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Give further evidences of entropy interpretation of Noether charge QM iIn general relativity
proposed by Aoki, Onogi, and Yokoyama ('21) in the

We show that QM actually represents “entropy” in the expanding Universe

AH/ 4G = Bekenstein Hawking entropy (for de Sitter Universe)
Q M X pR(t) X a(f)? = Radiation entropy  ( for radiation era)

pM(t) X a(t)?~! « Total particle number (for matter era )

We also numerically check the conservation of QM in a typical inflation Universe

Inflation = matter oscillation era — radiation era (=dynamical system)

All the contents below are classical level



. Einstein equation (=on-shell with respect to g/w(x))

Using Bianchi identity

R hi
G,uz/z ,,w—gﬂyz=87zGTW —> V,u THY = () ] VﬂG — ()

But, this does not always represents conservation laws i.e. (')M(, [—gTH) £ 0
* On the other hand, Vﬂ F*¥ = 0 is always equivalent to e /—gF*") = 0 when F*" is anti-symmetric tensor

 What are the consequences of Noether theorem for local gauge symmetries ?

We have to be very careful when we say “something is conserved” for local gauge symmetries

because it might be a trivial consequence of gauge symmetries
_}



[Aoki, Onogi, Yokoyama, 2201.09557 ,]

» Komar charges 0J'E]1=0, JHE] = e V, Ve without using any EOMs

QKomar[é] — Jdd_ljo[f] In particular, when space time has Killing vectors

EH =1tH = — 56’ — Komar mass
This conserves for arbitrary metric g, (x) and vector £¥(x) EH = pF = 5F -
¢

5/1 = " + QH¢IM —

« ADM mass = A specific case of Komar charge in asymptotically flat spacetime

EADM — QKomar[f — 7]] where ¥ = asymptotic time-translation Killing

>* All the conventional charges are the trivial consequences of 2nd theorem !



What are the physical conservation laws ? (Physical=using EOM)
— Let’s focus on matter sector with arbitrary background g/w(x)



'Physical definition of conserved charge |
[Aoki, Onogi, Yokoyama, KK, 2010.07660 ,2201.09557, 2210.03323 ]

» Consider the coordinate transformation x* — x* 4+ £¥(x) of matter action

0=5S ¢ 5LM 5 ES 5 JH In general, J#(x) is not conserved
oM g 0gHY S ¢¢+ s evenif £, =0

oL oL
08 = NV &+ Vi, £y = 5; Vi ) le\jqb

(BOM)  JH(x) = T)" (%) X ¢¥(x)

» However, if £#(x) satisfies

08, X T]'tt/lv Vﬂ E,R0 —— g JH &~ () onshell conservation law !

The conserved charge QM — J' (dd_lZﬂ)TM’u U(X)é U(X)
2.



[S. Aoki, KK, arXiv:2210.03323 ]

* Consider perfect fluid T M”y = (—p(1), p(?), ---, p(1))

. Choose time-like vector &/ = ﬁ(t)é(’)"
:T16g,, =0 —  pp—(d- =pB =0
a

QM — — J dd_leMOy(x)fy(x) — Vd_la(t)d_lp(t) X () V,_, :comoving volume
2

. For constant EoS w = p/p = constant, [(f) can be explicitly solved (with a, = 1)

a(r)~“=D de — Sitter
ﬁ(t) = 'BO X 3 a(t) radiation — We can check QM = 0 explicitly
1 matter



General expression QM = Vd_ld(t)d_lp(t) X [(1)

N ol O - - v N SnlS sl - i - 1 Al i - = - g Bz

L s e O et o PV TR N VT YTV, AT N0 P DOV, DA S S O B o)
3 ,
o “'
p &
| -

\ 3
f — b
# A
) 3
» ‘\
Y 4

+ Radiation era: (1) = fa(t) := ()~} Q,, = (volume) X p(7) X f(t) = (volume) X 5(7)

Entropy density

When radiations are thermalized, QM IS proportional to thermal entropy SR ~ (volume) X TR(t)d‘1

« Matter era: f(f) = constant 0,, = (volume) X p(t) X f, = E X

Total energy

If we identify f; l'as the , QM corresponds to the total number of particles NM



General expression QM = Vd_la(t)d_lp(t) X p(1)

| — Entropy
» De-Sitter spacetime: p = p, = constant , f(f) = ﬁoa(t)_(d_l)

- QM — aSHVd_l X P X 'BO How can we interpret this ?

 We can rewrite it in terms of Bekenstein Hawking entropy and number of Hubble patches

. . . e d 1 _ 1 ag_lvd—l
Horizon radius = 10y = te TPl E — N, = (number of Hubble patches) = Tr—
0 I/ THI
dr -3 B Ay
QM_NHX? I ></OIX'BO_NHXEX
Ay . . .
E = Bekenstein Hawking entropy = de Sitter temperature

If we identify ﬁo = Tlgl, QM coincides with the total entropy in de Sitter spacetime !



‘Conservation in dynamical process |
* In general, dominant energy component is changing in the expanding Universe

o But, QM IS conserved by construction — Its carrier is changing in the transition processes

* As atoy model, we studied a typical inflation Universe

Inflation @ matter oscillation era — radiation era

¢O=5Mp|a m¢,=0.1Mp|, ['=0.01 My

$o=5M,, my=0.1Mp,, '=0.01m,
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EOMs

I" = decay rate of ¢ EoS Energy densities



Cont’d

'Conservation in dynamical process
_ 3
. Po=0Mp, Mmyp=0.1M,, [ =0.01my ‘ QM _ a(t) p(t)ﬁ(t)

S, = a(1)’p (HA()

Radiation entropy

—= === E (analytical) E — a(t)Bp(t)

100 Total energy




« Gave further evidences of entropy interpretation of Noether charge QM in the
. QM actually represents “entropy” in the expanding Universe, (up to normalization factor)

AH/4G = Bekenstein Hawking entropy (for de Sitter Universe)
QM X Pp(l) X a(f)® = Radiation entropy  ( for radiation era)

pM(t) X a(t)?~! « Total particle number (for matter era )

* To be fair, these results themselves have been already well-known in the FRW Universe.
We showed another way to obtain these results from the viewpoint of Noether method

e Studying more nontrivial dynamical systems (e.g. BH collapse) would be next subjects

* Any phenomenological implications ? (e.g. What happens during a first-order phase transition ?)






R e R e e . . [Aoki, Onogi, Yokoyama, 2201.09557 ]

e (Consider the variation of total action under a coordinate transformation

0 =05 = J ddx (f’uFﬂ[gﬂv, qb, ] + aﬂﬂ‘[f]) . Fﬂ[g/w, qb, .+«] = Some functional
2

. First, let’s consider £#(x) which vanishes at the boundary 90X p

0=05= | ' (&Figud1400E) = Fllg, o] =0

5 even for off-shell
d
g, and ¢

» 0=5S=[ dlx (EF[g b1+ 9,18)) = 9,J*[E] =0

2



1
0 JHEI =0, JHE = [p gV]
JHLE] ==V, VI
* More explicitly, the current can be written as
A
JH = AH EY + BH Pf + CH P 53}1/0/1
- Since d,J"[¢] = 0 holds for any ¢*(x), we have

Represents some portions £, a
of conservations 8 A b — O

A% + 9,850 — 0, [N

abc 4 Bcba + 26dcdbac _ O,,
Cabcd 4 Cdbac 4 chda — 0

Anti-symmetric fora < ¢



V=8 V, T, =0,(\/=8T")+T} (/=gT%) - T (,/=8T"2) =0

« We can add new tensor #, to cancel the yellow terms 0,(/—g(T", +1)) =0

. But, t#  is not covariant because it contains Fﬂ” . explicitly = Pseudo tensor

* Moreover, this conservation is actually the consequence of 2nd theorem

Aly=\/—8QR!, + g"T .0 = g%t )~ [=g(T", +1")

dﬂA/"y = ( always holds without using any EOMs

.. Einstein pseudo tensor method is not physical one, but just a trivial consequence of 2nd theorem !



Epou=| da78%0h;—0
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5.2.1 Alternative Formula for ADM Energy
Subtract (5.21)) from (5.20) to get
0; (0jhi; — Oshj;) = —2Vhgo

This allows us to rewrite ADM formula as

1
E=——_¢ dS;o:h
87G [ Si Oifoo

But (Exercise)

y 1 1
9"l = —§8¢hoo + O ('r_3> (I' = affine connection)

and hence
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But k is asymptotically Killing, i.e.

r3

D“k”+D”k“=O(1)
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