
2023/06/05@HPNP2023

Entropy and its conservation     
in expanding Universe

Kiyoharu Kawana (KIAS) 
Based on arXiv: 2210. 03323, accepted by IJMPA 

Collaboration with Sinya Aoki (YITP)

See also Aoki-san’s recent papers: 2305.09849, 2209.11357  



Summary
• Give further evidences of entropy interpretation of Noether charge  in general relativity 

proposed by Aoki, Onogi, and Yokoyama (’21) in the expanding Universe


• We show that  actually represents “entropy” in the expanding Universe


• We also numerically check the conservation of   in a typical inflation Universe 


• All the contents below are classical level

QM

QM

QM

QM ∝

Inflation → matter oscillation era → radiation era (=dynamical system) 

{ Bekenstein Hawking entropy   (for de Sitter Universe)


Radiation entropy     ( for radiation era)


Total particle number    (for matter era )

AH /4G =
ρR(t) × a(t)d =
ρM(t) × a(t)d−1 ∝



What is conservation law in gravity ?

• Einstein equation (=on-shell with respect to )


• What are the consequences of Noether theorem for local gauge symmetries ?

gμν(x)

Gμν = Rμν − gμν
R
2 = 8πGTμν → ▽μ Tμν = 0 ,

Using Bianchi identity 

▽μ Gμν = 0

But, this does not always represents conservation laws i.e. 

＊ On the other hand,  is always equivalent to  when  is anti-symmetric tensor

∂μ( −gTμν) ≠ 0
▽μ Fμν = 0 ∂μ( −gFμν) = 0 Fμν

We have to be very careful when we say “something is conserved” for local gauge symmetries 

because it might be a trivial consequence of gauge symmetries 


→ Noether’s 2nd theorem



Conserved charges form 2nd theorem

• Komar charges 


• ADM mass = A specific case of Komar charge in asymptotically flat spacetime

This conserves for arbitrary metric  and vector   gμν(x) ξμ(x)
 → Komar mass


 → Komar angular momentum

 → Wald entropy

ξμ = tμ = − δμ
0

ξμ = ϕμ = δμ
ϕ

ξμ = tμ + ΩHϕμ

without using any EOMs  

QKomar[ξ] = ∫ dd−1J0[ξ]

where asymptotic time-translation Killing ημ =EADM = QKomar[ξ = η]

In particular, when space time has Killing vectors

＊ All the conventional charges are the trivial consequences of 2nd theorem !

[Aoki, Onogi, Yokoyama, 2201.09557,]

∂μJμ[ξ] = 0 , Jμ[ξ] = 1
8πG

▽ν ▽[μξν]



What are the physical conservation laws ? (Physical=using EOM) 
→ Let’s focus on matter sector with arbitrary background gμν(x)



Physical definition of conserved charge

• Consider the coordinate transformation  of matter action


• However, if  satisfies 

xμ → xμ + ξμ(x)

ξμ(x)

0 = δSM = ∫ ddx [ δLM

δgμν δgμν + Eϕδϕ + ∂μJμ]
Eϕ = δLM

δϕ
− ▽μ

δLM

δ ▽μ ϕ
(EOM) Jμ(x) = TM

μ
ν(x) × ξν(x)

In general,  is not conserved 


even if 

Jμ(x)
Eϕ = 0

∂LM

∂gμν
δgμν ∝ Tμν

M ▽μ ξν ≈ 0

On shell

∂μJμ ≈ 0 On shell conservation law !

[Aoki, Onogi, Yokoyama, KK, 2010.07660 ,2201.09557, 2210.03323 ]

The conserved charge QM = − ∫Σ
(dd−1Σμ)TM

μ
ν
(x)ξν(x)

On shell

δgμν = ▽μ ξν + ▽νξμ



A conserved charge in expanding Universe
• Consider perfect fluid


• Choose time-like vector  


• For constant EoS ,  can be explicitly solved (with )

ξμ = β(t)δμ
0

ω = p/ρ = constant β(t) a0 = 1

TM
μ

ν = (−ρ(t), p(t), ⋯, p(t))
[S. Aoki, KK, arXiv:2210.03323 ]

Conservation condition : Tμν
M δgμν ≈ 0 → ρ ·β − (d − 1)

·a
a

pβ = 0

QM = − ∫Σ
dd−1xTM

0
ν
(x)ξν(x) = Vd−1a(t)d−1ρ(t) × β(t) Vd−1 : comoving volume

β(t) = β0 ×
a(t)−(d−1) de − Sitter
a(t) radiation
1 matter

→ We can check  explicitly ·QM = 0



EntropyQM =

• Radiation era: 


• Matter era: 

β(t) = β0a(t) := T(t)−1

β(t) = constant

QM = Vd−1a(t)d−1ρ(t) × β(t)

QM = (volume) × ρ(t) × β(t) = (volume) × s(t)
Entropy density

When radiations are thermalized,  is proportional to thermal entropy  QM SR ∼ (volume) × TR(t)d−1

QM = (volume) × ρ(t) × β0 = EM × β0
Total energy

If we identify  as the particle’s mass ,  corresponds to the total number of particles  β−1
0 m QM NM

General expression



EntropyQM =
• De-Sitter spacetime:  


• We can rewrite it in terms of Bekenstein Hawking entropy and number of Hubble patches

ρ = ρI = constant , β(t) = β0a(t)−(d−1)

QM = Vd−1a(t)d−1ρ(t) × β(t)

QM = ad−1
0 Vd−1 × ρI × β0 How can we interpret this ?

a0rmax = ∫
+∞

0
dt

1
eHIt

= 1
HI

NH = (number of Hubble patches) =
ad−1

0 Vd−1
4π
3 H−3

I

∴ QM = NH × 4π
3 H−3

I × ρI × β0 = NH × AH

4G
× THβ0

AH

4G
= Bekenstein Hawking entropy TH = HI

2π
= de Sitter temperature

If we identify ,  coincides with the total entropy in de Sitter spacetime !β0 = T−1
H QM

General expression

Horizon radius →



Conservation in dynamical process
• In general, dominant energy component is changing in the expanding Universe


• But,  is conserved by construction → Its carrier is changing in the transition processes


• As a toy model, we studied a typical inflation Universe

QM

Inflation → matter oscillation era → radiation era 

EOMs

decay rate of Γ = ϕ EoS Energy densities



Conservation in dynamical process

QM = a(t)3ρ(t)β(t)

SR = a(t)3ρR(t)β(t)
Radiation entropy

E = a(t)3ρ(t)
Total energy

Cont’d



Summary

• Gave further evidences of entropy interpretation of Noether charge  in the expanding Universe


•  actually represents “entropy” in the expanding Universe, (up to normalization factor)


• To be fair, these results themselves have been already well-known in the FRW Universe.           
We showed another way to obtain these results from the viewpoint of Noether method


• Studying more nontrivial dynamical systems (e.g. BH collapse) would be next subjects 


• Any phenomenological implications ? (e.g. What happens during a first-order phase transition ?)

QM

QM

QM ∝
Bekenstein Hawking entropy   (for de Sitter Universe)


Radiation entropy     ( for radiation era)


Total particle number    (for matter era )

AH /4G =
ρR(t) × a(t)d =
ρM(t) × a(t)d−1 ∝{



Backup



Essense of Noether’s 2nd theorem

• Consider the variation of total action under a coordinate transformation


• First, let’s consider  which vanishes at the boundary ξμ(x) ∂Σd

0 = δS = ∫Σd

ddx (ξμFμ[gμν, ϕ, ⋯] + ∂μJμ[ξ]) , Fμ[gμν, ϕ, ⋯] = Some functional

0 = δS = ∫Σd

ddx (ξμFμ[gμν, ϕ, ⋯] + ∂μJμ[ξ]) → Fμ[gμν, ϕ, ⋯] = 0
even for off-shell


 and gμν ϕ
0 = δS = ∫Σd

ddx (ξμFμ[gμν, ϕ, ⋯] + ∂μJμ[ξ]) → ∂μJμ[ξ] = 0
This must hold for arbitrary ξμ(x)

[Aoki, Onogi, Yokoyama, 2201.09557,]



Conserved current by 2nd theorem

• More explicitly, the current can be written as


• Since  holds for any , we have ∂μJμ[ξ] = 0 ξμ(x)

∂μJμ[ξ] = 0 , Jμ[ξ] = 1
8πG

▽ν ▽[μξν]

Jμ = Aμ
νξν + Bμ

ν
ρξν

,ρ + Cμ
ν

ρλξν
,ρλ

Aμ
ν = − ∂ρB̃ρ

ν
μ

Anti-symmetric for a ↔ c

Represents some portions 

of conservations 



Einstein pseudo tensor 

• We can add new tensor  to cancel the yellow terms


• But,  is not covariant because it contains  explicitly → Pseudo tensor


• Moreover, this conservation is actually the consequence of 2nd theorem

tμ
ν

tμ
ν Γμ

ν
λ

−g ▽μ Tμ
ν = ∂μ( −gTμν)+Γμ

μ
α
( −gTα

ν) − Γμ
α

ν
( −gTμ

α) = 0

∂μ( −g(Tμ
ν + tμ

ν)) = 0

Aμ
ν = −g(2Rμ

ν + gμλΓν
ρ

ρ,λ − gαβΓα
μ

β,ν) ≈ −g(Tμ
ν + tμ

ν)

 always holds without using any EOMs∂μAμ
ν = 0 Using Einstein equation

 Einstein pseudo tensor method is not physical one, but just a trivial consequence of 2nd theorem !∴



ADM mass EADM = ∫r=∞
dd−2S0i(∂jhij − ∂ihjj) , hμν = gμν − ημν

[P.K. Townsend (’97)]


