓 + 𝑔(𝑝𝑗))

= 

𝐿𝑧𝑆𝑧

න
𝑑3𝑘

2𝜋 3
Ψ𝐿𝐿𝑧

(𝑘)⟨𝐿𝐿𝑧 ; 𝑆𝑆𝑧 |𝐽𝐽𝑧⟩Tr[𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 𝒫𝑆𝑆𝑧
(𝑃𝜓, 𝑘)]

𝒫𝑆𝑆𝑧
𝑃𝜓, 𝑘 = 

𝑠1𝑠2

1
2 𝑠1;

1
2 𝑠2 𝑆𝑆𝑧 𝑣

𝑃𝜓

2
− 𝑘, 𝑠1 ത𝑢

𝑃𝜓

2
+ 𝑘, 𝑠2

=
1

4𝑀𝜓
3/2

−𝑃𝜓 + 2𝑘 + 𝑀𝜓 ΠSSz
𝑃𝜓 + 2𝑘 + 𝑀𝜓 + 𝑂(𝑘2)

D. Boer and C. Pisano (2012)
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The S-states amplitude : 

The P-states 

amplitude : 

Amplitude Calculations

Since, 𝑘  ≪ 𝑃ℎ , amplitude expanded in Taylor series about 𝑘 = 0

First term in the expansion gives the S-states (𝐿 = 0, 𝐽 = 0,1). The linear term in 𝑘 gives the P-states 

(𝐿 = 1, 𝐽 = 0,1,2). 

𝑀[2𝑆+1𝑆𝐽
(1,8)

] 𝑃𝜓, 𝑘 =
1

4𝜋
𝑅0 0 Tr[𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 𝒫𝑆𝑆𝑧

𝑃𝜓, 𝑘 ቚ
𝑘=0

 

𝑀[2𝑆+1𝑃𝐽
(1,8)

] 𝑃𝜓, 𝑘 = −𝑖
3

4𝜋
𝑅1

′ 0 

𝐿

𝜖𝐿𝑧

𝛼 𝑃𝜓 𝐿𝐿𝑧; 𝑆𝑆𝑧 𝐽𝐽𝑧 Tr[𝒪𝛼 0 𝒫𝑆𝑆𝑧
0 + 𝒪 0 𝒫𝑆𝑆𝑧𝛼 0 ]

𝒪𝛼 0 =
𝜕

𝜕𝑘𝛼
𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 ቚ

𝑘=0
𝒫𝑆𝑆𝑧𝛼 0 =

𝜕

𝜕𝑘𝛼
𝒫𝑆𝑆𝑧

𝑞, 𝑝, 𝑃𝜓, 𝑘 ቚ
𝑘=0

𝑅0 and 𝑅1
′  are related with the LDMEsContribution: 3𝑆1

(1)
,  3 𝑆1

(8)
,  1 𝑆0

(8)
,  3 𝑃𝑗(=0,1,2)

(8) 10



11



U. D’Alesio (2019)
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Azimuthal modulations probe Boer-Mulder gluon TMD:  

Weighted azimuthal asymmetry: 

Azimuthal modulations which can 

be exploited to extract polarized 

TMDs 𝑓1𝑇
⊥𝑔

, ℎ1
𝑔

 𝑎𝑛𝑑 ℎ1𝑇
⊥𝑔



𝑓1
𝑔

(𝑥, 𝒒𝑇
2 ) and ℎ1

⊥𝑔
(𝑥, 𝒒𝑇

2 ) are assumed to be factorized as function of 𝑥, i.e. collinear PDFs and a Gaussina 

function of the  transverse momentum 𝑞𝑡.     

𝑓1
𝑔

𝑥, 𝒒𝑇
2 = 𝑓1

𝑔
𝑥, 𝜇

1

𝜋 𝑞𝑇
2 2 𝑒

−
𝑞𝑇

2

𝑞𝑇
2

ℎ1
⊥𝑔

𝑥, 𝒒𝑇
2 =

𝑀𝑃
2𝑓1

𝑔
𝑥, 𝜇

𝜋 𝑞𝑇
2 2

2(1 − 𝑟)

𝑟
𝑒

1−
𝑞𝑇

2

𝑟 𝑞𝑇
2

𝑟 (0 < 𝑟 < 1) and ⟨𝑞𝑇
2⟩ are parameters

We took, 𝑟 = 1/3 and 𝑞𝑇
2 = 0.25  

Linearly polarized gluon TMD satisfies a positivity bound   

𝒒𝑇
2

2𝑀𝑃
ℎ1

⊥𝑔
𝑥, 𝒒𝑇

2 ≤ 𝑓1
𝑔

(𝑥, 𝒒𝑇
2 )

D. Boer and C. Pisano (2012)
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Nucleon is assumed to emit a gluon and the remaining is treated as a single on-shell particle called spectator 

particle.    

Mass of the spectator particle is allowed to take a continuous values described by a spectral function, 𝜌𝑋(𝑀𝑋)  

Gluon TMDs:     𝐹𝑔 𝑥, 𝑞𝑡
2 = ∫𝑀

∞
d𝑀𝑋𝜌𝑋 𝑀𝑋

𝐹𝑔(𝑥, 𝑞𝑡
2; 𝑀𝑋)

𝜌𝑋 𝑀𝑋 = 𝜇2𝑎
𝐴

𝐵 + 𝜇2𝑏
+

𝐶

𝜋𝜎
𝑒

−
𝑀𝑋−𝐷 2

𝜎2

 

where, 𝐴, 𝐵, 𝐶, 𝐷, 𝑎, 𝑏, 𝜎 are free parameters

At leading-twist, T-even unpolarized and linearly polarized gluon TMDs can be written as 

መ𝑓1
𝑔

𝑥, 𝒒𝑡
2; 𝑀𝑋 = 2𝑀𝑥𝑔1 − 𝑥 𝑀 + 𝑀𝑋 𝑔2

2 𝑀𝑋 − 𝑀 1 − 𝑥
2

+ 𝒒𝑡
2 + 2𝒒𝑡

2 𝒒𝑡
2 + 𝑥𝑀𝑋

2 𝑔2
2 + 2𝒒𝑡

2𝑀2 1 − 𝑥 4𝑔1
2 − 𝑥𝑔2

2 ×

2𝜋 34𝑥𝑀2 𝐿𝑋
2 0 + 𝒒𝑡

2 2 −1

ℎ1
⊥𝑔

𝑥, 𝒒𝑡
2; 𝑀𝑋 = 4𝑀2 1 − 𝑥 𝑔1

2 + 𝐿𝑋
2 0 + 𝒒𝑡

2 𝑔2
2 × 2𝜋 3𝑥 𝐿𝑋

2 0 + 𝒒𝑡
2 2 −1

Where 𝑔1,2 𝑝2  are model-dependent form factors, given as:  𝑔1,2 𝑝2 = 𝜅1,2
𝑝2 1−𝑥 2

(𝑞𝑡
2+𝐿𝑋

2 (Λ𝑋
2 ))2

𝑝2 is gluon momentum, 𝜅1,2 and Λ𝑋 are normalization and cut-off parameters respectively, 

and 𝐿𝑋
2 Λ𝑋

2 = 𝑥𝑀𝑋
2 + 1 − 𝑥 Λ𝑋

2 − 𝑥 1 − 𝑥 𝑀2

A. Bacchetta, F. G. Celiberto, M. Radici, and P. Taels (2020)
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cos2𝜙𝑡 azimuthal asymmetry in  

(A) Gaussian Parameterization

(B)  Spectator Model 
(A)

(B)

Kinematics:  𝑠 = 140 GeV

0.1 < 𝑦 < 1,  0 < 𝑞𝑡 < 1 GeV

𝑄 = 𝑀𝜓
2 + 𝐾𝑡

2

Plots as function of 𝐾𝑡 and 𝑦 are 

at fixed 𝑧 = 0.7 

Significant contribution to 𝐴cos2𝜙𝑡 

coming from color octet states. 

We used CSMWZ set of LDME 

Asymmetry hardly change with 𝑠

We used CSMWZ set of LDME 

Chao (2012)

PRD 106.034009

16



(A)

(B)

(A) Comparing |𝐴cos2𝜙𝑡| 
calculated in SM, GP and TMD 

evolution with the upper bound 

on the asymmetry. 

𝒚 = 𝟎. 𝟑

𝒛 = 𝟎. 𝟕

𝒛 = 𝟎. 𝟕

𝐊𝐭 = 𝟐 GeV

(B) Contribution to |𝐴cos2𝜙𝑡| 
from all the color singlet and 

color octet states for two sets of 

LDMEs, CMSWZ (left) and SV 

(right).   𝒚 = 𝟎. 𝟑

𝒛 = 𝟎. 𝟕

𝒚 = 𝟎. 𝟑

𝒛 = 𝟎. 𝟕

Chao (2012)

Sharma (2013)

PRD 106.034009
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The amplitude can be written as 

𝑀(𝛾∗𝑔 → 𝑄 ത𝑄[2𝑆+1𝐿𝐽
1,8

] 𝑃𝜓 + 𝛾(𝑝𝛾))

= 

𝐿𝑧𝑆𝑧

න
𝑑3𝑘

2𝜋 3
Ψ𝐿𝐿𝑧

(𝑘)⟨𝐿𝐿𝑧 ; 𝑆𝑆𝑧 |𝐽𝐽𝑧⟩Tr[𝒪 𝑞, 𝑝, 𝑃𝜓, 𝑘 𝒫𝑆𝑆𝑧
(𝑃𝜓, 𝑘)]

D. Boer and C. Pisano (2012)

➢ 𝒆 𝒍 + 𝒑 𝑷 → 𝒆 𝒍′ + 𝑱/𝝍 𝑷𝝍 + 𝜸 𝒑𝜸 + 𝑿

Contribution: 3𝑆1
(8)
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A sizable cross section, expected to be detected at upcoming EIC. 

Its measurement can provide a clean probe CO mechanism within NRQCD framework. 

Provide clean extraction of a CO LDME D. Chakrabarti,RK,A. Mukherjee,R.Sangem,PRD.107.014008
19

𝑍 < 0.9 : avoid contribution 

from diffractive process and 

prevents hitting ultraviolet 

divergences. 

0.3 < 𝑍 : avoid contribution 

via resolved-photon channel 



Model independent Upper bounds on the asymmetries: 

Asymmetries are independent of center of mass energy. 

Asymmetries are independent of LDMEs. D. Chakrabarti,RK,A. Mukherjee,R.Sangem,PRD.107.014008
20



Upper bounds on the Sivers asymmetry is 1. 

𝑞𝑇 dependent of Sivers asymmetry is obtained using Gaussian parameterization. Asymmetry 

depends on center of mass energy. Asymmetry hardly depends on virtuality. 

D. Chakrabarti,RK,A. Mukherjee,R.Sangem,PRD.107.014008
21



We calculated the azimuthal asymmetry in  𝐽/𝜓 − 𝑗𝑒𝑡 and 𝐽/𝜓 − 𝛾 electroproductions where the pair 

produced in a almost back-to-back in the transverse plane.  

We used NRQCD framework for 𝐽/𝜓 production. 

𝐴cos(2𝜙𝑇) and 𝐴cos 2(𝜙𝑇−𝜙⊥) azimuthal asymmetries probes the linearly polarized gluon TMD, where as the 

𝐴sin(𝜙𝑆−𝜙𝑇) can probe gluon Sivers function.

Back-to-back 𝐽/𝜓 − 𝑗𝑒𝑡 and 𝐽/𝜓 − 𝛾 electroproduction could be a promising channel to probe poorly 

known gluon TMDs at the future proposed EIC.

Thank You 22

We show the numerical estimates of the asymmetries in a model dependent parameterizations of the TMDs 

and model independent upper bounds on these asymmetries using the positivity bounds on TMDs . We found a 

sizable azimuthal asymmetries both in 𝑱/𝝍 − 𝒋𝒆𝒕 and 𝑱/𝝍 − 𝜸 productions.  



ℎ1
⊥𝑔

(𝑥, 𝑘𝑇
2)

➢ Interpret ℎ1
⊥𝑔 

(𝑥, 𝑘𝑇
2) as "azimuthal correlated" gluon distribution function. 

➢ It affects the unpolarized cross section and cause azimuthal asymmetries: cos 2𝜙

➢ It’s a time-reversal even function and in the small−𝑥 domain, can be Weizsäcker-

Williams(WW) or dipole distribution depending on type of Wilson line. 

• Wilson lines: + + or − −                   WW distribution

• Wilson lines: + − or − +                  dipole distribution

Linearly polarized gluon distributions were first introduced in

Mulders and Rodrigues, PRD 63, 094021 (2001)

It can be probed in Drell-Yan and semi-inclusive deep inelastic scattering (SIDIS) processes. Though 

it has not been extracted from the data yet, but lot of theoretical studies has been done. 4

Back up



We calculated the cos2𝜙𝑡 azimuthal asymmetry in a 𝐽/𝜓 and a 𝑗𝑒𝑡 electroproduction where the 𝐽/𝜓 − 𝑗𝑒𝑡 pair 

produced in a almost back-to-back in the transverse plane.  

We consider the full NRQCD framework for 𝐽/𝜓 production 

We show the numerical estimates of the 𝐴cos2𝜙𝑡 using the parameterizations of the TMDs in the  Spectator 

model and the Gaussian parameterizations.

We also show the effect of TMD evolution on the asymmetry, where we see that the magnitude of the 

asymmetry is small as compare with the asymmetries calculated using the TMD parameterizations.  

We obtained a significant asymmetry both in the Spectator model and Gaussian parameterizations of TMDs.   

Back-to-back 𝐽/𝜓 and 𝑗𝑒𝑡 electroproduction could be a promising channel to probe poorly known 

linearly polarized gluon TMDs at the future proposed EIC.
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