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Introduction



Introduction

» Effective Field Theory (EFT):

- EFT is generated by integrating out dynamical degrees of freedom

- Information on UV theory is transferred through interaction b/w heavy and light degrees of freedom
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Differences between theories with and without interaction characterize UV information

= Relative entropy characterizes their difference



Relative entropy and our idea

o Definition of relative entropy b/w two probability distribution functions p, and pg

S(pallpg) = Tr [PA Inpy — py hlPB] > ()

- relative entropy is non-negative % equality holds if and only if p, = pg

* Relative entropy provides guantitative difference between two things defined
by probability distribution functions

- ’ — A — B
S| T)>0  SB||B) =0

What about relative entropy b/w theories with and without interaction?

= \We have to define probability distribution for each theory.



Probability distributions of theories

« We define probability distributions of theory described by Euclidean action [ as follows:

Probability distribution function: P[¢, @] = e~ 10l 7

Partition function: Z = Jd[¢]d[®]e_l[¢’¢]

where I: Euclidean action, ¢: light fields, ®: heavy fields

* Relative entropy between two theories
S(P,| | Pp) = Jd[gb]d[@] (PA InP, —P,In PB) > ()

where P, = e '4/Z,, Py = e '5/Z,



Definition of two theories

» We consider theories described by Lo, P| + L¢P, D]
x @: heavy fields, @: light fields

» We define /| ¢, ©| + ¢ - [,| ¢, D] by introducing parameter ¢

B: I [, D] + I[, D]

— > §
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We consider relative entropy S(P, | | Pp)

x (D, @) of A is the same as that of B



Relative entropy between two theories

S(P, || Pp) = Jd[gb]d[d)] [PyInP,—PyInPg|< Py =e 0PlZ, Py = e~ hlPltsllo.P)7

Effective actions: W, = — In Ly, Wo=— In Z,

S(P, | | Pp) yields constraints on the Euclidean effective actions
even in quantum mechanical system

— 8 §

ow
=W0—W+g( g) >0 < W, =—InZ,, Wy=—1InZ%,



Example: Tree level matching of Higgs-singlet model
« Consider the SM Higgs H coupled to

Theory Action in Minkowski space Probability | Partition function
A = [ainar s Lo - (iar il s e B G AN p itz | 7, = dlH Jds]e~
No interaction| "V H ) H Ho 0 ) 3 4 A= € 0 0~ S1€
b/w H and ~

B

With interaction
b/w H and

r K r
Ig = IO + g d*x (5 |H|252 — Al |H|25> PB — e—lg[H,S]/Zg 7 = d[H]d[S]e_Ig[H’S]

Relative entropy:

aw,
S(Py| | Pg) = Wy— W, +g - _

dg

Effective potential:

W, = J(d4x)Elﬂ§\H\2 + 0| HI*




Example: Tree level matching of Higgs-singlet model
e Consider the SM Higgs H coupled to a real singlet field s

Theory Action Probability Partition function

8 °A1 S3

! 1
A Iy = Jd4X[IDﬂHI2 +=(0,5) - <M§IH|2 + | HI* +—Ms? + p

; .
+—SS4>] P, = e hlislyz, Zo = |d[H]d[s]e 5]

B ly=I+g jd“x (g |H|*s* - A, |H|2S) Py = e‘lg[H’S]/Zg Z, = |d[H]d[s]e "

 Non-negativity of relative entropy:

dW 2. A21H|? 2 A2\ H I
S(PAHPB>=W0—Wg+g‘( g) =J<d4x>Eg AL | oy >0 = 8 ATHE 5 g

dg . 2M? 2M?
° when O(g?>) is negligible

Non-negativity of relative entropy holds in Higgs-singlet model

% Non-negativity always holds when O(g%) is included



Example: Euler-Heisenberg theory
« Consider the U(1) gauge field AM coupled to a charged fermion s

Theory Action in Minkowski space Probability Partition function
: | : ﬂ
A Iy=|d*x (—ZF,WF "+ (iy,0" - m)w) P, =e AWz | Z,= | d[A¥]d[w]d[]e A"V
P 1 H n 4 — H
B I, = |d'x (—ZF,WFW + iy, —my—g- e(vmw)A”) Py=e Wz, | Z,= |dIAMldlyldlple

* Relative entropy:

dw,
S(Py[|Pp) =Wy —W,+g-
dg ;
g:

2 6!m2m* 8 6!12m4

4 4 4,4
— j(d“x)E(l S < (FWF//W)2 1 g« ( wFW)Z"' @(m‘6)> > ()

K 8 5, 2 4 4 4,4
1 _ ]
» W, = (d4x)E(—F v — 5 _(F P — S _(F Fmy 4+ @(m—6))

4 H 2 6!712m* 8 6!72m4
R4 g g R

where we choose 0F = const. to remove dim-6 operators

- -gOg- -- D g’ J(d4x)E(62FF), ... = 0, for oOF = const.



Example: Euler-Heisenberg theory
« Consider the U(1) gauge field Au coupled to a charged fermion i/

Theory Action in Minkowski space Probability Partition function
, | ) ﬂ
A Iy=|d*x (—ZF,WF "+ iy, 0" - m)w) P, =e AV 7z | Z, = |d[A"]d[yld[ple A"
“ 1 JZ n - — JZ
B [o=|d' (—ZFWF”” + iy, 0" —my — g e(nmw)A”) Py=e MWz, | Z, = | dlAMdlyldlple

* Relative entropy:

d 4 4
W, 1 e (FWF””)z I 7 g'e

= T2 —6
3 i P TP O >) >0

dim-8 operators

S(Py||Pg)=Wy—W,+ g-

Relative entropy constrains Wilson coefficients of dim-8 operator

= Similar results for SU(N) gauge fields are obtained when dim-8 operators are
generated through the interaction between heavy and light fields.



Example: SMEFT SU(N) gauge bosonic operators

* Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:

S(Py || Pg) = Wy — W, + g - (dW,/dg),-o =

OF = (FiF*)(Fp,F"")
0 = (i, F#)(Fp,F7)
O = (F&,Fb)(Fa Fb+o)
O = (Fo Fom)(Fa Fvo)

6 54 _ dabe dcde( F//Ctlv Fb,//w) ( cho_ Fd,pa)

i % assume the interaction doesn’t involve
( d4x)EL Z o05.> 0 higher-derivative terms
] A4 l I —

l

4 ~ ~ ~ 14 ~
@g — dabe dcde ( F;zy Fb,//w) ( chg Fd,pa) @5 — dabe dcde ( F/jly Fb,,ul/) ( cha Fd,pa)
4 O ~F4 7 9
@5 — Jéce dbde( F;ly Fb,,ul/) ( F,ga Fd,p ) @4F — Joce dbde( F;ly Fb,/u/) ( F;G Fd,p )
5 §4 — ace dbde( F/jly Fb,,uy) ( cho_ Fd,pa)
T¢ : generator of SU(N) Lie algebra

[Ta, Tb] — ifabcTc
654 p— (FﬁyFb,ﬂl/)(FgUFb,Pa) {Ta’ Tb} — 5abi/N+ dabCTC

OF = (F&,F*")(Fb FP+0)



Example: SMEFT SU(N) gauge bosonic operators

* Relative entropy when dim-8 operators are generated by interaction b/w heavy and light fields:
% assume the interaction doesn’t involve

" 1 higher-derivative terms
S(Pal1Pg) = Wo = Wy g - (@W,/dg) o = | (@' D77 D7 ¢0,2 0

X lﬂ, kﬂ : constant vectors
4 4 4 p4 R4
« U(l)y: >0, ¢ >0, 4clc? > @),

4 4 4 4 4 ~W4 ~W4
e SUQ);: ¢ +¢ 20, ¢ +c >0, 4+ + ) > @+,

U(1) and SU(2) bounds are the same as positivity bounds from unitarity and causality
[G.N. Remmen, and N.L. Rodd, arXiv:1908.09845]

e SUQ3),: 2(:1G4 + C3G4 > 0, 3ch4 +- 2(:5G4 > (), 36‘2 + 3cf4 + C6G4 > 0, 364 + 20G4 > (),

43¢S9 + 3¢9 +cHNBe + 3¢ + ¢ > (389" 4+ 385 + &)Y

4(3¢S" +2¢8H3c +2¢8°) > (385" + 289>

SU(3) bounds are stronger than positivity bounds from unitarity and causality



Summary

e Differences between theories with and without interaction characterize UV information

* We quantified their differences by relative entropy

 When EFTs are generated through interaction

Y 4
? o
Y 4
Y 4

I[p, D] = J(d“x)E ® J[}] = s . light

) 2
) 2
) 2
Al

where we assume J[ @ | does not involve higher-derivative terms

we found that the non-negativity of relative entropy constrains EFTs, e.g.,

SMEFT SU(N) gauge bosonic operators

 Comprehensive constraints on scalar field theories are on-going



