The Standard-Model

Ulla Blumenschein, Queen Mary University of London

® |ntroduction Standard model

® Precision tests of electroweak physics at the
LFE

From time immemorial, man has desired to
comprehend the complexity of nature in terms of
as few elementary concepts as possible.

Abdus Salam (Nobel Price in physics 1979)
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Relativistic notation:

Space-time 4-vector: txﬂ = (ct, 2.y, 2) [xu = (ct,—x,—y, —2)

Minkowski metric:

1 gsb=@by =a'b’ —dG b —a b —ab

: : Herbert Minkowski,
Albert Einstein Goettingen 1902-09
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Relativistic notation:

Space-time 4-vector: Lxu = (ct,2,y, 2) Lx“ = (ct,—x,—Yy, —2)

Minkowski metric:

{ a-b=a"b, =a°p° —a'dt — a?v® — >b°

o HEP: Energy-momentum 4-vector: Herbert Minkowski
Albert Einstein Goettingen 1902-09
5 daxt (E )
—my— = |—p
P Tat € [E:ymcg, [pz*ymv

2 —1/2
Lorentz- L _ (1 ~ ”_2)
factor c |

In most slides, we use n
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Relativistic notation:

Space-time 4-vector: [x“ — (ct, x,1, z) [x“ = (ct, = =1l —Z)r

Minkowski metric:

‘ asb=a by =a'b"—a b —ab"—ab

T HEP: Energy-momentum 4-vector: Herbert Minkowski
Albert Einstein Goettingen 1902-09
i dxt (E )
=my—— = | —P
The norm of an Energy-momentum 4-
vector is its (invariant) mass Lorentz- L _ (1 - v_2>"1/2
factor a2
E2
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Relativistic notation:

Space-time 4-vector: Lx# = (ct,2,y, 2) Lx“ = (ct,—x, -y, —2)

Minkowski metric:

‘ s b =" by =@ b —a b —a b —ach

o HEP: Energy-momentum 4-vector: Herbert Minkowski
Albert Einstein Goettingen 1902-09
) dxt <E )
= myY— — —, P
p o dt C [E’:fymcz Lpzfymv
The norm of an Energy-momentum 4- o
vector is its (invariant) mass Lorentz- L _ (1 _ ”_2>_ /
factor ¢ p

In most slides, we use natural units
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(1) Towards QED

AS

Richard Feynman Shin’Ichiro Tomonaga Julian Schwinger

“I would rather have questions that can't be
answered than answers that can't be questioned.”

Richard Feynman (Nobel Price in physics 1965)

g’ = b D V
- : ; Q) Queen Mary
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QM description of Fermions

Applying quantum substitution Lﬁ bV LE—> ih%

(1) to classic energy-momentum relation E =p2/2m +V |

E. Schroedinger

+
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QM description of Fermions

Applying quantum substitution [5 -3 iBVY [E—> ih%

(1) to classic energy-momentum relation E=p2/2m +V

/ E. Schroedinger
- Schroedinger equation: L'h&p A2
B —

57 =~ VAU(E D) + V(7 OY(F 1)
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QM description of Fermions

Applying quantum substitution L,—,* AV LE — ih%

(1) to classic energy-momentum relation E=p2/2m +V |

/ E. Schroedinger

- Schroedinger equation: 8¢ h2
V2uU(7, t) + V(F, t)(F, t
Lat TS0 + V()
Applying quantum substitution Lpﬂ — iho, 9, = 0
Xk
(2) to relativistic energy-momentum
relation: E2 = p2c2 + m2c# |

A. Einstein

\-Q.e! Queen Mary
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QM description of Fermions

Applying quantum substitution Lp’ N v/ LE—> ih%

(1) to classic energy-momentum relation E=p2/2m +V | S
/ E. Schroedinger
- Schroedinger equation: o h2
ih— = —— V(7 t) + V(7, t)u(7, t
Lf‘?t VL GR(F. 1) + V(E ()
Applying quantum substitution Lp” — 1hO, 9, = 8;9(“
(2) to relativistic energy-momentum
relation: E2 = p2c2 + m2c* |
o
. . 1 0 5 m e
- Klein-Gordon equation: Lc_zﬁtp — Ve + P Y =0

‘Q.a’ Queen Mary
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QM description of Fermions

Applying quantum substitution Lﬁ 5 iV LE—> ih%

(1) to classic energy-momentum relation E=p2/2m +V |

/ E. Schroedinger
- Schroedinger equation: L 3¢ h2

o= VR 1) + V(7 0 )

Applying quantum substitution Lpu — ih0, g, =, 0
aXH

(2) to relativistic energy-momentum
relation: E2 = p2¢c2 + mac?

«

22

> Klein-Gordon equation: L 12 o — - V2¢+ — = 0.
C




The Dirac equation

- 4D matrices: y-matrices o (0 I . 0 o
T=\1 o T\ o 0

Paul Dirac

-
) Queen Mary | 2
University of London
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The Dirac equation

-~ 4D matrices: y-matrices o [0 I - 0 o
Y=\1 o0 T\ o 0

Fermion becomes a Dirac spinor:

Pau/Dirac Y = (%o, 1,12, ¢3)‘
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The Dirac equation

= 4D matrices: y-matrices o [0 I . 0 o
T=\I o T\ -0 0

Fermion becomes a Dirac spinor:

PaulDirac Y = (vo, 1, Y2, ¢3)‘

> Dirac equation: ‘ .(z'fy“BM —m)p =0 ‘

_ 0
o axe

14
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The Dirac equation

- 4D matrices: y-matrices o (0 1 - 0 o
=1 o T\ = 0

Fermion becomes a Dirac spinor:

¥ = (o, Y, . Us)|

- Dirac equation: | (19" 0, —m) =0 |

_ 9
# OXH

Implicit sum convention: Sum over all indices: y = 0,1,2,3

Ulla Blumenschein, The Standard Model, Hasco summer school ]' 5



The Dirac equation

- 4D matrices: y-matrices o (0 1 0 0 o
=1 o T -a 0

Fermion becomes a Dirac spinor:

Paul Dirac ",b — (¢0) "pla ¢27 ¢3)

> Dirac equation: ‘ ‘(iyﬁ‘@“ —m)y =0 |

Gy _ () L (Et—px)
Lw = % (E7 p)e ﬁf

| /

spinor wave

Solutions:
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The Dirac equation
- 4D matrices: y-matrices _ i
() [ )

= (Yo, 1.2, )

0 I
I O

_ Fermion becomes a Dirac spinor
Paul Dirac

=0

>

> Dirac equation: [(z’y“@u — m)Y

Wf) — uO)(E, p)e—#(Et=p¥)

Solutions:
1 0
up = L Ug = .
a pz/(E R m) 2 (p:c - zpy)/(E + m)
Electrons: (pe + ipy)/(E +m) —p:/(E +m)
Positrons (p2 — ipy)/(E +m) p:/(E +m)
o= | P/ (E+m) v — | @2+ iPy)/(E +m)
! 0 . 1
1 0
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The Dirac equation

- 4D matrices: y-matrices o [0 1 iry 0 o
=1 o T\ = 0

Fermion becomes a Dirac spinor:

Paul Dirac 'Qb = (¢07 ’(pla ¢27 ¢3)

- Dirac equation: [(iqx“@u —m)yY =0

B

. probability density/current:

i i —L(Et—px —— _ — ,

Solutions: L‘/’( )= ul )(E’ p)e B | =97 = Py + D) = (p,))

1 0
. “E e /(E+m) 2= | (pr — ipy) /(B +m)
Electrons: (px +ipy)/(E +m) —p./(E +m)
Positrons (P — ipy)/(E +m) p-/(E+m)
oy — —p:/ (gJ +m) vy — [(pm + ipy)l/ (E+ m)]

1 0

. —V &
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The EM force

Classic Maxwell equations:

i i
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The EM force

Classic Maxwell equations:
WimBle 2 V-B=0
xE:—%—B VXB /J,()J—I—/j,oﬁ()aE-

- Homogeneous MWE: B and E as as derivative of potentials V and ?

Lé(a‘s‘, t) =V x A(Z.1) [E(:i", t) = —VV(&,t) — 24E0
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The EM force

Classic Maxwell equations:
V-E=2 V-B=0
xE:—%—B VXB ,LL()J-I—/,L()GOOE-

- Homogeneous MWE: B and E as as derivative of potentials V and ?

[B'(f, t) =V x A(Z,1) LE(::: t) = —VV(&,1t) — 2AED

—> relativistic description: 4-potential - Tt = (p j)
4-current i
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The EM force

Classic Maxwell equations:

v-B=0.
VxE:—%—? @Mof—l—@-

- Homogeneous MWE: B and E as as derivative of potentials V and ?

(B@En=VxA@H | Bwn=-vv@n - oA

- relativistic description: 4-potential o T po_ 7
A-current LA (v, 4) LJ (0, )

Field strength tensor:

Fiv — grAY — gV Al =
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The EM force

Classic Maxwell equations:

- Homogeneous MWE: B and E as as derivative of potentials V and ?

Lﬁ(:ﬁ’, t) =V x A(Z,1) LE’@, t) = —VV(&,t) — 24ED

- relativistic description: 4-potential Al — 3 p_(p T
4-current L S LJ (b, J)
Field strength tensor:

[0 -FE, -k, =N
E 0 -B B
BV _ OB AV _ AV ABL — T 2 Yy 9 .
F OrAY — YA E B 0 -B Inhomogeneous MWE
_Ez —B, B; 0 a,uFl“/ — Jv

N >

¥ Queen Vry 23




The Lagrangian density

Classical mechanics: Lagrange function: [L =T-V

Fundamental law of motion: Euler-Lagrange equation: 0L _ d 9L _0
an' dt 8q.7 |
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The Lagrangian density

Classical mechanics: Lagrange function: [L =T-V

Fundamental law of motion: Euler-Lagrange equation: oL _d oL
dg; dt dg,
Field theory: Lagrangian is a function
of fields and their 4-derivatives
L($,0,9)
- Euler-Lagrange equation: o oL __ oL
Hé(0ud) 0P

co summer school 2 5




The Lagrangian density

Classical mechanics: Lagrangefunction: [L =T-V

Fundamental law of motion: Euler-Lagrange equation: oL _d oL _,
dg; dt dg,
Field theory: Lagrangian is a function
of fields and their 4-derivatives
[[z((b, 8#¢)
- Euler-Lagrange equation: o oL __ oL
Ho(0ugp) — 6¢

Example Dirac Lagrangian:

L‘CDz'rac — Z’tﬁ’y“aﬂlb — m¢¢ e_EuI_er Lagrange equation
= Dirac equation . B
l(wuau —m)y =0
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The Lagrangian density

Classical mechanics: Lagrangefunction: [L =T-V

Fundamental law of motion: Euler-Lagrange equation: oL _d oL _,
dq;  dt 9q;
Field theory: Lagrangian is a function
of fields and their 4-derivatives
Lﬁ(d)a 8ﬂ¢)
- Euler-Lagrange equation: o oL _ oL
Ho6(0ug) — 69

Example Dirac Lagrangian:

LLDz"r'ac — i¢7ﬂﬁu¢ — m¢¢ 9_ELSﬁ;I6aegrange equation
= quation . B
[(z’y“aﬂ —m)yp =0




Gauge symmetries

Noether theorem:
Continuous symmetries -> corresponding conserved quantities

Emmy Noether,
Goettingen 1915-33
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Gauge symmetries

Noether theorem:
Continuous symmetries -> corresponding conserved quantities

. . o . Emmy Noether,
Dirac Lagrangian is invariant Goettingen 1915-33

under global phase translation

IRV W W
AJ\/‘W

>>\/

~I~
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Gauge symmetries

Noether theorem:
Continuous symmetries —> corresponding conserved quantities

: . . . Emmy Noether,
Dirac Lagrangian is invariant Goettingen 1915-33

under global phase translation

PRIV VA W Uy
)AJ\/‘W

>>

\/\/\/
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Gauge symmetries

Noether theorem:
Continuous symmetries —> corresponding conserved quantities

: : . : Emmy Noether,
Dirac Lagrangian is invariant Goettingen 1915-33

under global phase translation

Now require also invariance under
local phase transitions

A~ AN

‘;‘j,\f\/w SN N NV A
ANV IV

>>>\/\/\/ ;AQV%
VN VYV

I _ a—iqQ Objects are only influenced by their
‘ ¢ - ¢ © ¢| immediate surroundings
(principle of qualit
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Gauge symmetries

Noether theorem:
Continuous symmetries > corresponding conserved quantities

. . o . Emmy Noether,
Dirac Lagrangian is invariant Goettingen 1915-33

under global phase translation

Now require also invariance under
local phase transitions

- A S AN

A;Aj,\/‘.\/'\/\/ S AN NV A
I NN N A

>> \/\/\/ A3A Vo
ARV

oV ey Y o = emiabuly
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Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

Loirae = WHQui) mp | = e~i9abw)y)
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Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

Coime = WG b | g = el
We obtain a spurious inner derivative destroying the gauge invariance
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Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

Coirae = i1 my |- ¢l = e~aaluly

We obtain a spurious inner derivative destroying the gauge invariance

But what about the principle of locality
?

Ulla Blumenschein, The Standard Model, Hasco summer r school \ Queen Mery 3 5




Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

[LDirac — upf}/ m¢¢ ?,b = ¢I = e_iqa(xﬂ)z/)
We obtain a spurious inner derivative destroying the gauge invariance

- Replace the 4-derivative by the covariant derivative D, by adding interaction
with photon field A,

D, =0, + iqA,

Ulla Blumenschein, The Standard Model, Hasco summer school QY Queen Mary 3 6




Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

Lbirac = D, - i) = Y = ey
We obtain a spurious inner derivative destroying the gauge invariance

- Replace the 4-derivative by the covariant derivative D,, by adding interaction
with photon field A,

with the photon field transforming as:
D, =, + igA,

A, — A=A, +00(x)
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Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

[LDirac — “pfy m’lb@b ’l’b — wl — e_iqa(xl-t)w
We obtain a spurious inner derivative destroying the gauge invariance

- Replace the 4-derivative by the covariant derivative D, by adding interaction
with photon field A,

with the photon field transforming as:

Du:(‘?pﬂ—iqAM'
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Gauge invariance

When calculating the QED Lagrangian with the transformed fermion field

[LDirac — Z'Qb’y mww w — ?pl = e_iqa(XlJ)w
We obtain a spurious inner derivative destroying the gauge invariance

- Replace the 4-derivative by the covariant derivative D, by adding interaction
with photon field A,

with the photon field transforming as:
A 4, = 4,

using the gauge freedom of the photon field

DM:(‘)quiun‘
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Gauge Invariance

When calculating the QED Lagrangian with the transformed fermion field

LLDirac — “pfy mWP ﬂ/) —_ ?71/)/ — e_iqa(xﬁ‘)u’)
We obtain a spurious inner derivative destroying the gauge invariance

- Replace the 4-derivative by the covariant D, derivative by adding interaction
with photon field A,

with the photon field transforming as:

(D, =0 +'A|
| M L 1AL A#%AL:AM

—- using the gauge freedom of the photon field

> inner derivative is cancelled - gauge invariance restored |

iy i

- ‘ PN S e O
YO Queen Mary
iversity of London



Gauge invariance

- New Lagrangian: L L:QED _ ’l:’l;’)/“D,uw . m&w J

Adding kinematic term for free photon: ‘ Dy = 0y + iqA,

LoD = —§FuF* + iy Dytp — miy

.. Yields the Maxwell-equations for current density jEM = ey |

Needed to introduce photon field by requiring local U(1) gauge
invariance of the Lagrangian x
e

@ —

Charged particles are always
accompanied by EM field
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Perturbation theory

[ LoED = —2F F" +ipy" 8, — mypyp

—> Scattering matrix

' 5 | IR A ks
[Saﬂ - <a'm| |/Bout> LS ~e (—z/ dtV(t)) Perturbation Hamiltonian

in the Interaction picture

Ulla Blumenschein, The Standard Model, Hasco summer school 4 2



Perturbation theory

[ LQoEp = —1FuF* + iy 9,0 — my

—> Scattering matrix

l 3T
V=e| dzyy'ypA
_ | N “
[Saﬂ B (a'mlg'lﬁou» [S =en (—z/ dtV(t)) Perturbation Hamiltonian

in the Interaction picture

—> Perturbation expansion: terms can be graphically represented as
Feynman diagrams

Ulla Blumenschein, The Standard Model, Hasco sufmr'ne'r ‘sc;VHooI




Perturbation theory

LQED = = Fu F" + i)y 0p — mipyp @ l

—> Scattering matrix

1 y Ve [dirya,

[Sag = (amlg' | Bout) Ls = Texp (—z‘ /_ : dtV(t))

Perturbation Hamiltonian
in the Interaction picture

—> Perturbation expansion: terms can be graphically represented as

example: ee 2 yy Feynman diagrams

: -

e e
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Feynman diagrams

EM vertex:

Each line and each vertex
represents a mathematical term

v( p,)
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Feynman diagrams

EM vertex:

Each line and each vertex
represents a mathematical term

\e | - Resulting matrix element:

~ (p 2)2[U(P3)7”V(P4)][V(Pz)%“(Pl)]

Ulla Blumenschein, The Standard Model, Hasco summer school e’ Queen Mary 4 6




Feynman diagrams

EM vertex:

V(pz) ‘ }w
ieyV
Each line and each vertex
u(p,) v(p,) represents a mathematical term
e~ oo . .
\ ] - Resulting matrix element:
—e2
$=yly = [a(p3)7* v(pa)l[V(p2)ypu(p1)]
(p1 + p2)? g
IEEE
0 0 0 -l _ S Nt N |
QED fermion current: L_/EM - ewfy ’(p
A set of Feynman Rules allows to translate any d/agram to an ampl/tu e g

ithout exp //c/tly carrying out the perturbat/ve_ expansion or the S
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Feynman diagrams

EM vertex:

Each line and each vertex
represents a mathematical term

- Resulting matrix element:

—e2
= Gor T P v (PNF(P2) (1)

QED fermion current: l-/EM — ewfyuw

R A;set of Feynman Rules allows to translate any d/agram to an amplltu )
ithout € ,,,I/C/tly carrying out the perturbatlve expansion of the
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Feynman diagrams

EM vertex:

Each line and each vertex
represents a mathematical term

- Resulting matrix element:

e |
= o +p2)2[U(P3)7 V(P4)]

QED fermion current: L.//I:fM — e@V“"p

. AAset of Feynman Rules allows to translate any d/agram to an amplltu
ithout ex I/C/tly carrying out the perturbatlve expansion of the
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Feynman diagrams

EM vertex:
e+

- 'y :
v(p,) | >N
ieyV
Each line and each vertex
- u(p,) vips) represents a mathematical term
\ , - Resulting matrix element:

-
M = @[a(pawvm)][v<pzmu<p1)l

QED fermion current: LJEM = 6@7“1/1

A set of Feynman Rules allows to translate any dlagram to an amplltu
ithout explicitly carrying out the perturbatlve‘ expansion of the S
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From amplitudes to cross sections

Particle Collider: Interaction rate depends on luminosity and cross section

Ldt < Luminosity £ depends on number of
particles per bunch, bunch frequency
and beam profile: “flux”

[Nevents — 0'(6+6_ — /J’+/*L_)

TOTEM

CMS

DUMP

Cleaning




From amplitudes to cross sections

Particle Collider: Interaction rate depends on luminosity and cross section

CLdt Luminosity £ depends on number of
particles per bunch, bunch frequency
and beam profile: “flux”

[Nevents - O'(6+6_ — .U/+/*L_)

CMS

Differential cross section: e ToTEM
depends on squared matrix element

S|M|? 3
Lda _ (8%)2 | M| 1P|

cavities X _-" DUMP

m o (El +E2)2 . |p_:&| Cleaning

Cleaning
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From amplitudes to cross sections

Particle Collider: Interaction rate depends on luminosity and cross section

CLdt < Luminosity £ depends on number of

particles per bunch, bunch frequency
and beam profile: “flux”

LNevents — 0'(6_'_6_ — :U'+:u_)

CMS

Differential cross section: e TOTEM
depends on squared matrix element

dg _ (L2 SIM|?  |Pf]

d_Q o 8_71- (El +E2 )2 . |p—; | Cleaning Cleaning

Add matrix elements for the various
spin combinations, example: e e - u "

QJ gueen Mary
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From amplitudes to cross sections

Particle Collider: Interaction rate depends on luminosity and cross section

LAt Luminosity £ depends on number of
particles per bunch, bunch frequency
and beam profile: “flux”

[Nevents = 0'(6+6_ — N+H_)

Differential cross section: - -
depends on squared matrix element

CMS

DUMP

do ( 1 )2 S|IM|? 1P|

dQ = \8n/ (E1+E2)?  [pi

Cleaning Cleaning

Add matrix elements for the various i o Bl
spin combinations, example: e e - u'u” \ ~ ~

/ e* / e / e* / e* Average over initial-state
w w 4 ut - Spins, sum over final-state spins

Ulla Blumenschein, The Standard Model, Hasco summer school S = (F bk e Queen Mary



From amplitudes to cross sections

Integration over phase space -> total cross section

Example: e"e » pu u”

do o
—— (1 2p
Lsiné)d&dq& gL st
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From amplitudes to cross sections

Integration over phase space - total cross section

Example: e"e » u ' pu”

do a? A a?
— 1 2 =
Lsiné)d@dgb g ot masd) & L"
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