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• Reaction notations:
10B + 1n ® 7Li + 4He 238U + n ® 239U*
10B + n ® 7Li + a 238U + n ® 239U + g
10B(n,a) 238U(n,g)

• Neutron induced nuclear reactions:

• elastic scattering (n,n)

• inelastic scattering (n,n’)

• capture  (n,g)

• fission (n,f)

• particle emission (n,a), (n,p), (n,xn) 

• total cross section stot: sum of all partial reactions

• Cross section  s, expressed in barns,  1 b = 10–28 m2

Neutron induced nuclear reactions
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Neutron induced nuclear reactions

• neutron reaction  X(a,b)Y    

• neutron cross section:
function of the kinetic energy of the particle a

caveat:  “differential measurements”

• differential cross section:

function of the kinetic energy of the particle a
and function of the kinetic energy or the angle
of the particle b

• double differential cross section:
function of the kinetic energy of the particle a
and function of the kinetic energy and the angle
of the particle b

®
a

X Y b
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• Maxwell-Boltzmann statistics describe neutron spectra from
• thermal-neutron induced fission

• water moderated neutrons (infinite moderator)

• stellar spectra (sources 22Ne(a,n)25Mg, 13C(a,n)16O )

• Velocity distribution at temperature T, Boltzmann constant k

has maximum at 

• At velocity v = 2200 m/s (definition, used as thermal neutron reference)
Emax = 25.3 meV,    T = 293.6 K,    l = 0.18 nm

Maxwell-Boltzmann distribution 

nv(v) = 4⇡
⇣ m

2⇡kT

⌘3/2
v2 exp

⇣
� mv2

2kT

⌘

vmax =
p

2kT/m
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Maxwell-Boltzmann distribution 

• Distributions of kinetic energy, wavelength or time-of-flight can   
be converted into each other

• For neutron beams, a “flux”-like distribution is more appropriate

• with conversions

nv(v)dv = nE(E)dE = nt(t)dt = n�(�)d�

'v(v) / v ⇥ nv(v)

'v(v)dv = 'E(E)dE = 't(t)dt = '�(�)d�
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Neutron cross sections
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Neutron cross sections
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Neutron cross sections
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Neutron cross sections
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Introduction R-matrix theory

• Formalism to decribe (neutron) reactions

• For resolved resonances, full cross sections can be constructed
from only a few resonance parameters

• Standard way of storage for evaluated nuclear data

• Complicated theory, but can be understood more easily in a global way
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Decay of a quantum state

state with a life time t:

definition (Heisenberg):

Fourier transform gives energy profile:

I(E) = Γ / 2π
(E − E0 )

2 + Γ2 / 4

  Ψ(t) = Ψ0e
− iE0t /he−t / 2τ

� =
~
⌧

eigen state,
transitition E0®Ef
life time t

Γ

E
0 E

E0

Ef
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The Schrödinger equation

Time-independent Schrödinger equation for a spinless, one-dimensional particle:

� ~2
2m

d2 (x)

dx2
+ V (x) (x) = E (x)

h
� ~2

2m
r2 + V (x)

i
 (x) = E (x)

Ĥ (x) = E (x)

Hamiltonian

potential

wave function

��� Interpreted as probabitliy

Solutions:     ,       E

energy
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Quantum system (1D): the infinite well

Solve Schrödinger equation
for a spinless, onedimensional
particle

Potential:

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution:

V=0

V=∞

x=0 x=a

En
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Quantum system (1D): the infinite well

Solve Schrödinger equation
for a spinless, one-dimensional 
particle

Potential:

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution:
Only solutions  for

General solution:

with 

Boundary conditions: 

V=0

V=∞

x=0 x=a

En

<latexit sha1_base64="uDsQgdlp3j6kseBsSyVWpczf2EA="></latexit>

0 < x < a

<latexit sha1_base64="Og8VTcb4qDU+GEQ13bBGJiPoD9w="></latexit>

k =
p

2mE/~2

<latexit sha1_base64="uU/fhKw1IFz9mQT5JK6wCeinMw4="></latexit>

 (x) = A exp(ikx) +B exp(�ikx)

<latexit sha1_base64="Cy4WZZl1lVDGDBGdZrvrm8//VOQ="></latexit>

 (0) =  (a) = 0
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Quantum system (1D): the infinite well

Solve Schrödinger equation
for a spinless, one-dimensional 
particle

Potential:

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution:

⇥n(x) =
�

2
a

sin
n�x

a

En =
�2�2

2ma2
n2

V=0

V=∞

x=0 x=a

E3

E1
E2

En

E4

E5

E6

<latexit sha1_base64="f5JDzcnw82/Tqu3Q5dLX1PWGeho="></latexit>

n = 1, 2, 3, . . .
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Quantum system (1D): the infinite well

Solve Schrödinger equation
for a spinless, one-dimensional 
particle

Potential:

� �2

2m

d2�(x)
dx2

+ V (x)�(x) = E(x)

V (x) = 0 for 0 < x < a

V (x) =� elsewhere

Solution:

⇥n(x) =
�

2
a

sin
n�x

a

En =
�2�2

2ma2
n2

V=0

V=∞

x=0 x=a

E3

E1
E2

En

���

E4

E5

E6

wave function: 
probability:

<latexit sha1_base64="YEtf209cNXuzEPALoAWHmLbnojQ="></latexit>

 <latexit sha1_base64="f5JDzcnw82/Tqu3Q5dLX1PWGeho="></latexit>

n = 1, 2, 3, . . .
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Quantum system (1D): the finite well

Solve Schrödinger equation in three regions 
and two energy ranges:
• E < 0, bound states

wave function must vanish towards ± infinity
• E > 0, unbound states

V0

V=0

x=0 x=a

match value 
and 
derivative

<latexit sha1_base64="R0764Ob9IZmEgEEj2EZ1EakG68E="></latexit>

E < 0

 1(x) = A1e
k1x

 2(x) = A2e
ik2x +B2e

�ik2x

 3(x) = B3e
�k3x

<latexit sha1_base64="sEDKFvVi0/X5AQ5kkjjtK1qKwh8="></latexit>

E > 0

 1(x) = A1e
ik1x +B1e

�ik1x

 2(x) = A2e
ik2x +B2e

�ik2x

 3(x) = A3e
ik3x

<latexit sha1_base64="XA97GPYDV3Jtggb+Bfc977+UK/s="></latexit>

k1,3 =
p
2mE/~2

k2 =
p
2m(E + V0)/~2
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Quantum system (1D): the finite well

Solve Schrödinger equation in three regions 
and two energy ranges:
• require continuity of       and               at boundaries
• E < 0, bound states

wave function must vanish towards ± infinity
• E > 0, unbound states

assume particle travelling from left to right

V = –V0

V=0

x=0 x=a

<latexit sha1_base64="R0764Ob9IZmEgEEj2EZ1EakG68E="></latexit>

E < 0

 1(x) = A1e
k1x

 2(x) = A2e
ik2x +B2e

�ik2x

 3(x) = B3e
�k3x

<latexit sha1_base64="sEDKFvVi0/X5AQ5kkjjtK1qKwh8="></latexit>

E > 0

 1(x) = A1e
ik1x +B1e

�ik1x

 2(x) = A2e
ik2x +B2e

�ik2x

 3(x) = A3e
ik3x

<latexit sha1_base64="XA97GPYDV3Jtggb+Bfc977+UK/s="></latexit>

k1,3 =
p
2mE/~2

k2 =
p
2m(E + V0)/~2

direction wave
<latexit sha1_base64="V1lS8QmOiKnshoVHB9pAGiwgkNQ="></latexit>

 
<latexit sha1_base64="vAN8I47wqGsPAxRXcraQm2khD1U="></latexit>

d /dx

1⃣ 2⃣ 3⃣
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Quantum system (1D): the finite well

Solve Schrödinger equation in three regions 
and two energy ranges:
• require continuity of       and               at boundaries
• E < 0, bound states

wave function must vanish towards ± infinity
• E > 0, unbound states

assume particle travelling from left to right

Solutions E<0:
only implicit solutions, transcendental equations

• solve graphically as function of E,
• results in limited discrete values of E, 
• number of solutions (states) depend on a and V0

V = –V0

V=0

x=0 x=a

direction wave
<latexit sha1_base64="V1lS8QmOiKnshoVHB9pAGiwgkNQ="></latexit>

 
<latexit sha1_base64="vAN8I47wqGsPAxRXcraQm2khD1U="></latexit>

d /dx

match value 
and 
derivative

<latexit sha1_base64="roKmUmVgYV+nS8v8BMvPC7TekBQ="></latexit>

k1 = k2 tan(k2a)

k1 = �k2 cot(k2a)

1⃣ 2⃣ 3⃣
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Quantum system (1D): the finite well

Solve Schrödinger equation in three regions 
and two energy ranges:
• require continuity of       and               at boundaries
• E < 0, bound states

wave function must vanish towards ± infinity
• E > 0, unbound states

assume particle travelling from left to right

Solutions E>0:
• infinite number of solutions, plain waves of particle of any E
• boundaries can reflect or transmit waves
• use particle current density

To get transmission and reflection
V = –V0

V=0

x=0 x=a

direction wave
particle current density<latexit sha1_base64="V1lS8QmOiKnshoVHB9pAGiwgkNQ="></latexit>

 
<latexit sha1_base64="vAN8I47wqGsPAxRXcraQm2khD1U="></latexit>

d /dx

match value 
and 
derivative

j =
~

2mi
( ⇤r �r ⇤ )

<latexit sha1_base64="3WiMV2aJvaV0/tevgiiO08nuNYE="></latexit>

R =
kB1k2

kA1k2

T =
kA3k2

kA1k2

1⃣ 2⃣ 3⃣
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Quantum system (1D): the finite well

Solve Schrödinger equation in three regions 
and two energy ranges:
• require continuity of       and               at boundaries
• E < 0, bound states

wave function must vanish towards ± infinity
• E > 0, unbound states

assume particle travelling from left to right

Solutions E>0:
• set arbitrarily A1=1, then solution is

If potential is real, then R+T=1

V = –V0

V=0

x=0 x=a

direction wave
particle current density<latexit sha1_base64="V1lS8QmOiKnshoVHB9pAGiwgkNQ="></latexit>

 
<latexit sha1_base64="vAN8I47wqGsPAxRXcraQm2khD1U="></latexit>

d /dx

match value 
and 
derivative

1⃣ 2⃣ 3⃣

<latexit sha1_base64="NdG7IJZ9hlLw05mMv2E6VNISaWE="></latexit>

R =

V 2
0

4E(E+V0)
sin2

⇣
a
p
( 2m~2 (E + V0))

⌘

1 + V 2
0

4E(E+V0)
sin2

⇣
a
p

( 2m~2 (E + V0))
⌘

T =
1

1 + V 2
0

4E(E+V0)
sin2

⇣
a
p

( 2m~2 (E + V0))
⌘
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x
0

−V0

a

30

Quantum system (1D): the finite well

• For (E>0), still values where

i.e.  

At those values of E, 
T = 1 and R = 0

These are quasi-bound or unbound states.

To account for absorption, an imaginary potential is needed

<latexit sha1_base64="I/3ZPTMVsu39+adYyuoOhlDRIC0="></latexit>

sin2(k2a) = 0
<latexit sha1_base64="1Dk4+/N8ZiCYgYF34lbHVcVt0s4="></latexit>

k2 =
n⇡

a
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Quantum systems
Other useful excercises in 1D:
• barrier potential
• finite potential barrier
• harmonic oscillator

More complicated in 3D, V=V(r), more particles, degeneracy:
• cartesian well
• spherical well
• harmonic oscillator
• realistic potentials (Woods-Saxon),

No analytical solution possible
à numerical solutions

Applies to real quantum systems
atoms, nuclei.
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The nucleus as a quantum system

neutrons protons

16
8O
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The nucleus as a quantum system

neutrons protons

16
8O

neutrons protons neutrons protons

17
8O

15
8O
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The nucleus as a quantum system

neutrons protons
–V0

0

level scheme representation:
excited states of a nucleus
(shell model and other states)

ground state
1st excited state

2nd excited state

3rd excited state
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shell model representation:
configuration of nucleons in their 
potential
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The nucleus as a quantum system
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The nucleus as a quantum system
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The nucleus as a quantum system

neutrons protons
–V0

0

AX

nuclear state
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potential

ground state
1st excited state

2nd excited state

3rd excited state
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The nucleus as a quantum system

7Li

1
CITATION :
Nuc lear Physics (2002 )

From NNDC (BNL )
program ENSDAT

  
 
7
3Li4–1   

 
7
3Li4–1

    Adopted  Leve ls ,  Gammas    1988Aj01 ,2002Ti10   

3 /2– 0.0 stable

1 /2– 477.612 73 fs

7 /2– 4630 93 keV

5 /2– 6680 0.88 MeV

7 /2– 9670 �400 keV

14700 �700 keV

  Level  Scheme  
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7
3Li4

1
CITATION :
Nuc lear Physics (1990 )

From NNDC (BNL )
program ENSDAT

 1
 
2
6C6–1  1

 
2
6C6–1

    Adopted  Leve ls ,  Gammas    1990Aj01    

0+ 0.0 stable

2+ 4438.91 10.8!10–3 eV

0+ 7654.20 8.5 eV

3– 9641 34 keV

(0+ ) 10300 3.0 MeV

1– 10844 315 keV

2– 11828 260 keV

1+ 12710 18.1 eV

(2– ) 13352 375 keV

4+ 14083 258 keV

1+ 15110 43.6 eV

2+ 16105.8 5.3 keV

2– 16570 300 keV

33470 1.93 MeV

  Level  Scheme  
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The nucleus as a quantum system

1
CITATION :
Nuc lear Data Sheets (2009 )

From NNDC (BNL )
program ENSDAT

19
7

8
9Au119–1 19

7
8
9Au119–1

    Adopted  Leve ls ,  Gammas    

2– 0.0 2.6947 d

1– 55.1800 0.28 ns

0– 91.0040

1– 192.9427 0.7 ns

3– 236.0441 �0.15 ns

1– 259.3382 �0.2 ns

2– 261.4033 �0.2 ns

3– 328.4800 �0.15 ns

2– 362.8972 �0.15 ns

1– 368.2529 �0.15 ns

1– 495.5091

3– 529.1671

4– 544.0081

2– 548.9326

3– 625.4276

1–,2– 632.4792

2– 702.4785

1– 703.7274

4+ 758.395

4– 764.478

2– 786.5336

1– 789.2954

2– 800.0380

3– 835.362

3– 894.2527

1–,2– 896.5651

1–,2– 918.5862

1–,2– 956.9448

3– 987.5714

2– 1056.714

1–,2–,3– 1075.533

2– 1124.877

3– 1157.2356

1+,2+,3+ 1191.558

1–,2– 1256.005

3– 1272.1312

1–,2–,3– 1335.535

1–,2– 1371.475

1–,2– 1402.084

2–,3– 1431.638

3– 1472.091

1–,2– 1505.164

3– 1542.775

1–,2– 1554.423

3– 1560.399

  Level Scheme  

Intensities :  relative photon branching from each level

&  Multiply placed ;  undivided intensity given
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The nucleus as a quantum system

208Pb1
CITATION :
Nuc lear Data Sheets (2007 )

From NNDC (BNL )
program ENSDAT

20
8

8
2Pb126–1 20

8
8
2Pb126–1

    Adopted  Leve ls ,  Gammas    

0+ 0.0 stable

3– 2614.522 16.7 ps

5– 3197.711 294 ps

4– 3475.078 4 ps

4– 4261.871 >520 fs

4+ 4323.946 11.7 ps

4– 4358.670 194 fs

4– 5968.55 7.6 fs

12+ 6100.69

(13– ) 6448.40

14– 6743.42

6920.7

2– 6929.6

2– 6969.3

1,2+ 6980 �1.8 fs

7001.0

(3– ) 7020.2

1– 7063.53 0.025 fs

1– 7083.2 0.050 fs

3–,4– 7137.3

1 7177.0 �0.57 fs

7196.6

1 7206.9 �0.51 fs

7218.6

1– 7240 �0.24 fs

7264.4

1+ 7278.68 0.585 fs

2+ 7315.4

1– 7332.4 0.016 fs

3– 7389.0

1– 7415 �0.17 fs

7528.79

1– 7548.6 �0.35 fs

1– 7631 �0.57 fs

1,2+ 7685.4

1 7722.6 �0.62 fs

1 (– ) 7913 �0.48 fs

(15– ) 7974.04

(14– ) 8026.95

8264.38

(15– ) 8350.79

(16– ) 8562.94

8723.50

(14–,15,16– ) 8812.70

(17+ ) 9061.2

9103.1

9394.4

10136.8

10196.1

10342.0

10357.4

10372.2

10552.4

11361.0

11958.1

  Level Scheme  

Intensities :  relative photon branching from each level
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The nucleus as a quantum system

239U1
CITATION :
Nuc lear Data Sheets (2003 )

From NNDC (BNL )
program ENSDAT

23
9

9
2U147–1 23

9
9
2U147–1

    Adopted  Leve ls ,  Gammas    

5 /2+ 0.0 23.45 min

(5 /2+ ) 0.0+x >0.25 µs

7 /2+ 42.543

1 /2+ 133.7990 0.78 µs

3 /2+ 145.769

174.0+x

5 /2+ 193.987

(7 /2– ) 292.5872

(11 /2– ) 372.7

(3 /2– ) 477.8+x

5 /2– 539.290

(1 /2 )+ 687.880

3 /2+ 715.834

1 /2– 815.181

3 /2– 823.718

(3 /2 )+ 853.24

5 /2+ 893.28

(1 /2 )– 932.88

(3 /2 )– 961.88

3 /2+ 965.638

(5 /2 )+ 988.07

3 /2+,5 /2+ 990.504

5 /2+ 1062.49

1 /2,3 /2 1066.82

(1 /2+,5 /2+ ) 1083.4+x

1149.8

(3 /2+ ) 1152.79

1 /2+ 1155.01

3 /2+ 1167.14

(1 /2 )– 1194.61

5 /2+ 1201.0

(3 /2– ) 1223.31

1 /2–,3 /2– 1241.99

1 /2–,3 /2– 1306.22

(1 /2–,3 /2– ) 1360.98

1399.6

1436.90

1481.60

1 /2–,3 /2– 1520.40

1 /2,3 /2+ 1573.3

(1 /2–,3 /2– ) 1626.9+x

(3 /2– ) 1630.6+x

3 /2, (1 /2 ) 1717.1

(1 /2–,3 /2– ) 1767.5+x

1776.5+x

1808.2+x

(1 /2+ ) 3107.0+x

  Level Scheme  

@  Multiply placed ;  intensity suitably divided

Intensities :  relative photon branching from each level
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Nuclear scattering

Solve Schrödinger equation of system to get cross sections.
Shape of wave functions of in- and outgoing particles are known, 
potential is unknown. Two approaches:

• calculate potential (optical model calculations, smooth cross section)
• use eigenstates (R-matrix, resonances)   

Conservation of probability density gives:
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Nuclear scattering 3D

incident plain wave

outgoing radial wave

outgoing particle 
current  jout in 
direction dΩ

incident particle 
current  jinc

<latexit sha1_base64="GM1z22S8y7cuxnaMWrG+PbjChwk="></latexit>

d� =
jsc
jinc

r2d⌦

<latexit sha1_base64="G3O1Z3TSl0oRCuZXRYjjh3yDp+w="></latexit>

d�↵↵0

d⌦
= �2

1X

L=0

BL↵↵0PL(cos ✓)Blatt Biedenharn (1952): expansion plain 
wave into infinite sum of radial waves
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Compound neutron-nucleus reactions

D =100 keV
Sn =10 MeV

D =10 eV

ground-state

neutron separation energy

nuclear levels (238U: 400000)
level density = 
number of levels per unit energy
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Compound neutron-nucleus reactions

D =100 keV
Sn =10 MeV

A+1X

AX

D =10 eV
n + s

En

En
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Compound neutron-nucleus reactions

D =100 keV
Sn =10 MeV

A+1X

AX

D =10 eV
n + s

En

En

compound 
nucleus reaction

+

s
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R-matrix formalism

+

entrance channel

+

exit channelcompound nucleus

partial incoming wave functions:

partial outgoing wave functions:

related by collision matrix:

cross section:

Internal region (r<ac compound nucleus):
• wave function is expansion of eigenstates l.

External region (r>ac, well separated particles):
• no interaction, Schrödinger equation solvable.
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R-matrix formalism

separation distance

external region

internal region

match value and derivate of
Y

Internal region: very difficult, Schrödinger equation cannot be solved directly
solution: expand the wave function as a linear combination of its eigenstates.
using the R-matrix:

External region: easy, solve Schrödinger equation
central force, separate radial and angular parts.
solution: solve Schrödinger equation of relative motion:

• Coulomb functions 
• special case of neutron particles (neutrons): Bessel functions


d2

dr2
� `(`+ 1)

r2
� 2mc

~2 (V � E)

�
rR(r) = 0
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R-matrix formalism

r

(r)c!

ca

internal external region

0

match value and derivative
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R-matrix formalism

r

(r)c!

ca

internal external region

0

match value and derivative

� =
�

c

ycIc +
�

c�

xc�O�
c

� = �(Rcc�)

Rcc� =
�

�

��c��c�

E� � E
Ic = Icr

�1⇤ci
�Y �

m�
(�,⇥)/

�
vc

Oc = Ocr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

xc0 ⌘ �
X

c

Uc0cyc
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R-matrix formalism

� =
�

c

ycIc +
�

c�

xc�O�
c

� = �(Rcc�)

Rcc� =
�

�

��c��c�

E� � E

Ic = Icr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

Oc = Ocr
�1⇤ci

�Y �
m�

(�,⇥)/
�

vc

xc0 ⌘ �
X

c

Uc0cyc

• The wave function of the system 
is a superposition of incoming and 
outgoing waves:

• The physical interaction is 
included in the collision matrix U: 

• Incoming and outgoing 
wavefunctions have form:

• The wave function depends on 
the R-matrix, which depends on 
the widths and levels of the 
eigenstates. 
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R-matrix formalism

U = �P1/2[1�R(L�B)]�1[1�R(L⇤ �B)]P�1/2�

• The relation between the R-matrix and the collision matrix:

• The relation between the collision matrix and cross sections:

⌅cc0 = ⇤⇥2
c |�c0c � Uc0c|2channel to one other channel:

⇤cr = ⇥�2
c(1� |Ucc|2)channel to any other channel:

⇤cc = ⇥�2
c |1� Ucc|2channel to same channel:

⇤c,T = ⇤c = 2⇥�2
c(1� ReUcc)channel to any channel (total):

Lc = Sc + iPc =

✓
�

Oc

dOc

d�

◆

r=ac

with:
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R-matrix formalism

The Breit-Wigner Single Level approximation: 
total cross section: 

⇤c = ⇥�2
cgc

�
4 sin2⌅c +

����c cos2⌅c + 2(E � E� �⇥�)��c sin2⌅c

(E � E� �⇥�)2 + �2
�/4

⇥
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R-matrix formalism

The Breit-Wigner Single Level approximation: 
total cross section: 

⇤c = ⇥�2
cgc

�
4 sin2⌅c +

����c cos2⌅c + 2(E � E� �⇥�)��c sin2⌅c

(E � E� �⇥�)2 + �2
�/4

⇥

neutron channel:
only capture, scattering, fission:
other approximations:

total cross section:

c = n

sin⇥c = � = kac� = 0 cos�c = 1 �� = 0
�⇥ = � = �n + �� + �f

potential
interference elastic capture fission

total width

<latexit sha1_base64="g1fDoc7p9zsfB67MY3F6d4FSRzo="></latexit>

�T (E) = 4⇡R02 + ⇡�2g
4�n(E � E0)R0/�+ �2

n + �n�� + �n�f

(E � E0)2 + (�n + �� + �f )2/4
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Average cross sections

• From optical model calculations one can calculate          but not                

• Therefore, only                                        can be calculated, of which only
the total average cross section can be compared with measurements.

• In OMP one uses transmission coefficients

• Average single reaction cross section (Hauser-Feshbach):

• Average single reaction cross section (Hauser-Feshbach):

�c,T , �se
cc, �c

Ucc |Ucc|2

Tc = 1� |Ucc|2

�cc0 = �se
cc�cc0 + ⇡�2

cgc
TcTc0

⌃Ti
Wcc0

Wcc0 =
⇣�c�c0

�

⌘ �

�c �c0
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Cross sections sT, sg, sn and sf

0 1 2 3 4 5 6 7 8 9 10
neutron energy (eV)
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total
elastic scattering
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235U + n
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Cross sections sT, sg, sn and sf

1000 1100 1200 1300 1400 1500
neutron energy (eV)
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Cross sections sT, sg, sn and sf
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Nuclear level densities: level spacing D0
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Nuclear level densities

• The level spacing D0 at the neutron binding energy
is a crucial input parameter for calibrating level density models.
Level density: r = 1/D.

• D0 is the spacing between levels excited by neutrons on nuclei    
bringing in zero orbital momentum (s-wave resonances).

• Spacings from higher orbital momentum are equally important, but in 
general much more affected by missing levels.

• Problems concerning the determination of D0:
- spin and parity assignment of levels
- corrections for missing levels (those which are not 
observed experimentally)
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Nuclear level densities
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Nuclear level densities
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Nuclear level densities
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Nuclear level densities: level spacing D0

D0 (eV)
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Level statistics from resonances

• The nucleus at energies around Sn can be 
described by the
Gaussian Orthogonal Ensemble (GOE)

• The matrix elements governing the nuclear 
transitions are random variables with a 
Gaussian distribution with zero mean.

• Consequences:
• The partial widths have a Porter-Thomas

distribution.  
• The spacing of levels with the same 

Jπ have approximately a  Wigner
distribution.
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Level statistics from resonances

For different nuclei, use evaluated
data to verify the statistical model. 
Use levels of a same family 
(spin, parity, orbital momentum)

• neutron width distribution:
Porter-Thomas distribution

• next-neighbour spacing:
Wigner distribution
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Level statistics from resonances

197Au + n
s-waves, J=2

For different nuclei, use evaluated
data to verify the statistical model. 
Use levels of a same family 
(spin, parity, orbital momentum)

• neutron width distribution:
Porter-Thomas distribution

• next-neighbour spacing:
Wigner distribution
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Level statistics from resonances

For different nuclei, use evaluated
data to verify the statistical model. 
Use levels of a same family 
(spin, parity, orbital momentum)

• neutron width distribution:
Porter-Thomas distribution

• next-neighbour spacing:
Wigner distribution
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Level statistics from resonancesEur. Phys. J. Plus (2018) 133: 440 Page 23 of 25

Fig. 8. For the nuclei 27Al, 56Fe, 197Au and 238U, the position of resonances versus their normalized reduced neutron width is
shown in on the left side. In the middle figures the distribution of the spacing between successive levels is shown as a histogram
together with the expected distribution from eq. (112), scaled to the histogram. In the right figures a histogram of the normalized
reduced neutron width is shown together with the scaled expected Porter-Thomas distribution. For each of the four nuclei only
resonances of a single sequence with the same orbital momentum (ℓ = 0) and with the same spin (J = 3, 1/2, 2, and 1/2 for a
number of 11, 36, 164 and 903 resonances, respectively) were taken.

The advantage of using an evaluated library is that the included information is complete, the disadvantage that
it is not necessarily correct for the purpose of exploiting level statistics. For example spins and orbital momenta are
usually not known. Depending on the evaluation, they may have been assigned taking into account the corresponding
probability distributions. This is a necessary step in having complete information for every levels. To be sure that only
experimentally observed levels are used it can be more prudent to use a data compilation like ref. [111].
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For different nuclei, use evaluated
data to verify the statistical model. 
Use levels of a same family 
(spin, parity, orbital momentum)

• neutron width distribution:
Porter-Thomas distribution

• next-neighbour spacing:
Wigner distribution
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Further reading

Books/articles
• A. M. Lane, R. G. Thomas, “R-matrix theory of nuclear reactions”, Rev. Mod. Phys. 30 (1958) 257
• J. E. Lynn, The Theory of Neutron Resonance Reactions, Clarendon Press, Oxford, (1968)
• J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, Springer (1979)
• K. S. Krane, Introductory Nuclear Physics, Wiley & Sons, (1988)
• C. Wagemans, The Nuclear Fission Process, CRC, (1991)
• G. F. Knoll, Radiation Detection and Measurement, Wiley & Sons, (2000)
• F. Fröhner, Evaluation and analysis of nuclear resonance data, JEFF Report 18, OECD/NEA (2000)
• D. Cacuci (ed.), Handbook of Nuclear Engineering, Springer (2010)
• F. Gunsing, “Resonances in neutron-induced reactions”, Eur. Phys. J. Plus 133 (2018) 440 

Nuclear data sites
www.oecd-nea.org
nds.iaea.org
www.nndc.bnl.gov
www.cern.ch/ntof
jrc.ec.europa.eu/geel

Nuclear data codes
TALYS
SAMMY
REFIT

https://nds.iaea.org/talys/
https://code.ornl.gov/RNSD/SAMMY

