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Basic questions in nuclear physics
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Lattice: J. Hua et al. (Iﬁ’C), PRL 129 (2022) 132001;
DSE: C. Roberts et al., PPNP 120 (2021) 103883;
Sum rules: P. Ball et al., JHEP 08 (2007) 090;

OPE: G. Bali et al. (RQCD), JHEP 08 (2019) 065; 11
(2020) 37.

® How can we understand mass generation and hadron structure from first-
principles QCD?
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Temperature (MeV)

CEP in QCD phase diagram
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® [s there a “peak” structure serving as the smoking gun signal for the
critical end point in the QCD phase diagram?
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CEP in QCD phase diagram
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Critical slowing down near QCD critical point
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Tan, Yin, Chen, Huang, WF, in preparation
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Relaxation time:
T = ¢ f(kS)

Z: dynamic critical exponent

also cf. talk by Lorenz von Smekal

Call for:

® Rcal-time description of strongly interacting systems.
® Nonperturbative approach of QCD.



Outline

* Introduction
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* Real-time dynamics of QCD

* Summary and outlook



Chiral symmetry breaking and mass
generation in RG

® /[ function of 4-quark coupling: ® Quark mass:
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® Flows of two- and four-quark vertices play the same roles of gap and Bethe-Salpeter equations.




Bound states in RG

® Bound states encoded in n-point correlation functions:

Pc— mMesol Meson

0,z 1 (P?) = CPHAZ (P?) + A(PY),

)‘ﬂ,k=0(P2) = 0
~ 1= dggen |, GUPDZ

Note: playing the same role as the Bethe-Salpeter equation.

el — el —

® Flow equation of 4-quark interaction: A keA
K=

b

Gell-Mann--Oakes--Renner relation
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WEF, Huang, Pawlowski, Tan, arXiv:2401.07638 7



on-shell momentum of bound states:

2 2
P ~ = Mpyeson 7+ P/2

P
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The 4-quark vertex near the on-shell momentum

h,%(p, cos )
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with the BS amplitude

h(p,cos®) = lim [xl,,(Pz, p,cos 0) (P* + mg)] 12

Pe—>—m;

and

P, =VP?(1.0,0,0)
P, = —13;, = \/p2 (cos@, sin@,0,0)

® Bethe-Salpeter amplitude can be extracted from the 4-quark vertex in the proximity of
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QCD within fRG
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QCD with dynamical hadronization

Gies, Wetterich , PRD 65 (2002)
. ) . ) 065001; 69 (2004) 025001;

2—~ Q a) <0t¢k> — Ak qrq + Bk ¢ + Ck éa , Pawlowski, 4P 322 (2007) 2831;
Florchinger, Wetterich, PLB 680
(2009) 371

Wetterich equation is modified as

Mitter, Pawlowski, Strodthoff, PRD 91 (2015) 054035,
< t¢k> arXiv:1411.7978;
¢> Braun, Fister, Pawlowski, Rennecke, PRD 94 (2016) 034016,
oD arXiv:1412.1045;
Rennecke, PRD 92 (2015) 076012, arXiv:1504.03585;
Cyrol, Mitter, Pawlowski, Strodthoft, PRD 97 (2018) 054006,

oI [®] = %STr(Gk[CD] oO,R,) + Tr (G¢q, [D]———

a

—|ad, ) oWl s arXiv:1706.06326;
g ; o-io |’ WF, Pawlowski, Rennecke, PRD 101 (2020) 054032
Flow equation: four-quark

interaction encoded
in Yukawa coupling:

é:j? ...... OO ] § — e

See also recent work:
Ihssen, Pawlowski, Sattler, Wink, arXiv:2408.08413

also cf. talks by Franz R. Sattler and Friederike Ihssen
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QCD within fRG in vacuum
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QCD within fRG in vacuum
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Quasi-PDA of pion

g S=ai 7 2 < vy s P e S

® Bethe-Salpeter amplitude (unamputated):

Xo(k; P) = G (k)U(k; P)G,(k_)
with
I'(k; P) = iysh,(k; P)

and P = (iE,, P,,0,0), E, = /P2 + m2 and k, = k = P/2

k, = (ko, (x— 1/2)P., kl> ,
® Quasi parton distribution amplitude (qPDA) reads
ki = (Ko + B2, xP, K, )
1 d'k k= (ko= iEa/2, = DP K, )
e 7 — 7 n : —H 0 4 ’ S
¢, (x,P,) = 7 Trep [J o o - ky —xii - P)ysy n)(ﬂ(k,P)]
with 71 = (0,1,0,0). Integrating &, firstly by using the delta function, one
1s led to
Py = =N {2 dig s PYP. M, () + (1 — )M, (K2
P (x, Z)_E(Zﬂ)4 1dkqy hy(k; P) z[x gk2) + (1 =x)M ( +)]

1 1 1
X
Z,(k2)Z,(k2) k2 + M2(k2) K2 + M2(K2)
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Quasi-PDA and PDA

e Quasi-PDA at finite P, can be used to extrapolate the PDA with P, — oo
based on LaMET Ji, PRL 110 (2013) 262002

1
¢ (x,P) = ¢ (x,P, > o0) + Cig) + @<P_§>

Z
® But, in the endpoint region, say 0 < x < 0.1 and 0.9 < x < 1, LaMET
cannot be reliably used, we adopt a phenomenological extrapolation

x%(1 — x)* J. Hua et al. (LPC), PRL 129 (2022) 132001

Quasi-PDA: fRG: Chang, WF, Huang, Pawlowski, Zhang, in preparation
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PDA and its moments

® Moments of pion PDA

1

(") = J dx(2x — 1)"¢p,(x)

0
Pion PDA: Moments:
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0.0l AR | (2013) 132001.
. . 0.8 1.0 Lattice OPE: G. Bali ef al. (RQCD), JHEP 08 (2019) 065; 11 (2020) 37.
x Lattice OPE: R. Arthur et al. (RBC and UKQCD), PRD 83 (2011) 074505.

Sum rules: P. Ball et al., JHEP 08 (2007) 090; T. Zhong
et al., PRD 104 (2021) 016021

fRG: Chang, WF, Huang, Pawlowski, Zhang, in preparation Asymptotic: 6x(1 — x)
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Renormalized light
quark condensate:
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CEP from first-principles functional QCD
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Passing through strict benchmark
tests in comparison to lattice QCD

at vanishing and small p.

® No CEP observed in p5/T < 2 ~ 3 from lattice
QCD. Karsch, PoS CORFU2018 (2019)163

Regime of quantitative ® Recent studies of QCD phase structure from both
reliability <0f functional QCD fRG and DSE have shown convergent estimate
with p,/T S 4. for the location of CEP: 600 MeV < HBcgp S

also cf. talks by Rui Wen 17 650 MeV.




Recent estimates of the location of CEP:
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Figure from:
Bluhm, Fujimoto, McLerran, Nahrgang, arXiv:2409.12088
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fRG:

WE, Pawlowski, Rennecke, PRD 101 (2020), 054032,
arXiv:1909.02991.

DSEL:

Gao, Pawlowski, PLB 820 (2021) 136584, arXiv:2010.13705.
DSE2:

Gunkel, Fischer, PRD 104 (2021) 054022, arXiv:2106.08356.
Lattice extrapolation (Yang-Lee edge singularities):

David A. Clarke et al., arXiv:2405.10196.

Finite-size-scaling analysis:

A. Sorensen, P. Sorensen, arXiv:2405.10278.

® Estimates of the location of CEP in the
QCD phase diagram have arrived at
convergence from different approaches.
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Baryon number fluctuations
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HotQCD: A. Bazavov et al., arXiv: PRD 95 (2017), 054504; PRD
101 (2020), 074502

WB: S. Borsanyi et al., arXiv: JHEP 10 (2018) 205

fRG: WF, Luo, Pawlowski, Rennecke, Yin, arXiv: 2308.15508;
WEF, Luo, Pawlowski, Rennecke, Wen, Yin, PRD 104 (2021) 094047

baryon number fluctuations

n B
)(B = J p RB — )(_n
n O(ug/T)* T* nm - B ® In comparison to lattice results and our
" former results, the improved results of
. baryon number fluctuations at vanishing
relation to the cumulants chemical potential in the QCD-assisted
) B B LEFT are convergent and consistent.
M
B _© B X3 X4
_=)(1’_=)(2’S=_’ = ,
VT3 T3 Y80 Y8o?
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Grand canonical fluctuations at the freeze-out

STAR: Adam et al. (STAR), PRL 126 (2021) 092301;
Abdallah et al. (STAR), PRL 128 (2022) 202303;
Aboona et al. (STAR), PRL 130 (2023) 082301

fRG: WF, Luo, Pawlowski, Rennecke, Yin, arXiv:
2308.15508

o N W B~ U1 O N ©

® Results in fRG are obtained in the
QCD-assisted LEFT with a CEP at

® Peak structure is found in 3 GeV

Sa/sSun S 7.7 GeV.
® Agreement between the theory and

N
o

=
ol

e experiment is worsening with
IR R R /xS 115 GeV.
v'snn [GeV ® Effects of global baryon number
fRG (GCE), freezeout: Andronic et al. con.se.rvatlon 1n the regime Of lOW
fRG (GCE), freezeout: STAR Fit | collision energy should be taken
fRG (GCE), freezeout: STAR Fit I into account.

STAR collider (0-5%)
STAR fixed-target (0-5%)
STAR collider (0-40%) Caveat:

STAR fixed-target (0-40%)

o o

Fluctuations of baryon number in
theory are compared with those of
proton number in experiments.
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Canonical fluctuations at the freeze-out
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STAR: Adam et al. (STAR), PRL 126 (2021) 092301:
Abdallah et al. (STAR), PRL 128 (2022) 202303;
Aboona et al. (STAR), PRL 130 (2023) 082301

fRG: WF, Luo, Pawlowski, Rennecke, Yin, arXiv:
2308.15508
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0 100 200 300 400 500 600 700 800
g [MeV]

® Peak structure is found in 3 GeV

SA/SNN S 7.7 GeV.

e Position of peak in Ry, is uy =

peak

536, 541 and 486 MeV for the three
freeze-out curves, significantly

smaller than yz = 643 MeV.
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Dependence on the location of the CEP
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- === freezeout: STAR Fit Il
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pp [MeV]

800

freezeout: Andronic et al.
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R42

freezeout: STAR Fit |

- === freezeout: STAR Fit Il

CEP
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(Tegps Hp,,,) = (98,643) MeV

0
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UB [MGV]

800

freezeout: Andronic et al.
freezeout: STAR Fit |
- === freezeout: STAR Fit Il

@ CEP

B
R42

-y
~~~~~
=
—19

(Tegps Hp,,,) = (94,704) MeV

0

100 200 300 400 500 600
upB [MGV]

8

6 4.0
4

3 3.5
i RE 3.0
-4 2.5
oas g

Hpegp = 600 MeV
' '/ | | I' | I’ L |
fRG (CE, Set I)
————— fRG (CE, Set Il) ]
= === fRG (CE, Set Ill)
%  STAR collider (0-5%) 7
Y%  STAR fixed-target (0-5%)

freezeout: Andronic et al.

) 1
&

fRG (CE, Set I)

fRG (CE, Set Il)

fRG (CE, Set Ill)

STAR collider (0-5%)
STAR fixed-target (0-5%)

freezeout: Andronic et al.

STAR: Adam et al. (STAR),
PRL 126 (2021) 092301

fRG: WEF, Luo, Pawlowski,
Rennecke, Yin, arXiv:
2308.15508

Position of the
peak is insensitive
to the location of
CEP.

Height of peak
decreases as CEP
moves towards

larger pg.



Ripples of the QCD critical point

Position of peak: Height of peak:
%‘ 6 O B | | | | | L‘ i 35 -‘ ! ! !
O odemmmmmm T TETTTE ~ 30} % ®—@ freezeout: Andronic et al. | |
e ,—'"’ Cg:?'“ @----E freezeout: STAR Fit |
Si 55} &7 . s 251 A=A freezeout: STAR Fit Il )
S
< 20 |
Aﬁj‘j 50L ____._.-.-.-..:-. 1 ’fo 0
Q -------------------- .5 15 B ]
o | e <
ﬁ ) @—® freezeout: Andronic et al. 24 10} i
= 4.5} [@----E freezeout: STAR Fit | } S
Z, A--A freezeout: STAR Fit |l I T .
< N e L e A
40 l l l l l l O | A A A
600 620 640 660 680 700 50 100 150 200 250
ILLB CEP [MeV] ’LLB CEP o MBpeak [MGV]

fRG: WF, Luo, Pawlowski, Rennecke, Yin, arXiv: 2308.15508

® Note that the ripples of CEP are
far away from the critical region
characterized by the universal
scaling properties, e.g., the critical
slowing down.

® But, the information of CEP, such
as its location and properties, etc.,
is still encoded in the ripples.
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Net baryon (proton) number Kurtosis:

T — T 1 T A L B L T
fRG (CE), freezeout: Andronic et al.
fRG (CE), freezeout: STAR Fit | _
fRG (CE), freezeout: STAR Fit Il
STAR BES-| (0-5%)

STAR BES-II (0-5%)

STAR fixed-target (0-5%)

® In comparison to BES-I, BES-II results are better consistent with
the theoretical prediction.
® Experimental results in the energy regime of fixed-target

experiments, i.e. 3 GeV < ,/syny S 7.7 GeV, are now very
important!! It will finally tell us whether there is a CEP.
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® The magnetic equation of state (EoS) is obtained via

the chiral condensate:
oQ(T;m,(T))

amq

A, =my,

T
= mqvj (7(x) g(x))

Magnetic equation of state

® The chiral properties of the magnetic EoS are encoded
in the magnetic susceptibility:

0A

6ml

Al=_

A,
m

® [n the critical region, the magnetic EoS can be
expressed as a universal scaling function f;(z) through

Al — mllléfG(Z)

with

z=tm- V6

l and

z 1s the scaling variable and ¢ 1s the reduced temperature.
e The pseudo-critical temperature

through the peak location of y,,, 1s readily obtained

from the scaling function as

T,(m) =T .+cmb,

t =(T—T)IT.

with

pe?

p =2/(po)

T . which 1s defined

25

Critical exponent in fRG for 3d-0O(4):
f=0405, 5§=4.784, 0,=0272,

obtained from the fixed-point equation for the
Wilson-Fisher fixed point, which leads us

Critical exponent in mean field:

Pup =112, oyp =3,

thus, one has pyp = 4/3

41 fQCD: HotQCD:

—— my =140 MeV —F m, =140 MeV
—— m, =110 MeV 483 x 12

—— m, =80 MeV \i —f— mr =110 MeV
—— mg, =55MeV \ 603 x 12

3 \ —§F— mx =80 MeV
.\ 723 X 12

\ —f— mg =80 MeV
\\ 603 x 12

\ —- m,=55MeV

[\

n 563 x 8

l, —(,
XE\/IS)(Tv mﬂ)/XE\/IS)

[a—
i

130 140 150 160 170 180
T [MeV]
Braun, WF, Pawlowski, Rennecke, Rosenbliih, Yin, PRD 102 (2020), 056010.
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1072}
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1072

fRG-QCD ]
- Fit up to leading order
==== Fit up to subleading order
il Ll Ll ol ol L
1071 10° 10! 102
m, [MeV]

Scaling in the temperature:

-3 .

fRG-QCD
Fit with 5=0.405

(-1

of
of
3
o2

it S1—=7TMeV |
"0 -8 -6 -4 -2
In(—t)

Critical exponent o:

5'5 ' L ' L ' L ' L
| e ®2—5MeV
S e e e EEEE R EE LR EEEEELEREE L SRl
w 4.5}
4.0 fRG-QCD: leading scaling .
I fRG-QCD: leading+subleading scaling
------- fRG-QCD: fixed-point value
3.5 L gl L gl L gl M|
0.01 0.1 1 10 100
m,[MeV]
A )y = B m¥9[1 + 20y
I My) = BNy Ay My

® QCD at physical light quark mass is far away
from the critical region.

® The scaling behavior is observed for the first
time in the calculations of first-principles QCD.

Braun, Chen, WF, Gao, Huang, Thssen,
Pawlowski, Rennecke, Sattler, Tan, Wen, and
Yin, arXiv:2310.19853.
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Moat regime in QCD phase diagam

160 g_i 8 . 20| Mesonic two-point correlation
1401 " i@’@; & 200} function:
120 b '
— /T=2" up/T=3 — 1801 @ (n) = [7Il 2 1 2 2
= 10|l L s L0(P) = |Zy(po. P) Py + Zy(po, P P?| +my
=== FRG:N;=271 o = 160}
E so b FRG: inhom & 1 L i
=1 FRG: Z,<0 ] .
= 60 || '@ freezeout: STAR s ® & i 140: ] with 5
40 | :a] ::Zz:gﬁ:! ﬁLb;rc?r:izlétal. o? i 120:. 2 _ %) Fk[q)]
B freezeout: Becattini et al. L | ¢¢,k - 5¢6¢
20 | ©  freezeout: Vovchenko et al. ] [ 1
® freezeout: Sagun et al. 100 0 50 100 150 200 250 ¢=¢E0M
0 > | | | |
0 200 400 600 800 1000 P [MeV]
pp [MeV] Pisarski, Rennecke, PRL 127 (2021) 152302;
WE, Pawlowski, Rennecke, PRD 101 (2020) 054032 Rennecke, Pisarski, PoS CPOD2021 (2022);
Rennecke, Pisarski, Rischke, PRD 107 (2023)
116011
® Transverse momentum ® Two-particle correlation:
spectrum of one particle:
moat behavior
et 5 .
T T T T g S 2
& o5l R [& s}
> 0.00025¢ ' Z=05 %; 2
= Z =-0.003 2 3
= 0.00020 o0 S § g N
% ~N @Q
> 0.00015 vQ &
'ri v
) »
?'; o.ooo1o: | [MeV] ,o[%'/]
% 0.00005f \55 .
E B normal phase moat regime
000000k v ]
0 50 100 150 200 250 300

pr [MeV] 27



Spectral functions in moat regime

Flow equation for mesonic .
two-point functions: Op -==--Q------ =0 | = Q +3@ @ty Y

pp="0

pr(w, [p|)[x107° MeV 2]
o N & o 0 C'_ID

400

.5 el el el el el MEEEEEET |
10 101 10° 10t 102 103 104
k[MeV]

15 1 WF, Pawlowski, Pisarski, Rennecke, Wen, Yin, in preparation.

® Moat regime is found to be resulted from
Landau damping of quarks in thermal bath in
the regime of large baryon chemical potential.

pr(w, p|)[x10° MeV 2]
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Relaxation dynamics of the critical mode

S A2 -

® [angevin dynamics of the critical mode:

20,0 — Z,)076 + U'(o) = &

with the correlation of the Gaussian white noise

(E(t, x)E(,x)) =2 Zf T6(t —t)o(x —x')

® Inputs from first-principles functional QCD: WEF, Pawlowski, Rennecke, PRD 101 (2020) 054032

: : ol'[ D]
Effective potential: U'(o) =
00 o(x)=o0
P = &)EOM
@ (p,,
Spatial wave function: Zé’) _ oo (1720 p)
ap po=0
p=0
Temporal wave function: ZW = lim lim —Im F(z)R(a), )
¢ |p| =0 w—0 ow o0,

with
r'? (@,p) = lim I'Y(py = —i(w +ie), p)

e—0
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Relaxation time in QCD phase diagram

i = s < \g i N T 7 o 7 2 - A S~ 7 o e \ Gl

Relaxation time:

Andronic et al.

. . freezeout: STAR Fit Il
Relaxation Time 7/7

freezeout: STAR Fit |

Andronic et al.
= = = freezeout: STAR Fit |
200 .
freezeout: STAR Fit Il

==== phase transition line

50
20 100 200 300 400 500 600

pip[MeV]

Relaxation time at the freezeout :

1.0 | | | | | _ Tan, Yin, Chen, Huang, WF, in preparation
Andronic et al. i
= === freezeout: STAR Fit | !
081 | freezeout: STAR F.it I !.'_ See also:
----- phase transition line K
0.6} 7 M. Bluhm et al., NP4 982 (2019) 871
£
= ;
0.4} Py ] . . .
R ® Relaxation time drops quickly once the
el — s system is away from the critical regime.

100 200 300 400 500 600
UB [MGV] 30



sSsummary and outlook

1.6 - - - - - - - - - T T T] L L L ' Andronic et al. freezeout: STAR Fit Il
[ - ] i fRG (CE), freezeout: Andronic et al. freezeout: STAR Fit |
1.4 . S ] 5L it ———- fRG (CE), freezeout: STAR Fit | i
[ A N in ~ === fRG (CE), freezeout: STAR Fit I
1.2 Ptas SN ] al i %  STAR BES-I (0-5%) i
[ £ . F ®  STAR BES-Il (0-5%)
1.0F / N ] / ¥  STAR fixed-target (0-5%) 1.0
[ 7 R - 0.
caal ” T ) 0.8
RN 08 ¢/ \ L
i / Py AN 0.6 /7
0.6 /7 AANE 0.4
N A EEEED DSE '\ Lo
0.4l Latti ‘A e
': / attice \\‘ 1 0.0
0.2_—;' - == 6z(l—2x) o
Fi \
0.0 L. | | e | L
0.0 0.2 0.4 0.6 0.8 1.0

* Functional renormalization group provides us with a powerful approach to study
nonperturbative problems, e.g., hadron structure, QCD phase diagram, real-time
dynamics, from first-principles QCD.

* There are also challenges and problems to be solved: larger Pz, error controls at large
baryon densities, better analytic continuations, etc.
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sSsummary and outlook

ler——mmMm@m™@m@mm™mm—m—mmm L L L L L ! Andronic et al. freezeout: STAR Fit Il
[ e ] h fRG (CE), freezeout: Andronic et al. freezeout: STAR Fit |
14 - S b 5L ii ——m—m- fRG (CE), freezeout: STAR Fit | i
i A \ ] i ~ === fRG (CE), freezeout: STAR Fit Il
1.2 Ptas SN ] al i %  STAR BES-I (0-5%) i
[ £ . : F ®  STAR BES-Il (0-5%)
1.0F / N i / #  STAR fixed-target (0-5%) 1.0
[ , . ]
[ ” A3Y ] g
08 [~ /’/ \\\ ] I 0-8
/o [— me 0 0.6 /7,
0.6 /7 MANNE 0.4
7 N U= DSE '\ l
0.4L)1 7 Vv 0.2
“Hy, Lattice VUL " 0.0
[ 1 \ '
0.2_—;' - == 6z(l—2x) o
i I\
0.0 L. | | e | L
0.0 0.2 0.4 0.6 0.8 1.0
x

* Functional renormalization group provides us with a powerful approach to study
nonperturbative problems, e.g., hadron structure, QCD phase diagram, real-time
dynamics, from first-principles QCD.

* There are also challenges and problems to be solved: larger Pz, error controls at large
baryon densities, better analytic continuations, etc.

Thank you very much for your attentions!
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Four-quark vertices

® 4-quark effective action:

d4P1 d4p4

Dyqu =~ [ ot 2w (2m)*8(py + Py + p3 + py)

ijlm

X Y 74(P) T (9) 4P (P)APn(Pa) -

With p = (py, Py, P3. Pa), T P(p) is comprised of 512
tensors. Eichmann, PRD 84 (2011) 014014

A basis of the lowest momentum-independent order
includes ten elements

ac {a,ﬂ,a,n,(ViA),(V—A)adj,

(5% Py, (S + Py L,

® 4-quark vertex:
§'Tlq, gl
6G(p1)69;(P2)6G(P3)6G,(Pa)
= —4Q2n)*6(p; + p2+ Py + Py)

4
49i9i919m

(p) =

ijlm ijlm

X ) [/1(;* (PT ) +47(p)Te)

|

ao

p1=p+ P/2 ps =p — P/2

4
= _Féif)lj@qm <p1>p27p37p4>

p2=p— P/2 ps=7p + P/2

where we have used 4-quark dressings and tensor
structures with definite symmetries, viz.,

4 1
/107(17) = 5 [/1@(17191729173,174) + /1a(P3,P2,P1,P4)] )

and

g (a®) = l g + g(@
g (9 gw)

ijlm — o) ijlm = ljim
with the symmetry relations

Aa (P15 D2s D3 Pa) = A4 (D3, P25 D1 Ps)
= /1;(19171?471937192) = /1;(193719471917192),
Ao (D1> P25 D35 Py) = — Ay (D3, P25 P15 Py)
= =g (P1>P4> P3-P2) = A4 (P35 P45 P15 P2)

and similar relations for the tensors.




s, t, u-channel truncation

G o~ = S - St = ~ o~ 3 S - a S~ = s - N S~

® s, 1, u-channel approximation for 4-quark vertices:
+ + +
A (P15 P2 P3: Pa) = A (5, 1, 1) + DA (Py, Doy P35 Py)
I A«C?(S, t‘, u) - _ngilc)zquqm (p17p27p37p4>
with
2 2
t=(p,—p) =P",
2 — N2
u=(p—p)"=pP-p>,
2 — =2 ' T
s=((p+p3) " =(pP+p) 0.014 | - .
cosf=1 T
0.012 |- cos0=0.75 I'I \ §
® We choose a subspace of the full momentum of 4-quark cosf—0.5 ; \
) 0.010 | : \ -
vertices as follows = cos§=025 A
= = 0.006 |- I L .
W ! )
P, =1 [ p? (1, 0,0, ()) , 0.004 | y: “\‘ .
0.002 | P \ |
]_?;l = 1 /pz (COS 9, sin 9, 0, 0) 0.000 R \\\_
one 18 led to oot o1 1 R
Vs [GeV]
t=P?, u=2p*(1—cos@), s=2p*(1+cosbh) WF, Huang, Pawlowski, Tan, arXiv:2401.07638
Here, { / P2, /pz, cos 0} is in one-by-one The error for the truncation is smaller
than 1.5%
correspondence with respect to {#, u, s} .




A (t)[x1071GeV 2]

Four-quark dressings

7 I I I I I I
P ——— - 7 | 0.00
N - T
>
S Sooo [ (S+p) | | &
> % (V- 4) s
&) \ )
3 4f \ vl @ -oos) ;
] —w=0 \ (V—4)* | O (5+ )i
S 3t s=u= . . i = s=u= )
L \‘ I (S*P)‘idj L (V+ A)
—~ 2L | —~ _ Ayadj
\% \‘ ............. a \ﬂ% —0.10 | 1(7V 4) |
ad,
< 11 Y e Gas k| =< s
0 ———- (S+P)Y
" PR | " PR | " PR | " i _0.15 " PR | " PR | " PR | P
1073 1072 1072 10° 10! 10-3 1072 107! 10° 10!
Vt[GeV] Vt[GeV]
[ . .
Pion channel: WF, Huang, Pawlowski, Tan, arXiv:2401.07638
6 6
4l [t T
: 2
O @
2 L 2 T
i N i R
— b
Rad X,
o} = o} ©
& S
1< 1=
2L i 2L
1073 1072 1071 10° 10! 1073 1072 1071 10° 101

Vt[GeV] Vu[GeV]
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Symmetry relations

A (s, t,u) = A5 (s, u, 1),

j’07(59 l, u) — _ﬂ(;(sa u, t)
then
A5(0,p%,0) = 17(0,0,p%),

27(0,p%,0) = —27(0,0,p)

I ol I
6| A
41 |
t=u=0

2 .
0—

Ar=AF 4+ A0

- Af

2L A .

— 1 M | 1 M
1073 102 1071 100 10!




The pion weak decay constant is defined as
(01J5,@)| %) = iP, f,5°
where the left hand side reads

(01J¢ ()| z")

a* _ _ _
= J 1y [msT" G (q+ P)h,(q)ysT” Gq(q)] :

(27)*
then )
£ =N [ d*q (@M, (q)
U @t [g? + M2(g))?
up to leading order in powers of P? = — mﬁ

36

s fRG — LEFT )
105 1 oo xPT O(p?) s
4
; 100 | .
0D)
=3
q: 95 i
90 | : -
|
1
[ |
85 ] ] 1 ] ]
0 50 100 150 200 250

m, [MeV]
fRG: WF, Huang, Pawlowski, Tan, arXiv:2401.07638

chiPT: Gasser and Leutwyler, Annals Phys. 158 (1984) 142
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® Poles of two quark propagators:

kot =i
koo =i
kos =i
koo =1

- \/ K+ (P2 + M2(K2) — /P2 + m,%/zl ,
\/ K2+ (P, + M2(2) — 1/ P2 + m,%/zl ,
— \/ki + (x — 1*PZ + My(k2) + 4/ P2 + m,%/zl ,

\/ G+ (= 12P2 4+ M2G2) +/ P2 + m212)]

37

Contour of 1, integral

e S s - @ 52l = AP =

J 0 +(k0’2+k0’3)/2

dk,

—Oo0 +(k0’2+k0’3)/2

-1.0 205 F 05 1.0 15 20 &~
0
J dk,

—O0

With the increase of P, k, or k ; cross
the x axis, one has to shift the integral
of k, towards finite imaginary part,
such that one can pick up the desired
pair of poles, e.g., ky; and kg ; or k,, and

k(),4



e S 3 52l

B =

Analytic continuation

e We use Taylor expansion to continue /,, M, Z, in the complex plane of

ko:

- 0
h(k?, P?,cos @) = h_(k* P? cos@) +—h, kG + -
ok? 7|

and

¥ 2=k

_ 0 |
Mq(kz) = Mq(kg) + ﬁMg (kg — iE12)* + ---
= =k

Pion wave function amplitudes:

2 =

k* = k> + k§
k* = ki + (x— 1/2)*P?

k2 = k3 + (ko +iE, /2)*

T2 12 2p2
ki =ki+x°P;

2=k + (ky—iE,I2)*
k2 = ki + (x—1)°P;

2=

Chang, WF, Huang, Pawlowski, Zhang, in preparation




Pole crossing: Wave function:

0.003 40000 -
0.002 | [ ”
; 20000
0.001 | _
: — Im kg2 - J
PR I S T TR R SR ST S T PZ |
_ 4.0 4.5 5.0 — Imk® e . | , Ly
0,001 _ 0.2 0.4 0.6 0.8 10
0002}
; ~20000 -
-0.003 f
Poles of &, and k ; interchange their
potions, when P, 2 3.5 GeV fRG: Chang, WF, Huang, Pawlowski, Zhang, in preparation
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QCD-assisted LEFT

o~ = S - N St = e o~ 3 S - AP S~ = s -

® Yukawa couplings obtained in QCD

QCD flow equation: inputted in QCD-assisted LEFT
....®..... 1'1 I I I I I I
4 10 T—0 |
Ok [®] = = — Lo— + = P . S L T T=100MeV
2 S o9 TRy e T=150MeV |4 yop
e zcé ogl =200 Mev Pawlowski,
VQ\@ 0.7l Rennecke, PRD
UV = 101 (2020)
= 06 054032
k+ Ak 2 S osf
\ o
0.4
L[ P]

03 | | | | | |
0 100 200 300 400 500 600 700
k [MeV]

® Chiral condensates in QCD and QCD-
assisted LEFT in agreement

|R 0.5 . . . . . . . .

fRG-QCD, 115 =0
fRG-LEFT, uz=0 AT
. 0.4}
LEFT flow equation: --== RGQCD =i eV | o7
= === fRG-LEFT, up =400 MeV ,,' )y
03| ® Lattice: WB, pup=0 ] WF’ LUO, .
e Pawlowski,
1 <T Rennecke, Yin,
Ok [®@] = — + 3 0.2 - . arXiv:
2308.15508
0.1 i
quark meson
0.0




Canonical corrections with SAM

3.5 LR L B T L L L T
fRG (CE), freezeout: Andronic et al. SAM:
3.0} fRG (CE), freezeout: STAR Fit | ]
fRG (CE), freezeout: STAR Fit !I
25| i et |
1RG (GCE), freezeout: STAR Fit | ® We adopt the subensemble acceptance method (SAM)
o 20} X seRaomeros l to take into account the effects of global baryon number
= 1s| conservation:
G
osfp - T 4
0.0— + :);) o,|‘° /V\ ,g> .vi\/v': — s V1.3 the subensemble volume measured in the acceptance
R 7 window, V: the volume of the whole system.
vV SNN [GGV]
® Experimental data R;, is used to constrain e fluctuations with canonical corrections are related to
the parameter « in the range , /sy S 11.5 grand canonical fluctuations as follows:
W i i RE = pR? RE, = (1 —2a)RE
® We choose the simplest linear dependence M = p 21> 3y = )55,
0.4 T T T —
@ consistent with STAR R%, sz = (1 — 30’,5)sz — 3(Xﬁ(R§2)2
0.3 used in this work 1
0.2} a(§)=a(1—\/§>8(1—§)
3
01t ] 033 \/: AL SAM: Vovchenko, Savchuk, Poberezhnyuk,
0.0 @ =412 " 11.9GeV Gorenstein, Koch , PLB 811 (2020) 135868

-0.1

SNN [GGV] 4 1



Magnetic equation of state

Lattice (HotQCD):

H [x1077]
0 008 03 07 13 20 29 38 Lt ;
- T — T T T T T ; Tcattlce — 1321‘6 MeV,
155 @ e = e
[~ ([ J
) Ding et al., PRL 123 (2019) 062002.
150} . : .
g = ® R fRG:
= a ® 150 2x10 2x 10 2x10 fRG N _
g 1451 L= mg © T TC ~ 142 MeV R PRG = 1.024
= pet 2l -
N & | __J!' Braun, WF, Pawlowski, Rennecke, Rosenbliih, Yin, PRD 102
Hor [ees == @ (2020) 056010.
135 I I I I I M [M?V] I DSE'
0 20 40 60 80 100 120 140 .

TPSE x~ 141 MeV,  ppsg = 0.9606

Gao, Pawlowski, PRD 105 (2022) 9, 094020, arXiv: 2112.01395.
T, (m,) = T, +cmy (2022)

® The almost linear dependence of the pseudo-

Braun, Chen, WE, Gao, Huang, Thssen. critical temperature on the pion mass has

Pawlowski, Rennecke, Sattler, Tan, Wen, and nothing to do with the criticality.
Yin, arXiv:2310.19853. ® So what is the size of the critical region in
QCD?
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Errors:
R ! LR | ! LR | ! LR |
0.3 L = SCaling fit up to leading order
I scaling fit up to subleading order
) .
= ==m== regular fit
'-ON
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Momentum-dependent mesonic wave function

Flow equation for mesonic

two-point functions: Oy -----@)------ =y | = Q ihed peetd (Y
R ----\.‘a..’.,.---
=0
Ho 1up = 550 MeV

® Inhomogeneous instability
is resulted from Landau
damping of quarks in
thermal bath in the regime
of large baryon chemical
potential.

1.20 T T T T T ,l
pp =440 MeV ,I
1.15 ||~ ==" #p=550MeV pp = S50 MeV | 0.5} ]
- 5= e 2 . ey e .
........ AN JF : : : . creation or annihilation
= 110) A Dispersion relation: > ol
S u, = 40Mev ¢ IO
S 1.05| T=145MeV S =Y
~ LO5F - R N -
= g =610 MelV E,(p) = [Zl(p) p2 + mZ] 1/2 < _osfh
= A ¢ ¢ ¢ S Landau dampin
iﬂk 1.00 b e L SR O - N u pmg
i = =" - e
, Rt -1.0} / full |
095 B . . . . pll?"tl
WE, Pawlowski, Pisarski, Rennecke, part2
0.90 Wen, Yin, in preparation. -1.5
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Real-time mesonic two-point functions

Analytic continuation on
the flow equation:

2)
Fd)d),R
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1.0

(w,p) — Rel'%(0,0) [x 101> MeV?]

0.5
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T 0.0
d‘é | | | |
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po =20 MeV ol [MeV] Po
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Note: not on data!

Real part of ng),R( Do P):

(@,p) = lim I'®( —i(w + i€), p)
e—=0"
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Spectral
function

| ® Imaginary part of the

mesonic two-point
functions and spectral
function are enhanced by
the Landau damping
effect

WEF, Pawlowski, Pisarski,
Rennecke, Wen, Yin, in
preparation.



Real-time mesonic two-point functions
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Schwinger-Keldysh path integral

\/ \/ \/ """ \/ \/ \/ |¢(t0)>

® Schroédinger equation: < S
t [ Ot to ‘

. U(t, 1y) = e~ H0=1)

i0,ly(®) = Hly(®) — |p@®) = Ut 1)ly)),
® von Neumann equation: NV - VY p(to) VvV o~ \/H_\,/ >

t U Ul Ot ¢
® Keldysh partition function: \/ \/ +comtour \/\/
p(ty ){ } p(to)
Z= trp(t)’ tf =400 /\ /\ - contour /\ /\ ty = —00

® two-point closed time-path Green's function:

- - Gr(z,y) = —i(T(¢(z)8' (),
G(z,y) = —itr{T,(6(2)¢' (1)p)} G(z,y) = <G++ G+_) L
| — —+ G__ Gi(z,y) = —i(¢"(y)9(x))
= — Tp X 3
( (Qb( )@ (y))> _ (Gr G G_(x,y) = —z(¢(x)¢T(y)>a
Schwinger, J. Math. Phys. 2, 407 (1961); ~\G- Gp)’ G (,y) = —i(F($2)6')))
P, Yy) = —1 i Yy

Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964);

Chou, Su, Hao, Yu, Phys. Rept. 118, 1 (1985). 47




FRG in Keldysh path integral

® Implement the formalism of fRG in the two time branches:

AVNAE J (gzgpcgz%)exp{ i<S[¢]+ASk[qo]+(Jégol-,c + Jégﬂi’q)) }

with - Keldysh rotation:
ASk[e] :1(90- oia) (o i) (e ’ 1
9 1,Cy ¥'1,4q (RZJ)* 0 ©Li.q SO’L',—F = \/—i(gﬁi,c _|_ Spi,q),
\
1 ij ne N N 7T
:§(Spi,ch§790j,q + i o(RY) Sﬁj,c) 7 L Pi,— ﬁ(@z,c sz,q)y

® Then we derive the flow equation in the closed time path:

] . b 0 RY
0TFk[CD]:ESTr[(0TRk)Gk], =i o0 )

YA, G+,
; iGA(X, y) — e(yo - XO)<[¢*()}), ¢(X)]>, :
| ity = s, |

| iGK(x,y) iGR(x,y) iGR(x,y) = 0(x° —
iIG(x,y) = G A(x,y) 0 ,

Tan, Chen, WF, SciPost Phys. 12 (2022) 026,
arXiv: 2107.06482

48



o~

A relaxation critical O(NN) model

® The effective action on the Schwinger-Keldysh contour reads  Hohenberg and Halperin, Rev.
Mod. Phys. 49 (1977) 435.

Model A

g #4] = J d'x (Zé” Pasg O Pae = 2 Bag OF bue + V(PO g bue =220 T2, —V/2c oq)

" = 1/Z": relaxation rate V'(p.): potential p. = ¢p>/4 Gaussian white noise with
coefficient determined by
Z\: wave function c: explicit breaking fluctuation-dissipation theorem

pseudo-Goldstone:
® Retarded propagator

T\
Gab =
5¢a,q 6¢b,c

Retarded propagator of Goldstone

| Mass of pseudo-Goldstone
Ggq,(a), q) = - / Gell-Mann--Oakes--Renner
—iZg)a) + Zé,’) <q2 + mq%) m2 — Vi(po) __¢ (GMOR) relation
A R VAL
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Universal damping or not?

0.989 e
From the pole of the retarded propagator of Goldstone .
0.988 |- : i
R _ 1
Cool @ @) = — (0 (20 2 oo
—14,’0 + Z, <q +m(p> £ poa7l = ]
c&
One obtains the dispersion relation of a damped mode .| |
zy
- 2, 2
(@) AL ( vt ) "o 10~ 1073 1072 1071
4 my /T
The relaxation rate at zero momentum reads Tan, Chen, WF, Li, arXiv: 2403.03503
0 This seemingly appears as a universal
_ Zy ’ relation that was also observed in
Q,=—-Imw(g=0)=——m, : :
Zg) Holographics, Hydrodynamics, and EFT
Holographics:
Amoretti, Arean, Goutéraux, Musso, PRL 123 (2019) 211602;
Amoretti, Arean, Goutéraux, Musso, JHEP 10 (2019) 068;
® If7T<T, Ammon et al., JHEP 03 (2022) 015:
Cao, Baggioli, Liu, Li, JHEP 12 (2022) 113
2 (D) — :
& ~D (T)+ O 7 with D (T)= Z 0e =0 gy{imqfnangcszt' Zi PRL 128 (2022) 141601
- - clacrctaz, uouteraux, £10gas,
my Y T2 T ZW(Te=0) S

EFT:
Baggioli, Phys. Rev. Res. 2 (2020) 022022;
50 Baggioli, Landry, SciPost Phys. 9 (2020) 062



Breaking down of the universal damping

In the critical region, the two wave function
renormalizations read

(D) — p—vngd) () — —vn,@)
Here f(z), f(2): scaling functions; z = tc~ /P9
scaling variable; t = (T, — T)/T: reduced
temperature. The static and dynamic anomalous
dimensions are

e 0,2y I 0.Z)
- i a 0
Z(p pr
RG time 7 = In(k/A)
® Inthecasecofc — 0
70
P & M
()
ch
® In the other case of t = 0
Z(l) v 2v
BT o T Wwith  m?2 o« cF
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in the critical region

1 m T
0.96
T 7] S ——————————ETT T US
. T=0.702197T. || |
...................................... — T=0.94560T, |...
0.88 e T'=0.99575T0. ||
e T'=0.99968 7.,
.............................................................. T=T.
 a
" —— ()
0.84 - ,z’ v t=glUs .
P d
10710 1078 1076 1074 1072 1

Q)

Tan, Chen, WF, Li, arXiv: 2403.03503

From the fixed-point equation we determine in the
O(4) symmetry

n ~ 00374, n, ~ 0.0546

Thus

A, =n,—n=0.0172

Estimate of size of the dynamic critical region:

my,S0.1~1MeV



In the large N limit, the static and dynamic
anomalous dimensions can be solved analytically

5 (+mpd =27
N—-1 5—-n2-n)?

}’]:

and
1 (1=2n)*(13+ 15727

T 9N - 1) (2 = n)>

Hy

m— N =100

Tan, Chen, WF, L1, arXiv: 2403.03503

= = = 1), large N

=== 7, large N || 3

® In the limit N — oo, the breaking down of the

universal damping disappears.

® One should not expect that the anomalous
scaling regime can be observed in classical
holographic models.




