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2. FRG application for O(3) nonlinear σ model
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• For fermionic theory , find  such that(SF, {𝒪F}) (SB, {𝒪B})

Ask ChatGPT
What is Bosonization?



• 1 flavor free fermion ↔ 1 flavor free boson 


• Operator correspondence


• U(1) symmetry in fermion = shift symmetry in boson

In D=2
Abelian Bosonization

S. Coleman, Phys. Rev. D 11, 2088



•  flavor free fermion ↔ U(N) Wess-Zumino-Witten theory


• 


• Operator correspondence 


•  symmetry in fermion = 
 
 
 
in WZW theory.

N

g, g̃ ∈ U(N), g̃ |∂B=ℝ2 = g

U(N)L × U(N)R

In D=2
Non-Abelian Bosonization

E. Witten, Commun.Math. Phys. 92, 455–472 



• 


•  part is free boson theory.


•  part:  WZW model

U(2) = U(1) × SU(2)

U(1)

SU(2) SU(2)

Consider N=2
SU(2) WZW vs O(3) nonlinear σ model

in low energy and θ = π

with ϕiϕi = 1



Whole structure
Relation between models with N=2

2-flavor free fermion theory Level-1 U(2)-WZW model

Non-abelian 
Bosonization

U(1) Free boson theory 
Level-1 SU(2)-WZW model

O(3) nonlinear sigma model

Decomposition

Equivalent@low energy



Haldane conjecture
Relation between models with N=2

Haldane conjecture

2-flavor free fermion theory Level-1 U(2)-WZW model

Non-abelian 
Bosonization

U(1) Free boson theory 
Level-1 SU(2)-WZW model

O(3) nonlinear sigma model

Decomposition

Equivalent@low energy



• They looks so different.


• Fermionic side: no interaction, trivial


• Sigma model side: interactive, nontrivial


• How to understand their equivalence in terms of renormalization 
group flow?


• If there are equivalent, O(3) nonlinear sigma model should describe 
free fermion in low energy.


• Perturbative renormalization group analysis was given by Witten.


• This “duality” should be realized nonperturbatively.

Free fermion with N=2 vs. O(3) nonlinear sigma model
How to understand the equivalence? 



• Free fermionic theory 

• Gaussian fixed point


• One relevant direction with critical exponent=1 


• O(3) nonlinear sigma model 

• At Gaussian fixed point


• Several relevant directions


• Is there a nontrivial fixed point?


• Is the universality class (critical exponents) the same as free 
fermion case?

In terms of critical exponents
Universality class

Trivial

Nontrivial



Critical exponents
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• We study the O(3) nonlinear σ model with the  term.


• Purpose: study the universality class 


• How to give a truncated effective action?

θ

Application of FRG for O(3) nonlinear σ model

with ϕiϕi = 1



1. Target space is spherical :  

• How to truncate the effective action with keeping this 
condition?


2. The  term is topological. 

• No RG flow.

S2 ϕiϕi = 1

θ

Technical difficulties

Application of FRG for O(3) nonlinear σ model



• Possibility 1: Introduction of auxiliary field  

• The auxiliary field becomes dynamical.


• It becomes additional dynamical degree of freedom.


• The effective action may be complicated.

σ

Target space is spherical : S2 ϕiϕi = 1
Obstacle 1



• Possibility 2: Introduction of background field 

•  and  is spherical metric.


• Highly complicated.


• Truncation may spoil the condition.

ϕi = φi + ξi hab

Target space is spherical : S2 ϕiϕi = 1
Obstacle 1



• The topological term is invariant under infinitesimal deformation.


• The functional derivative disappears:

The  term is topological.θ
Obstacle 2

withunder



• The obstacles originate from target space : 


• Extending to , in principle, the issues are resolved.


• It implies there is an additional degrees of freedom.


• How to justify this extension?


• On the renormalized trajectory, they should have the same universality class.


• The additional D.o.F. would decouple in low energy. 

S2 ϕiϕi = 1

ℝ3

To overcome the obstacles
Our strategy

We extend the target space from  to .S2 ℝ3

Fixed



• Effective action


• Litim cutoff function

Our setup



Flow equations
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There exits a nontrivial fixed point.
Fixed point structure



Critical exponents at the nontrivial fixed point
Fixed point structure

IrrelevantRelevant



• There is a relevant direction.


• This relevant direction may correspond to mass parameter.

Relevant direction
Fixed point structure



•  free fermion theory: 1 relevant direction  
　　　　　　　　　　　　　　　 


• (Level-1)  WZW model: 1 relevant direction   
                                                       


• (Level-1)  WZW model: 1 relevant direction  


• Our result for O(3) nonlinear σ model: 1 relevant direction  

N = 2 θ = 1
ψ̄ψ

U(2) θ = 1
tr[g + g†]

SU(2) θ = 3/2 = 1.5

θ ≃ 1.8

Comparison of critical exponents

Bosonization

U(1) × SU(2)

Good agreement!



Marginal relevant direction
Fixed point structure

• This marginally relevant direction may correspond to the θ parameter.


• Critical exponent is relatively smaller than others.


• In topological sense, it should be  (no running effect).


• Breaking of topological feature due to cutoff, extension of target space.

θ = 0



Duality is realized at the fixed point
Summary
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• SU(2) WZW model has .


• O(3) nonlinear sigma model should have  at the nontrivial 
fixed point.


• RG flow of central charge is discussed in [A.Codello et al, JHEP07(2014)040].

c = 1

c = 1

RG flow of Central Charge…
Prospect
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• Not converge to …


• We need to reformulate 
RG flow equation for .

c = 1

ck

Working in progress



• Can we understand a gravitational dynamics from fermion as a 
low energy effective theory?


• SYK model: one-dimensional fermionic QM


• Jackiw-Teitelboim (JT) gravity (2D dilation gravity)


•

Gravity from Fermion?
Prospect 

Cf. R.L. Smit,  D. Valentinis, J. Schmalian, and P. Kopietz, Phys. Rev. Res. 3, 033089 (2021)

Working in progress


