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Symmetric spaces
A ITII-type symmetric spaces: SU(n)/S(U(n—1) x U(1)):
X € SUn)/S(U(n—1)xU(1)) s XJX =1, J

Local coordinates:
Q:_QTa and QZ[‘LQ]?

1.e.
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BD.I-type symmetric spaces: SO(2r +1)/S(0(2r — 1) x O(2)):
Define: X € SO(2r+1) < SpX1Sy=X"1!

(00001\
00010 0 0 1

So=|o0o0100|=[0-s0
0-10 0 0 10 0
\1 0000/

X € SO(2r+1)/S(0(2r — 1) x O(2)) & XJXt=1,
forr =2 J =diag(1,0,0,0,—1).

Local coordinates:

Q — _SOQTSOa and Q — [J7 Q]a



Integrable MINLS and Lax representations

A ITI-type MNLS or the vector NLS (the Manakov model) — Manakov,
1974::

Ha 111 = / dr ((q: 1, q:) — (@1,9)?),

— OO

iq) + @y +2(77 7 (2,8)q (2,) =0,
BD.I-type MNLS:

(©. @) ~ . . 1 .
HBD.I:/ dx (((]:c T d) — ( Ta@2+§‘(%67)‘2)

— 00

0-4



A IIl-type MNLS
dy

Ly(z, N\) = z% + q(x)Y(x, A) — AJY(x, A) =0,
0 7 (x,t) (1 0
Qlz,t) = (—(j’*(az,t) T ) /= (o —nn)'
M = @% (Vo t) + 20Q(, ) — 2X27) 9, £, \)

— 7~p(’f? t? )\)C()\)7
Vo(z,t) = [ad 7'Q, Q(z,1)] + 2iad ;' Q,,
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BD.I-type MNLS

Ly(x,t, \) = 10,0 + (Q(x,t) — A)yY(x,t,\) = 0.

M (z,t,\) = i0pp + (Volz,t) + A\Vi(x,t) — N2)(x,t,\) =0,
. ._1d 1 B
Vilz,t) = Q(x,t), Vo(x,t) = zadjlg 5 [adle,Q(x,t)] .
where J = diag(1,0,...0,—1) and
0 g 0 2r 41 0 0 1
Q=7 0 sod |, So=> (-D)""Epaqopr={0-s0],
0 plsg O k=1 1 00

(2)

Here (Egp)ij = 0ikdrn; and the 2r — 1-vectors ¢ and p = ¢* take the form

T=(q1,-  Qr—1,00,q—1s->qrt1)"

Y
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RHP with canonical normalization on R

The Fundamental analytic solutions of L (FAS) for real A satisfy:
X (z,\) = x" (2, \)Go(N), ) eR.
Riemann-Hilbert problem:
£ (2, 1) = x5 (2 ).
(@) =€ (2, )G(x,)),  AeER

)\lim X (z,\) =1, canonical normalization.
— 00

G(ZU, )\) _ e_iAJxGO()\)GMJCE.

Definition: £*(z, )\) is a regular solution of RHP if det £ (z, ) # 0 for
all A\ € Cy.

Theorem: RHP with canonical normalization has unique regular solu-
tion.

Proof Let ff—}(x, A) are two regular solutions of RHP. Then:
G (@M€ (8,0) = & (3, MG, NG, Mg (2,0) = & (2,16 (2,),
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lim & (2, \)&S (2, \) = 1.
A— 00

Liouville theorem:

gi(xv)‘)é;(xv)‘) =1,

1.e.

& (2, 0) = &5 (2, ).
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Equivalence of RHP and Lax representations

Theorem [Zakharov, Shabat]. Let £¥(z,)\) be solution to a RHP
with canonical normalization and G(x, \) such that:

z% — AJ,G(x, )] = 0.
Then e
i @) @) - ALE @] =0, e

.dXjE + +

Z% + Q(aj)X (CIZ’, )‘) o )‘JX (:Ua )‘) = 0.
Proof:

gi(x,t, A) = zﬁfi(aj t,\) —|—)\§i(x ¢ )\)in(x t, ).
o (@.0) = i1 DG (e 2) 4 A CIGE (2 )
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de~ . dG - . A
= idg—xf_(az, A)+E (z%G + \GJG(x, )\)) £ (x, )
— z‘dg—;é— (z,\) +& ()\[J, GG + NGJIG(z, \) ) € (z,\)
— @‘f—; (@, \) AT TE (2, N)

g (x,N), A eR.

Thus g1 (z,\) = ¢~ (z, A) is analytic in the whole complex A-plane except
in the vicinity of A — oo where g™ (x, \) tends to AJ. Liouville theorem:

g (z,\) — \J = const
with respect to A; denote it —g(z) and get:

gt (z,A) = A = =Q(z).

~

O(z) = [J,Q(z,t)] = lim X (J — et (e, N JEE(x, A)) |

A— 00
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Similarly one treats also the time dependence. Therefore:
Let the sewing function G(z,t, \) satisfies:

dG dG 5
— = — t,\)] = 0.
= AMJ,G(x, t, )] =0, i— N, G(x, t,\)] =0
Then Q(x,t) satisfies the MNLS equations:
001, 0°Q |
J, — S = 0.
Z[ ’ 8t]+8x2 T
For A.III:
ch’t + ixx =+ 2(‘?7‘7)‘7’: 0,
For BD.I:
0 0 1
iG + Gow + 2(4", )7 — (Gs0d)s0q* =0,  so=|0-10
1 00
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Singular solutions of RHP and the soliton
solutions of MINLS. Dressing method

Starting from a given regular solutions fgc(x, t,\) to the RHP construct
new singular solutions ¢+ (z,t, \) of RHP with zeroes and pole singular-
ities at )\;-t € C4. Dressing factor u;(x,t, \):

X (x,t,\) = ui(x,t, )\)fa—L (x,t, )\)uj_’i()\),

A— AT
uj(@,t,A) = L+ (¢;(A) = DPj(@,1), (A = —=,
J
u]_i = :UEI—noo ui(x,t, \).

Pj(x,t) is a projector P = P;. If rank P; = 1, then:

-

0-12



The dressing factor u(x,t, \) satisfies the equation:

ZZ—Z + Q(x, )u(x,t, ) — u(x,t, \)Qo(x,t) — A[J,u(x,t, \)] = 0.

Main advantage: one can determine the x and ¢-dependence of (m;| and
n;) through the regular solution X3 (z,t, A):

~— + + +

If q(x, ) is the potential corresponding to the singular solution x* (x,t, \)
then:

Q(z,t) = Qo(z,t) + Ali_)rlgo AMJ —uj(x, t, N)Ju(z,t,\))
= Qo(z,1) — (A} = A[)[J, Pi(=,1)].
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Qo(z,1) =0, Q(z,t) = _()‘j_ _ A;)[Jv Pj(x7t>]7

;)\ 1, N+ + o B
Pj(aj) — ‘<¢2><‘n g>|’ \n3> — e’l>\j J(x+>\j t)|n(j)>, <m3| — <m2\6 A J(ac—l—)\j t))
J1°7J

One-soliton solutions of Vector NLS eqgs.:

| (1) iV
(2. 1) 2ve'? . .
x,t) = n n = ;
A cosh(z) o
w(n) oty
2= 2w(z—€@1), &) =2ut+€Y,
7

¢ = ;Zk+5(t), o(t) :2(,u2—|—y2)t—|—5(0).
For the BD.I NLS

wi(x,t,A\) = 14 (¢;(A\) —1)Pj(x,t) + (cj_l()\) — 1)So P So(x, 1),
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One-soliton solutions of BD.I NLS with n = 3:

_ AV 2oiavorsl(N = AD) i ais,
d1s;+1 — — Al €

X (cosh(z1 F (o1) cos(aq3) — isinh(z1 F (p1) sin(aa3)),
V20vo12|(AT —AT) g,

q1s:0 = — e (sinh 21 cos(agz) + i cosh 271 sin(ag2)) ,

Aq

1 1 Vo1
B13 = 5(0403 — ap1), Co1 = 5 In LUES

Dressing procedure adds pairs of discrete eigenvalues )\;L and A, =

()\;r)* to the spectrum of L.
Repeat the dressing N times to get the N-soliton solution.
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Wronskian relations, ‘squared solutions’ of L
and recursion operators A,

Study the mappings: M <> T'(\). M ;= {q(z,t) =[], Q(z,t)}, Q(z,1)
- smooth and tending to 0 for z — 4o00.

o

(RTx(@, ) — D = —i / dx 11Q(x), J)x(x, A,

— o0

(RN ) = ) Ea) e = =i [ dotr Q). Tlea(w V),

— OO

pljlzg()\) = —1 [[Q(y>7 ef?l: (y7 >‘>ﬂ ) €ab (337 )\> — POJ(XEabf((xa )\)>7

eqp(, \) are the ‘squared solutions’ of L; Pyy is a projector Py; X =
ad 7'ad ;X on the off-diagonal part of X.

XY @] = | Tyt (X(), LY W),
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Completeness of ‘squared solutions’ and gen-
eralized Fourier transforms.

Theorem The sets of ‘squared solutions’ e;—;(y, A) form complete sets of
functions in M ;. The completeness relation has the form:

5(3j o y) Z(Elr 024 Erl - Erl &) Elr) —

1 [~ r Al

G (@) = 2 el (e N @itV G (d) = Xera () © ().

T

Gi_;j (z,y) = Z(eir;j(:w & 67:'_1;3' (y) + éii_r;j<x> ® 67:'_1;3' (),

r

Gl_;j(xv y) = Z(éqjl;j(x) & el_r;j(y) + 6;1;3'(37) ® él_r;j(y))a

T
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Idea of the proof: VSG (1981), (1986) —
Apply the contour integration method to the Green function.

G*E(z,y, )\) = G (2,9, b+ (x —y) — G5 (2, y, N0+ (y — ),
GHw ) = et (e N N, G e d) = e (o) @65, (1),

r

G;(x7y7 >\> — Z zr(x )\>®6r1 y7 +Z + ZIZ )\ ®e7“z(y7 >\>

2<a<r 1>r
Gy (z,y,A) = ) en(@mA) @ei(y,N) + Y eni(@,A) @ e (y, M),
2<ai<r 1>r

and 04 (z) = 6(%z) is the step function.
Expansions over the ‘squared solutions’:

(

Qa) = — - / 3 (o! ) — o (Ver (1))

_222 '0?“1,3 7“1,] +p17“7J€17“,J(x>)’

k=1 r
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15Q@) =5 [ N (91 (el (0:2) + 95, e . 0)

+ZZ(5/ 17“3 z) ='W, 7"13( ))7

k=1 r

Consider variations of the type:

0Q >~ Q(x,t+ dt) — Q(x,t) ~ Qbt.

e=(x,)\) are generalizations of e~**. We need the analogs of id/dx
for which i(d/dx)e™** = \e™ M

(Ay — Nel(x,\) =0, (Ay — Ve, (z,\) =0,
(A_ — Nef (xz,\) =0, (A- —Ne,.(x,\) =

AeX () =ady (15 i |11@@) [ vl x| )
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Fundamental properties of the NLEE

Now we can prove that the principal series of NLEE has the form:

1702 4 F(A)Q(.1) = 0,

where A can be either A, or A_ and fy(\) determines the dispersion law
of the corresponding NLEE.

Theorem The NLEE are equivalent to the following linear evolution
equations for the scattering data of L:

dp7. n Ay dpi,; o+
r 2 — — = ’ 2 : L=
? dt :F f()\)plr 07 dt 07 v dt :I: f()\j )plr;j 07
Series of integrals of motion generated by m=(\).
d +
ik 0, k=1,...n—1
dt

mi(A) =Y A I,
s=1
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1.e.

dri®
g = 0, forall s=1,2,3,....
I ~ / tr@Q*, I~ Z/ tr (QQz), I3~ Hunrs

Hierarchies of Hamiltonian structures.
Hamiltonians are linear combinations of [ ék).
Q(z,t) is a local coordinate on the co-adjoint orbit passing through J.

For a generic NLEE:

1 0@
Qp = —,/ drtr (0Q(x) N [J,0Q(x)) .
It is also expressed through the skew-scalar product by:

Qp = % [ad7'6Q Aad ;16Q].
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The hierarchy of Hamiltonian structures:

n—1
Hk — Z blll(l—i_k)?
=1

0 = [5QAASQ]. A= (Al +A),

Calculate €2 in terms of the scattering data variations. The answer is

N

1 [ — : -
O = 5 AN (5 (\) — Qg (V) — zz (Qi,j T ka;j) )
T J_ oo j=1
Q) = Res Q7 (N).
: A=AF

This proves that all symplectic forms are compatible.
Besides all integrals of motion are in involution:

Qp(dIV, dI{™) = 0.
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1 Soliton interactions

Scalar NLS

Consider the N-soliton solutions; the Lax operator L has 2N eigenvalues:
A5 = g vy,

i determine the asymptotic velocity of the k-th soliton; v defines the

amplitude of the k-th soliton.
If all uj are different one can evaluate

lim QNS L, t ZQk 1s\Ls t E}m QNS(x7t> = ZQZ,B(%@

t——00
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Generic case of soliton interaction: vy # v; for k # j. Let

V1 > Vg > -+ > UN

Nt + 2y ... UVt + Ty Uit Ty vlt—i—a:]L vgt—i—a:;r fUNt—i—zz:j\r,

Ve Ve

t——0o0 t—00

For pur = p; - one may expect that the solitons will form bound
states.
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det My (x,t)

s(Z, 1) = )
uNs(2:0) = G ()
L+ ~7 (@, )y (z, 1) (M(x t) A(x t))

Mij(x,t) = — M (x,t) = | R
t — —00 t — 00
N N

UNs gzuls(xat;ukaykagk_?&k_) ﬁzuls(x,t;ﬂk,Vk;,fz—,&;_)
k=1 k=1

e /1, — asymptotic velocity of k-th soliton
e v, — asymptotic amplitude of k-th soliton
o 525 — asymptotic relative center of mass position of k-th soliton

o 5;;& — asymptotic relative phase of k-th soliton
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Conclusion: The soliton interactions:

e preserve the number of solitons

e preserve their velocities and their amplitudes
e purely elastic in character.

e shifts of the relative center of masses and relative phases.

k—1 N k—1 N
=G+ rh— > rh. ei=dr+ ) af— > o,
s=1 s=1

s=k+1 s=k+1

k—1 N k—1 N
G =& =Y rh+ > rh. ey =dr—) ah+ > of,
s=1 s=1

s=k+1 s=k+1
+ + _ \F
+ —1 )\S )\kz + )\S )\k
Tsk = in + — | ask = arg T — -
>\S - )\k )\5 - )\k
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Pure elastic nature of the N-soliton interactions is due to the infinite
set of integrals of motion.

BD.I MNLS:

Take the 2-soliton solution and calculate its asymptotics along the
trajectory of the first soliton. Thus

lim Qos(z,t) =

T—00

lim @2S(x, t) =

T——00

where

T+:

iV2u1e"HP1m04) (75174 50|y ) + e#1 T+ |75
cosh(2(z1 +71)) + (ﬁgl, Vo1)
i\/ﬁyle_i(qbl_'_a—) (e—z1+7“— 30‘501> + et ‘ﬁ§1>)

cosh(2(z; —r_)) + (77517 Uo1)

Y

Y

(4)

AT = A7
AT — A

M A
A=Ay

In : 4 = arg
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Conclusions

e RHP is an effective method to investigate MNLS and other soliton
equations and derive their fundamental properties

e RHP provides effective tool to construct explicitly reflectionless
potentials of the Lax operators and the soliton solutions of NLEE.

e RHP combined with the Wronskian relations allows to interprete
the ISM as a Generalized Fourier transform

e The soliton interactions are purely elastic in nature
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