
Fachbereich 7  |  Institut für Theoretische Physik  |  Lorenz von Smekal  |            01

Non-Equilibrium Phase Transitions and 
Critical Dynamics in QCD  
Les Diablerets, 25 September 2024

Lorenz von Smekal

with Mattis Harhoff, Johannes Roth, Leon Sieke, Yunxin Ye 
and Sören Schlichting

JHEP 10 (2023) 065; arXiv:2403.4573; arXiv:2409.14470



September 2024  |  Lorenz von Smekal  |  p.

Phase Diagram
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Strong-Interaction (QCD) Matter

~ 2 x 1012 K

~ 2 x 1011 K

~ 2.7 x 1017 kg/m3
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Non-Equilibrium Phase Transitions
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Fast
quench

Slow 
quench

T > Tc T = Tc T < Tc
Disordered phase Non-equilibrium phase transition “Fingerprint” of critical fluctuations
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Outline
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• Non-Equilibrium, Closed-Time Path, Keldysh

• Open Quantum Systems and Classical Limit

• Dynamic Universality Classes

• Non-Equilibrium Phase Transitions

U. C. Täuber, Critical Dynamics: A Field Theory Approach to Equilibrium and 
Non-Equilibrium Scaling behavior, Cambridge, 2014

• Real-Time FRG for Critical Dynamics
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Non-Equilibrium Dynamics
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• path integral on CTP:

non-equilibrium dynamicsinitial state
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• Keldysh rotation:

time ordered

anti time orderedgreater

lesser Keldysh

advanced

retarded

• parametrize:
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Open Quantum Systems

6

• couple (system) fields ensemble of Gaussian fields (environment E)
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Keldysh Action
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• open quantum system:

• (an-)harmonic oscillator in Ohmic bath:
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Classical Limit
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• on Keldysh contour:
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• Keldysh action:

• equilibrium distribution function:
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Langevin Dynamics
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• dissipative equation of motion:

• stochastic force:
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Model A
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• replace potential by Landau-Ginzburg-Wilson functional:
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for statics, with Z2 SSB
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Critical Spectral Functions
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ω

ρ(ω)

(non-critical)

e.g. Breit-Wigner

(critical)
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<latexit sha1_base64="o4kKlPTZcwcGhZ0dMBLuDLel5JI="></latexit>
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Non-Equilibrium Phase Transitions
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• trans-critical linear magnetic quench:
<latexit sha1_base64="7c7TRK1Tv3lsLTVITYo/C6VlLRw="></latexit>

J(t) = �rJ t

Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• measure magnetization:
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Measure real-time observables ) Determine universal functions

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 5 / 9
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Non-Equilibrium Phase Transitions
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Non-equilibrium phase transitions
 

 

CRC -  TR 

Quench at constant rate rJ

J

T

Tc

J = 0

) Measure real-time observables

Leon Sieke Non-equilibrium phase transitions DPG Spring Meeting 4 / 9

• trans-critical linear magnetic quench:
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J(t) = �rJ t

• rescale:
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universal non-equilibrium scaling function



Quench protocol
 

 

CRC -  TR 

I Linear magnetic quench: J(t) = �rJ t, ⌧(t) = 0
I Observables (magnetization, susceptibility)

M =
1
V

X

x

�x, � =
V
T

⇣
hM2i � hMi2

⌘
, V = Ld

J

T

Tc

J = 0

) Non-equilibrium regime broadens with increasing quench rate

,! Kibble-Zurek scaling

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 8 / 20
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Non-Equilibrium Scaling Functions
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• susceptibility, skewness, kurtosis:

Higher-order cumulants
 

 

CRC -  TR 

I More sensitive to the growth of the correlation length

n ⇠ ⇠
(n�(1+1/�))/⌫c

,! Interesting as signatures of a second-order phase transition

3 =
⇣

V
T

⌘2 ⇣
hM3i � 3hM2ihMi+ 2hMi3

⌘

4 =
⇣

V
T

⌘3 ⇣
hM4i � 4hM3ihMi � 3hM2i2 + 12hM2ihMi2 � 6hMi4

⌘

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 12 / 20
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           Non-Equilibrium Finite-Size Scaling
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magnetization susceptibility

skewness kurtosis
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Kibble-Zurek Scaling
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not necessary to know Kibble-Zurek time
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obtain from J(M = 0) ⇠ rJ
1/

⇣
1 +

⌫z
��

⌘

The dynamic critical exponent z
 

 

CRC -  TR 

I Approaching the critical point (J ! 0+, ⌧ = 0)
Correlation length ⇠ ⇠ |J |�⌫c , ⌫c ⌘ ⌫

��
Relaxation time ⇠t ⇠ ⇠z

I Quench protocol J(t) = �rJ t

,! Kibble-Zurek scaling: J(tKZ) ⇠ r1/(1+⌫cz)
J

I Not necessary to know tKZ to determine z

I Power-law ansatz:

J(M = 0) = a(rJ)
k
, ) z = ( 1k � 1)/⌫c

z d = 2 d = 3
This work (preliminary) 2.1521(46)

2.031(26)

MC 2.1665(12)1

2.0245(15)4

PFT 2.14(2)2

2.0236(8)2

NPRG 2.153

2.0243

d = 2

rJ

10−7.0 10−6.5 10−6.0 10−5.5

−Zero 
of ⟨M(J

̄ )⟩

10−4.00
10−3.75
10−3.50 Fit k = 0.4660(13) L = 510Fit k = 0.4658(8) L = 766

1Nightingale, Blöte (2000); 2Adzhemyan et al. (2022); 3Duclut, Delamotte (2017);

4Hasenbusch (2020)

Leon Sieke Non-equilibrium phase transitions CRC Meeting Bielefeld 9 / 20

• allows accurately determining dynamic critical exponent z

<latexit sha1_base64="kae3a7N9ZQgu10pvlzz0BoTm9K8="></latexit>

z d = 2 d = 3

KZ scaling 2.142(49) 1.949(54)
Crit. SFs 2.10(4)1 1.92(11)1

Monte Carlo 2.1667(5)2 2.0245(15)3

✏ expansion 2.14(2)4 2.0236(8)4

FRG 2.155 2.0245

Experiment 2.09(6) (95% confidence)6 1.96(11)7
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1Schweitzer, Schlichting, LvS (2020);
<latexit sha1_base64="xIi8bGz/LiJ4MkG4PE19yQ1Pyuk="></latexit>

2Nightingale, Blöte (2000);
<latexit sha1_base64="T8s7SRz2k/hRWQgKHt+0RDB3YjU="></latexit>

3
Hasenbusch (2020);
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4Adzhemyan et al. (2022);
<latexit sha1_base64="ENYuvdlF2iTo51RQfWGOADJavK4="></latexit>

6Dunlavy, Venus (2005);
<latexit sha1_base64="GQKH7Xz9YlMqB/Bj9wxJcMW3Zdw="></latexit>

5Duclut, Delamotte (2017);
<latexit sha1_base64="viExDRXAvtyIh6vMOcREqvV55Rw="></latexit>

4Livet et al. (2018)

<latexit sha1_base64="S/GBOH/BSQOvIfqbYjaFWfBujgg="></latexit>

Sieke, Harho↵, Schlichting, LvS, in preparation
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• classified as Model A, B, C,… — Model J
Hohenberg, Halperin (1977)

• describe full set of critical/hydrodynamic modes
order parameter, Goldstone modes, conserved charges, reversible mode couplings

• critical dynamics in QCD:

• chiral phase transition:  Model G — Rajagopal, Wilczek (1993)

• QCD critical point:          Model H — Son, Stephanov (2004)

Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: Classical-statistical simulations: 

Florio, Grossi, Soloviev, Teaney, PRD 105 (2022) 054512 

Florio, Grossi, Teaney, PRD 109 (2024) 054037 

classical-statistical:

FRG: Roth, Ye, Schlichting, LvS, arXiv:2403.04573

Chattopadhyay, Ott, Schaefer, Skokov, PRL 133 (2024) 032301 classical-statistical:

FRG: Chen, Tan, Fu, arXiv:2406.00679

Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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• Landau-Ginzburg-Wilson functional:
<latexit sha1_base64="Rrr//p08y8bfgq3oEuKcvPSb1tQ="></latexit>

F ['] =

Z
ddx

n1

2
(~r')2 + V (')

o

• Langevin dynamics:
for statics, with Z2 SSB

φ

V(φ) T > Tc

T < Tc

• no conservation laws

<latexit sha1_base64="dcN3ilSLhqmMzWfaznVmS6Yx5WU="></latexit>

@2
t ' + �@t' = �

�F

�'
+ ⇠

<latexit sha1_base64="vByNhgbbYwHMWyKVagxvwLyYFks="></latexit>

Gaussian white noise

Model A
z = 2 + cη

FRG: Canet, Chate, J. Phys. A 40 (2007) 1937, 	 

Canet, Chate, Delamotte, J. Phys. A 44 (2011) 495001

Duclut, Delamotte, PRE 95 (2017) 012107 

Roth, LvS, JHEP 10 (2023) 065

Batini, Grossi, Wink, PRD 108 (2023) 125021
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• LGW functional:

<latexit sha1_base64="27Tj/FIt9Cr0yg3zNKmIfQG1h3c="></latexit>

+B 'n

<latexit sha1_base64="rG539asLgqfhvaAF/BKP0oF/KwQ="></latexit>

+
n2

2�n

o

with linear coupling       to 
conserved (baryon) density

(non-critical)
<latexit sha1_base64="KLhkqgE093OXa5lyLNmuwPfeplM="></latexit>

n(x)

<latexit sha1_base64="cfTrpPsDDWwlp+ICEkDwygJCJAs="></latexit>

B

Son, Stephanov, PRD 70 (2004) 056001

conserved (baryon) density 

Critical dynamics
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Consider classical �'
4-theory with Landau-Ginzburg free energy (statics) Model B

with coupling B between conserved density n(x) and '(x) (Son, Stephanov ’04)

F =

Z
d

d
x

⇢
1
2
(~r')2 + V (') + B ' n +

1
2�0

n
2

�
, Z =

Z
D'Dn e

��F
,

and equations of motion (dynamics) with dissipative coupling � to heat bath (Langevin)

@
2
t ' + �@t' = �

�F

�'
+ ⇠(x) ,

⌧R@
2
t n + @tn = �̄~r

2 �F

�n
+ ~r · ~⇣(x) ,

with Gaussian white noise(s)

h⇠(x)i� = 0 ,

h⇠(x)⇠(x0)i� = 2�T �(x � x
0) ,

h⇣
i(x)i� = 0 ,

h⇣
i(x)⇣j(x0)i� = 2�̄T �

ij
�(x � x

0) .

Discrete Z2 (' ! �') symmetry breaks spontaneously for T < Tc when m
2

< 0.

Johannes Roth Real-time FRG for critical dynamics Lunch Club | June 8, 2022 28 / 37
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Critical dynamics
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Consider classical �'
4-theory with Landau-Ginzburg free energy (statics) Model A

in thermal equilibrium,

F =
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d

d
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Johannes Roth Real-time FRG for critical dynamics Lunch Club | June 8, 2022 28 / 37

(chiral) order parameter
• equations of motion:

• slow critical mode diffusive Model B
z = 4 – η

<latexit sha1_base64="ANU7N3l1OLPNsRY8UA5foiT3A2k="></latexit>

F [', n] =

Z
ddx

n1

2
(~r')2 + V (')

FRG: Roth, LvS, JHEP 10 (2023) 065
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• LGW functional:
Critical dynamics
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• equations of motion: with quadratic coupling     to 
conserved (energy) density

<latexit sha1_base64="1LphchxMNJZAzeEb4oUvW+Je94U="></latexit>

+
g

2
'2n
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n(x)

Model C
z = 2 + α/ν
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F [', n] =

Z
ddx
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2
(~r')2 + V (')
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Berdnikov, Rajagobal, PRD 62 (2000) 105017

FRG: Mesterházy, Stockemer, Palhares, Berges, PRB 88 (2013) 174301 

Roth, LvS, JHEP 10 (2023) 065
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• LGW functional: now static O(4) universality
<latexit sha1_base64="aFG3+WJYD8NBGPy/77rUQunRWYc="></latexit>Z
ddx
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2
(@i�a)(@

i�a) +
m2

2
�a�a +

�

4!N
(�a�a)

2 +
1

4�n
nabnab

o
<latexit sha1_base64="KQ17c/K2WYEuEE8ZJORjBiloBlc="></latexit>

F [', n] =

with conserved iso-vector and 
iso-axialvector charge densities(chiral) order parameter

• equations of motion:

<latexit sha1_base64="peg1ntFeR5pAHU/FftBECxAPfRM="></latexit>
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��a
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conserved O(4) densities 
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Model G
z = d/2Sasvári, Schwabl, Szépfalusy,  Physica A 81 (1975) 108

aka: SSS Model
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• equations of motion:

• Poisson brackets (commutators): 

Model G
z = d/2

<latexit sha1_base64="peg1ntFeR5pAHU/FftBECxAPfRM="></latexit>
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Larmor 
precession
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reversible (ideal) 
time evolution
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• equations of motion:

• Poisson brackets: 

Model H
z = 4 - η - xσ

advection
<latexit sha1_base64="YirpfhBAp+Sr5uZnY1UgiJRAqPU="></latexit>

with reversible mode couplings
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FRG: Chen, Tan, Fu, arXiv:2406.00679

Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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as it is often done in finite-temperature field theory, here with the spatial wave function

renormalization factor Z?
k included to ensure that no artificial scale is introduced [47]. This

choice of a frequency independent regulator is the arguably simplest way to maintain the

causal structure of the Keldysh action, and it turns out to be su�cient for the practical

applications considered below. If a frequency dependent regulator is required for some

reason, however, the question of how to maintain causality and thus the Källén-Lehmann

spectral representation of the propagators during the flow becomes much more subtle [20,

26, 31, 40, 50]. The field-theory generalization of our physics motivated and intuitive

solution to this problem in quantum-mechanical systems [15] in the context of the Keldysh

closed-time path formalism is presented in the next subsection.

2.1 Causal regulators
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As any self-energy it can then always be represented, via Hubbard-Stratonovich lineariza-

tion on the CTP, by a linear coupling of the fields � to a Gaussian ensemble of bosonic

degrees of freedom. The modelling of such a causal self-energy regulator can therefore

generally be shifted into the modelling of the FRG scale k dependent spectral distribution

Jk(!,p) of this ensemble to represent the regulator Rk(!,p) via dispersion relations, as

we will discuss explicitly below. Although one might thus intuitively think of an artificial

scale-dependent heat bath to provide the damping of low frequency and momentum modes

in a causal manner, there is more flexibility to choose such an artificial spectral distribution

as it does not necessarily have to represent an ensemble of physical degrees of freedom, with

a positive and normalizable spectral distribution.

In order to demonstrate this explicitly, we now assume that the regulator (2.11) on

the closed-time path depends on frequency ! without violating causality, so that we can

discuss the subsequent constraints that arise on its structure.1 As a starting point for

our discussion and as a general guiding principle, note the structural resemblance of the

definition of the full propagator in the real-time FRG (here for a vanishing response-field

expectation value �
q(x) = 0),
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• causal regulators:

• introduce fictitious heat-bath J:
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A Causality and Kramers-Kronig relations

In Section 2.1, we started with assuming that the regulator RR/A
k (!,p) is analytic at ! = 0

for infrared finiteness. One can then write down subtracted Kramers-Kronig relations

based on the analytic properties of (RR/A
k (!,p)�R

R/A
k (0,p))/!,

ReRR/A(!,p) = ReRR/A(0,p)± P

Z 1

�1

d!
0

2⇡

2!2 ImR
R/A(!0

,p)

!0(!02 � !2)
, (A.1a)

ImR
R/A(!,p) = ⌥P

Z 1

�1

d!
0

2⇡

2! ReRR/A(!0
,p)

!02 � !2
, (A.1b)

where P denotes the Cauchy principal value of the integral. Here, we have furthermore

used that ImR
R/A(0,p) = 0 for an analytic function with odd imaginary part, so that

Eq. (A.1b) stays formally the same as in the unsubtracted case in Eq. (A.6b) below. The

subtracted Kramers-Kronig relations (A.1a) and (A.1b) are combined in the subtracted

spectral representation,

R
R/A(!,p) = R

R/A(0,p)�

Z 1

0

d!
0

2⇡

2!2
J(!0

,p)

!0((! ± i✏)2 � !02)
, (A.2)

corresponding to Eqs. (2.14), (2.15) of Section 2.1.

Alternatively to first assuming analyticity of the regulator at ! = 0, as described in

Section 2.1, we might as well start with assuming that the regulator is analytic at complex

infinity, and perform the subtraction of the frequency-independent mass shift there. Then,

for any finite value of k the limit

�M
2
1,k(p) ⌘ � lim

!!1
R

R/A
k (!,p) (A.3)

exists, is real, and unique in the sense that it can be taken in any direction and there

is no singularity at infinity in the complex !-plane. We can then formally separate this

part from the regulator and use this as an alternative definition of the spectral part of the

self-energy regulator,

⌃R/A
k (!,p) ⌘ R

R/A
k (!,p) +�M

2
1,k(p) , (A.4)

replacing (2.14) by the one subtracted at infinity. Then, by definition we have in this case,

⌃R/A
k (!,p) ! 0 for ! ! 1 . (A.5)

Because it vanishes at infinity, its real and imaginary parts are now related by unsub-

tracted Kramers-Kronig relations, for the retarded/advanced components ⌃R/A(!,p) of
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subtracted spectral representation
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frequency-independent regulatorIt is expressed in terms of an FRG-scale k dependent spectral density Jk(!,p) which is in

turn given by the imaginary part of the regulator itself,

Jk(!,p) = ±2 Im⌃R/A
k (!,p) = ±2 ImR

R/A
k (!,p) . (2.16)

This spectral density must thus be an odd function of frequency as well, Jk(�!,p) =

�Jk(!,p). Since we have assumed that the imaginary part of R
R/A
k (!,p) vanishes for

! ! 0, the integration limit of the spectral integral (2.15) in the infrared exists. One can

furthermore see explicitly that the full spectral part of the regulator vanishes for ! ! 0,

i.e. ⌃R/A
k (0,p) = 0, as it must by construction.

In order to include such a spectral part in a regulator for real-time FRG applications

on the CTP one can therefore start with first devising a suitable imaginary part, i.e. a scale

and frequency-dependent spectral density Jk(!,p) which may be thought of as modelling an

artificial external bath, and then compute the corresponding real part from the (subtracted)

Kramers-Kronig relation.

For the physical interpretation of such a non-vanishing spectral density, we reiterate

that such a self energy could have also been obtained by coupling our system to an external

heat bath modelled as an ensemble of harmonic oscillators after Caldeira and Leggett [58]

or, equivalently, as a Gaussian ensemble of bosonic degrees of freedom, upon Gaussian in-

tegration of this ensemble. Therefore, a causal regulator with a non-vanishing spectral part

(2.14), (2.15) can always be interpreted as arising from interactions with a fictitious exter-

nal heat bath, specified by the scale dependent spectral density (2.16), which motivated

the name ‘heat-bath regulator’ in earlier work [15].

If we translate our general expression (2.15) for the spectral part of a causal regulator

to the Euclidean domain, we obtain the corresponding Euclidean regulator as

R
E
k (!E ,p) = �R

R
k (i|!E |,p) = �M

2
k (p) +

Z 1

0

d!
0

⇡

!
2
E Jk(!0

,p)

!0(!2
E + !02)

(2.17)

for real Euclidean frequencies !E . Notably, the spectral part, for a positive spectral density,

always adds a positive contribution to the positive mass shift �M
2
k (p). In particular, for

!E ! 1, this contradicts the UV finiteness of the Euclidean regulator in the frequency

argument, as we discuss next.

UV finiteness: If the spectral density of the regulating bath vanishes for ! ! 0 as

we have assumed here, then we can also take the limit ! ! 1 in (2.15) to compute the

ultraviolet limit of the regulator from

lim
!!±1

R
R/A(!,p) = ��M

2
k (p)�

Z 1

0

d!
0

⇡

Jk(!0
,p)

!0 . (2.18)

This shows that a semi-positive spectral density Jk(!,p) � 0, corresponding to any kind

of physically motivated external bath, together with a positive frequency-independent

�M
2
k (p) > 0 is necessarily inconsistent with R

R/A(!,p) ! 0 for ! ! 1. In other words,

in such a physics motivated setup it is not possible to simultaneously cut o↵ frequency

integrals and respect the causal structure of the Keldysh action at all intermediate FRG
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from FDR

• maintain causality, Lorentz invariance, 
UV and IR finiteness — except positivity
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Figure 3. Diagrammatic representation of the flow equation for the advanced and Keldysh 2-point
functions �cq

k (x, x0), �qq
k (x, x0), respectively, in the symmetric phase, evaluated at vanishing field

expectation values. In the second equality, we see the splitting into s, t, and u-channels of the
4-point function, which are diagrammatically denoted by an ellipse.

with m
2
< 0 to spontaneously break the Z2 symmetry, and a positive quartic coupling

� > 0. The dissipative equation of motion for the non-conserved order parameter field

'(x) assumes the form of a stochastic Langevin equation,

@
2
t '+ �@t' = �

�F

�'
+ ⇠ (3.2)

with damping �, and fluctuating white Gaussian noise ⇠ with zero mean, and variance

h⇠(t,x)⇠(t0,x0)i� = 2�T �(t� t
0)�(x� x0) , (3.3)

to model an external heat bath at temperature T = 1/�. Since there is no conservation

law in this system, its critical point lies in the dynamic universality class of Model A in

the classification scheme of Halperin and Hohenberg [8], predicting the dynamic critical

exponent z = 2+ c⌘
?, where ⌘

? denotes the spatial anomalous scaling dimension, and c is

a constant of order one which depends on the number of spatial dimensions d.

Model A can be formulated using a classical-statistical path integral [66, 67] with

Martin-Siggia-Rose (MSR) action4

S =

Z

x

"
� �

q

✓
@
2
t �

c + �@t�
c + 2

�F

��c

◆
+ 2i�T (�q)2

#
. (3.4)

Concerning the truncation of the e↵ective average action, which is necessary for practi-

cal calculations within the FRG, we follow the two di↵erent vertex expansion schemes,

around two di↵erent expansion points, as introduced in Section 2.2. This is explained

more explicitly in the following two subsections.

3.1.1 Comoving expansion

Our goal is to capture non-trivial energy and momentum-dependent e↵ects in the spectral

function, specifically the scaling behavior ⇢(!) ⇠ !
�� close to the critical point. This

4
The unconventional factor of 2 in front of the force �F/��c

originates from defining the Keldysh rotation

(2.2) to be measure-preserving. Hence, we have �c
(x) =

p
2'(x).
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Model A can be formulated using a classical-statistical path integral [66, 67] with

Martin-Siggia-Rose (MSR) action4

S =

Z

x

"
� �

q

✓
@
2
t �

c + �@t�
c + 2

�F

��c

◆
+ 2i�T (�q)2

#
. (3.4)

Concerning the truncation of the e↵ective average action, which is necessary for practi-

cal calculations within the FRG, we follow the two di↵erent vertex expansion schemes,

around two di↵erent expansion points, as introduced in Section 2.2. This is explained

more explicitly in the following two subsections.

3.1.1 Comoving expansion

Our goal is to capture non-trivial energy and momentum-dependent e↵ects in the spectral

function, specifically the scaling behavior ⇢(!) ⇠ !
�� close to the critical point. This

4
The unconventional factor of 2 in front of the force �F/��c

originates from defining the Keldysh rotation

(2.2) to be measure-preserving. Hence, we have �c
(x) =

p
2'(x).
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Figure 2. Diagrammatic representation of the flow equation for the s-channel contribution to the
4-point function in our self-consistent ‘local-vertex approximation’. The flow equations for the t and
u-channels follow readily from exchange and crossing symmetries. The ‘local-vertex approximation’
manifests itself in the fact that e↵ective local coupling constants derived from the full 4-point and
6-point functions enter the right-hand sides, which makes this particular flow equation 1-loop exact,
consistent with our combined vertex and loop expansion to order Q = 6.

which here is self-consistently obtained from the full 4-point function on the left, and (b) the

6-point coupling constant �6,k defined by the corresponding derivative of the e↵ective po-

tential,

�6,k =
@
6
Vk(')

@'6

����
'=0

. (2.42)

Finally, the 2-loop complete flow equations for the two independent 2-point functions are

given by

@k�
cq
k (p) =

i�k

12
I
K
k � i

Z

q

⇣
B

K
k (q)V cl,A

k (p� q) +B
A
k (q)V

an
k (p� q)

⌘
, (2.43)

@k�
qq
k (p) = �i

Z

q

⇣
B

K
k (q)V an

k (p� q) +B
R
k (q)V

qu,R
k (p� q) +B

A
k (q)V

qu,A
k (p� q)

⌘
. (2.44)

These are visualized diagrammatically in Fig. 3. In particular, one can see explicitly in

this figure how the 1-loop complete 4-point function enters as a decomposition into s, t,

and u-channel contributions, which makes our truncation for the 2-point function two-loop

exact, including all perturbative two-loop structures, as desired above.

3 Dynamic Models

3.1 Model A—Critical dynamics without conserved quantities

We consider the Landau-Ginzburg-Wilson Hamiltonian for a single-component real scalar

field ' in d spatial dimensions of the form

F =

Z
d
d
x

⇢
1

2
(~r')2 +

m
2

2
'
2 +

�

4!
'
4

�
, (3.1)
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Figure 1. Diagrammatic representation of the flow equations for the advanced and Keldysh 2-
point functions �cq

k (x, x0) and �qq
k (x, x0), evaluated at the scale-dependent minimum. The retarded

2-point function �qc
k (x, x0) readily follows from the advanced one by symmetry. They consist of

contributions from non-local 1-loop diagrams which, for example, generate a non-trivial dependence
of the spectral function ⇢(!,p) on external frequency ! and spatial momentum p. The advanced
2-point function in the first row in addition acquires a frequency and momentum-independent shift
in the squared mass generated from the tadpole diagram in the third term and the interaction with
the k-dependent field expectation value @k�0,k in the fourth. For the Keldysh 2-point function in
the second row, only the first diagram survives in the classical limit, because the second and third
diagrams both contain a quantum �

q
�
q
�
q vertex without substructure.

The e↵ective potential on the other hand then determines the scale-dependent n-point

coupling constants without substructure (here for n > 2) via its Taylor expansion around

the scale-dependent minimum '0,k ⌘ �
c
0,k/

p
2. Specifically, the 3 and 4-point coupling

constants in Eqs. (2.36) are obtained from

k = V
(3)
k ('0,k) , �k = V

(4)
k ('0,k) . (2.38)

We can now easily derive the flow equation for the e↵ective potential by di↵erentiating

the Wetterich equation (2.1) once with respect to the response field �
q(x), and setting the

response field to zero afterwards, �q(x) = 0, but keeping a constant expectation value for

the classical field, �c(x) =
p
2' [15, 44]. In the following, we introduce an additional index

' to denote an explicit dependence on such a background field configuration in quantities

like I
K
',k or �(3)

',k. We can then express the flow equation for the e↵ective potential as

@kV
0
k(') = �

i
p
8

= �
i

4
V

(3)
k (')IK',k , (2.39)

where we approximated the full 3-point function �(3)
',k by the third derivative V

(3)
k (') of

our e↵ective potential. Eq. (2.39) thus represents a generator for the flow equations of all

higher-order n-point coupling constants (here for n > 2) in the approximation where the

corresponding vertex functions are assumed to be independent of frequency and momentum.

These flow equations are obtained via di↵erentiation of (2.39) with respect to the classical

field expectation value ', where one can moreover employ recursion relations between the

'-derivatives of the various propagators. For more technical details of this approach, we

refer to Sec. V of Ref. [15].
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for quantum mechanical applications, see:

S. Huelsmann, S. Schlichting, P. Scior, Phys. Rev. D 102, 096004 (2020) 

J. V. Roth, D. Schweitzer, L. J. Sieke, L.v.S., Phys. Rev. D 105, 116017 (2022)
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• Models A & B:
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expand around scale-dependent minimum �c
0,k

- effective average action:

- 2-point function:

implies that we have to keep at least some of the full frequency dependence in the 2-

point function. For simplicity, we approximate higher n-point functions with n � 3 to

be local, which here means by frequency and momentum-independent coupling constants.

These e↵ective couplings from n-point functions at vanishing external momenta can in

principle be maintained to arbitrarily high order in the vertex expansion, which results

in the introduction of a scale-dependent e↵ective potential Vk(') (see below). Although

higher-order local n-point vertices are thus readily incorporated, in this work, we restrict

the expansion order to nmax = 4, however, which corresponds to the lowest applicable order

of our combined vertex and loop expansion around a scale-dependent minimum explained

in Sec. 2.2.1. We can then compactly express this setup as the following truncation for the

e↵ective average action,

�k =
1

2

Z

xx0

�
�
c(x)� �

c
0,k,�

q(x)
�
 

0 �cq
k (x� x

0)

�qc
k (x� x

0) �qq
k (x� x

0)

! 
�
c(x0)� �

c
0,k

�
q(x0)

!
(3.5)

�
k
p
8

Z

x

�
�
c(x)� �

c
0,k

�2
�
q(x)�

�k

12

Z

x

�
�
c(x)� �

c
0,k

�3
�
q(x) ,

where we have introduced the e↵ective 3-point coupling constant k defined at the non-

vanishing field expectation value �
c
0,k. Using the fact that �

c
0,k minimizes the e↵ective

average action, and employing the Z2 symmetry �k[�c
! ��

c] = �k, we find the relations

k =
�k�

c
0,k

p
2

and �
c
0,k =

s
6m2

k

�k
(3.6)

with m
2
k ⌘ ��qc

k (p = 0).

2-Point function: We assume invariance under spacetime translations and expand the

Fourier-transformed 2-point functions in powers of spatial p2, but keep the full frequency

dependence only in the zeroth-order coe�cient,

�qc
k (!,p) = �qc

0,k(!)� Z
?
k p2 + · · · , (3.7a)

�cq
k (!,p) = �cq

0,k(!)� Z
?
k p2 + · · · , (3.7b)

�qq
k (!,p) =

2T

!

�
�qc
k (!,p)� �cq

k (!,p)
�
. (3.7c)

We will neglect the O(p4) terms and furthermore assume that the !-dependence of the spa-

tial wave-function renormalization factor occuring at O(p2) is weak, i.e. that Z?
k (!) ⇡ Z

?
k

is approximately frequency independent. Moreover, because we now have m
2
k = ��qc

0,k(0),

it is convenient to separate the mass term from the frequency-dependent part of order zero

in the spatial momentum, writing �qc
0,k(!) = �m

2
k+��qc

0,k(!) so that ��qc
0,k(0) = 0 (we will

discuss the flow equation for the squared mass m2
k in the context of the e↵ective potential

in more detail below). The scale-dependent retarded, advanced, and Keldysh propagators

in the background of a constant (classical) field expectation value ', with �
c(x) ⌘

p
2'
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Figure 1. Diagrammatic representation of the flow equations for the advanced and Keldysh 2-
point functions �cq

k (x, x0) and �qq
k (x, x0), evaluated at the scale-dependent minimum. The retarded

2-point function �qc
k (x, x0) readily follows from the advanced one by symmetry. They consist of

contributions from non-local 1-loop diagrams which, for example, generate a non-trivial dependence
of the spectral function ⇢(!,p) on external frequency ! and spatial momentum p. The advanced
2-point function in the first row in addition acquires a frequency and momentum-independent shift
in the squared mass generated from the tadpole diagram in the third term and the interaction with
the k-dependent field expectation value @k�0,k in the fourth. For the Keldysh 2-point function in
the second row, only the first diagram survives in the classical limit, because the second and third
diagrams both contain a quantum �

q
�
q
�
q vertex without substructure.

The e↵ective potential on the other hand then determines the scale-dependent n-point

coupling constants without substructure (here for n > 2) via its Taylor expansion around

the scale-dependent minimum '0,k ⌘ �
c
0,k/

p
2. Specifically, the 3 and 4-point coupling

constants in Eqs. (2.36) are obtained from

k = V
(3)
k ('0,k) , �k = V

(4)
k ('0,k) . (2.38)

We can now easily derive the flow equation for the e↵ective potential by di↵erentiating

the Wetterich equation (2.1) once with respect to the response field �
q(x), and setting the

response field to zero afterwards, �q(x) = 0, but keeping a constant expectation value for

the classical field, �c(x) =
p
2' [15, 44]. In the following, we introduce an additional index

' to denote an explicit dependence on such a background field configuration in quantities

like I
K
',k or �(3)

',k. We can then express the flow equation for the e↵ective potential as

@kV
0
k(') = �

i
p
8

= �
i

4
V

(3)
k (')IK',k , (2.39)

where we approximated the full 3-point function �(3)
',k by the third derivative V

(3)
k (') of

our e↵ective potential. Eq. (2.39) thus represents a generator for the flow equations of all

higher-order n-point coupling constants (here for n > 2) in the approximation where the

corresponding vertex functions are assumed to be independent of frequency and momentum.

These flow equations are obtained via di↵erentiation of (2.39) with respect to the classical

field expectation value ', where one can moreover employ recursion relations between the

'-derivatives of the various propagators. For more technical details of this approach, we

refer to Sec. V of Ref. [15].
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- 4-point and higher:
<latexit sha1_base64="WbxD1qOBmtJogPxUcl43seBNAu0="></latexit>

local vertices

one order less in 
combined expansion



September 2024  |  Lorenz von Smekal  |  p.

Critical Spectral Functions

27

Model A
z = 2 + cη

Model C
z = 2 + α/ν
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Model B
z = 4 – η
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z = 4 – η
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Model B
z = 4 – η
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z = d/2

• strong-scaling hypothesis:
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in d spatial dimensions
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(SSS Model)

• MSR action:

thus the autocorrelation times for both the order parameter and the charge densities di-

verge at the same rate, ⇠t ⇠ ⇠z. A stability analysis to one-loop order reveals that of the

latter three fixed points only the strong-scaling fixed point is stable [42], so we expect to

see strong-scaling behavior in our results below.

2.1 Martin-Siggia-Rose path-integral formulation

By adding external sources to the free energy,

F ! F �
Z

x

�
Ha�a +

1

2
Habnab

�
(2.19)

we can promote the partition function (2.16) to a generating functional for static (equal-

time) correlation functions in thermal equilibrium,

Zeq[H, H] =

Z
D� Dn exp

⇢
��F [�, n] + �

Z

x

⇣
Ha(x)�a(x) +

1

2
Hab(x)nab(x)

⌘�
(2.20)

From its behaviour around the critical point all static universal properties like the critical

exponents ⌫ and ⌘ may be derived.

To study dynamic critical phenomena we need unequal-time correlation functions.

A corresponding generating functional can be constructed from the Martin-Siggia-Rose

(MSR) path-integral formulation [43–45, 50]. In this approach, one reformulates a thermal

expectation value hO(�, n)i of an operator O(�, n) which may involve products of fields

at di↵erent times as a real-time path integral. As in the Keldysh formalism [51], this is

achieved by doubling the number of fields. In the MSR formalism one introduces auxiliary

‘response’ fields �̃ and ñ, and constructs a corresponding MSR action

S =

Z

x


� �̃a

✓
@�a

@t
+ �0

�F

��a

� g

2
{�a, nbc}

�F

�nbc

◆

� 1

2
ñab

✓
@nab

@t
� �r2 �F

�nab

� g{nab, �c}
�F

��c

� g

2
{nab, ncd}

�F

�ncd

◆

+ iT �̃a�0�̃a � 1

2
iT ñab�r2ñab

�
(2.21)

(note the new variant of our shorthand notation
R
x
=
R
t

R
x =

R
dt ddx here) such that

the expectation value of a multi-time observable O(�, n) can be calculated from the corre-

sponding path integral,

hO(�, n)i =
Z

D� D�̃ Dn Dñ J [�, n] exp {iS} O(�, n) . (2.22)

In the MSR technique, one also needs to introduce a (generally) field-dependent Jacobian

determinant J [�, n] to the path integral, which is the determinant of the Jacobian matrix

of the map

E(�, n) ⌘
 

E�(�, n) 0

0 En(�, n)

!
(2.23)
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• symmetries: <latexit sha1_base64="6D62kfHr8hCOMMiRxkIeO8opWw0="></latexit>

– charge conservation
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– thermal equilibrium symmetry
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– temporal (non-Abelian) gauge symmetry
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– BRST symmetry
Canet, Delamotte, Wschebor, PRE 93 (2016) 6, 063101
Crossley, Glorioso, Liu, JHEP 09 (2017) 095
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• add regulators to LGW functional:

A rather non-trivial task in devising a regulator suitable for systems with reversible

mode couplings is to maintain all the symmetries of the MSR action we have discussed in

Sec. 2.3 above. In particular, simply adding the regulator as a quadratic form in the fields

directly to the MSR (or Keldysh) action, which works for systems without reversible mode

couplings [30], here one immediately observes that some of the symmetries are then neces-

sarily violated. For example, one can no-longer guarantee that the equilibrium distribution

will be a Boltzmann distribution during the flow, and hence the usual formulation of the

FDR no longer holds. Instead, as in the case of the physical sources in our construction of

the generating functional in Sec. 2.2, we therefore add the regulator one step earlier to the

LGW free energy,9

F ! F +
1

2

Z

xy

✓
�a(x)R

�

k
(x,y)�a(y) +

1

2
nab(x)R

n

k
(x,y)nab(y)

◆
, (3.1)

and obtain the MSR action with regulator terms from that. This guarantees that none of

the symmetries from Sec. 2.3 are violated by the regulator terms.

Because of the Poisson brackets in the equations of motion (2.12), this gives rise to

regulator terms in the MSR action that are no-longer quadratic in the original fields but

couple to the composite response fields �̃a and Ñab,

S ! S +�Sk , �Sk = �
Z

xy

✓
�̃a(x)R

�

k
(x, y)�a(y) +

1

2
Ñab(x)R

n

k
(x, y)nab(y)

◆
, (3.2)

where

R�

k
(x, y) ⌘ R�

k
(x,y) �(x0 � y0) , and Rn

k
(x, y) ⌘ Rn

k
(x,y) �(x0 � y0) . (3.3)

The crucial generalization of the standard procedure here is that the regulators R�

k
and

Rn

k
couple to the composite response fields �̃ and Ñ in (3.2). On the other hand this then

necessarily implies that the regulator term �Sk added to the MSR action, when expressed

in terms of the standard response fields �̃a and ñab, involves products of three fields.

As a side remark, also note that in (3.3) we have introduced equal-time regulators whose

Fourier transforms are hence frequency independent. In this way, the causal structure

of the MSR action [73] is maintained trivially by the regulators which is su�cient for

our purposes here. If frequency dependent regulators are needed, on the other hand, a

general construction scheme for causal regulators analogous to the one given in Sec. 2 of

Ref. [30] can be used here as well. In this construction the regulators are introduced as self-

energies from (suitably subtracted) Kramers-Kronig relations of fictitious (unphysical) heat

baths whose FRG-scale-dependent spectral distributions provide the frequency-dependent

regularization in a causal way by construction.

The presence of the regulator term �Sk in addition to the bare MSR action lets the

generating functional Z ! Zk and the Schwinger functional W ! Wk depend on the FRG

scale k. These can be viewed as their ‘coarse-grained’ counterparts where all fluctuations

with momenta p . k have been suppressed. In the FRG, the central object is the e↵ective

9We assume the regulator to be diagonal in field space to preserve the global O(N) symmetry.
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• Ansatz for effective average action:

4 Truncation and flow equations

As a starting point for practical applications within the FRG, one has to truncate the e↵ec-

tive average action in a way that respects all relevant symmetries (here listed in Sec. 2.3).

In the context of critical phenomena, an expansion of the e↵ective average action in terms of

derivatives (frequently referred to as ‘derivative expansion’) has proven to converge rather

quickly towards quantitatively accurate results for critical exponents [77, 78], universal

amplitude ratios [79], and recently, the location of Yang-Lee edge singularities [80–82].

This suggests that a similar expansion in terms of derivatives is a sensible choice for a

systematic truncation scheme also for Model G here. In the context of critical dynamics,

a derivative expansion has been already employed in previous works in the purely relax-

ational Models A [23] and C [25], for example. However, in the presence of reversible mode

couplings, it is rather di�cult to set up a derivative expansion systematically since the

temporal-gauge and its accompanying residual displacement symmetry from Sec. 2.3 pro-

hibits a naive introduction of terms with ordinary time derivatives (rather, the covariant

time derivative (2.66) that is manifestly invariant under the displacement symmetry must

thus be used instead of the ordinary one in a systematic derivative expansion). For the

calculation of spectral functions, the combined expansion scheme for the e↵ective average

action of Refs. [29, 30], first in terms of 1PI vertex functions and a second in the number

of loops taken into account on the level of the flow equations (if possible self-consistently),

has proven to be well suited to study their dynamic critical behavior in Models A, B and

C [30]. For the scope of this work, we take the more pragmatic approach of postulating a

suitable ansatz for the e↵ective average action based on previous experience.

In particular, we construct our truncation by considering a generalized form of the

bare MSR action (2.12) where all couplings are promoted to be running (i.e. to depend on

the FRG scale k),

�k =

Z

x


� �̃a,k

 
Z!

�,k

@�a

@t
+ ��,k(r)

�Fk

��a

�
g�n
k

2
{�a, nbc}

�Fk

�nbc

!

� 1

2
ñab,k

✓
Z!

n,k

@nab

@t
+ �n,k(r)

�Fk

�nab

� gn�
k

{nab, �c}
�Fk

��c

�
gnn
k

2
{nab, ncd}

�Fk

�ncd

◆

+ Z!

�,k
iT �̃a,k��,k(r)�̃a,k +

1

2
Z!

n,k
iT ñab,k�n,k(r)ñab,k

�
. (4.1)

We have included an arbitrary scale-dependent free-energy functional Fk[�, n], temporal

wave function renormalization factors Z!

�,k
and Z!

n,k
, generalized kinetic coe�cients ��,k(r)

and �n,k(r) that involve arbitrary spatial gradients, and three di↵erent instances g�n
k

, gn�
k

and gnn
k

of the reversible mode couplings corresponding to the three di↵erent Poisson

brackets. To guarantee the conservation of the charges, the spatial Fourier transform of

the kinetic coe�cient �n,k(p) must vanish in the limit p ! 0, and thus its expansion in

gradients must start at order r2.

Moreover, note that the temporal wave function renormalization factors Z!

�,k
and Z!

n,k

are not independent of the other couplings, but can be eliminated via a redefinition of the

response fields �̃k ! �̃k/Z!

�,k
, ñk ! ñk/Z!

n,k
together with a corresponding rescaling of
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�
. (4.1)

We have included an arbitrary scale-dependent free-energy functional Fk[�, n], temporal

wave function renormalization factors Z!

�,k
and Z!

n,k
, generalized kinetic coe�cients ��,k(r)

and �n,k(r) that involve arbitrary spatial gradients, and three di↵erent instances g�n
k

, gn�
k

and gnn
k

of the reversible mode couplings corresponding to the three di↵erent Poisson

brackets. To guarantee the conservation of the charges, the spatial Fourier transform of

the kinetic coe�cient �n,k(p) must vanish in the limit p ! 0, and thus its expansion in

gradients must start at order r2.

Moreover, note that the temporal wave function renormalization factors Z!

�,k
and Z!

n,k

are not independent of the other couplings, but can be eliminated via a redefinition of the

response fields �̃k ! �̃k/Z!

�,k
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• scaling of charge diffusion coefficient:
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Dn(p, ⌧ ) = s2�zDn(sp, s
1/⌫⌧ )

Figure 10: The universal scaling function L(x) from the scaled di↵usion coe�cient at

di↵erent reduced temperatures. The universal scaling behavior is well fitted by Lfit(x) =

(a+bx0.5+cx)/(1+dx0.5+ex+fx1.5), with a = 1.073, b = �0.065, c = 0.444, d = 0.143, e =

0.099, f = 0.215. The dotted grey lines indicate the asymptotic behavior with Lfit(0) = a

for x ! 0, and Lfit(x) ! (c/f)x�0.5 for x ! 1.

⌧ (f+
⇠
)2�zn/D+

n

10�10 2.718

10�9 2.718

10�8 2.718

10�7 2.718

10�6 2.638

Table 2: Non-universal amplitudes (f+
⇠
)2�zn/D+

n at di↵erent reduced temperatures.

tion approaches L(x � 1) ⇠ x�(2�zn), which gives the correct power law Dn(p, ⌧) ⇠ pzn�2

for the momentum dependence of the di↵usion coe�cient at ⌧ = 0. In Fig. 10 we plot the

quantity defined by the right hand side of (6.17) for di↵erent reduced temperatures ⌧ using

the IR (k = 0) results from our FRG calculation. We see that the curves indeed beauti-

fully converge towards a unique universal scaling function L(x) in the limit ⌧ ! 0. The

quantitative shape of the resulting scaling function can rather accurately be determined

by performing a fit to a Padé approximant of the order [m/m + 1] in the variable x2�zn ,

L(x) =
P

m

j=0 aj
�
x2�zn

�
j

1 +
P

m+1
k=1 bk (x2�zn)k

, (6.18)

which yields L(0) = a0, and ensures the asymptotic behavior for x � 1 with L(x) !
(am/bm+1)x�(2�zn) for large values of x. For our results in Fig. 10 we find that already

for m = 2 the method has converged to a su�cient accuracy. The resulting fit with

its asymptotics are plotted in the same figure together with our numerical results. The

corresponding values for the coe�cients aj , bk are listed in the figure caption.
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universal dynamic scaling functionFigure 8: Extraction of the dynamic critical exponent z for various spatial dimensions d.

The blue data point is extracted from the inflection point of k@k log�
�

k
versus log k, the

orange data point is extracted from the minimum point of k@k logDn

k
(k) versus log k, the

green data point is extracted from the minimum point of p@p logDn

k=0(p) versus log p.

universal scaling function, which we can extract from our FRG calculations as described

in the following. Using (6.9), we can infer the analogous scaling relation for the di↵usion

coe�cient defined in Eq. (6.7), which evaluated at k = 0 assumes the form

Dn(p, ⌧) = s2�znDn(sp, s1/⌫⌧) . (6.10)

Setting the scale parameter s so that s1/⌫⌧ = 1 in (6.10), the momentum and temperature

dependence of the di↵usion coe�cient in Eq. (6.7) can equivalently be written as

Dn(p, ⌧) = ⌧�⌫(2�zn)Dn(⌧
�⌫p, 1) . (6.11)

Expressing the dimensionless quantity ⌧�⌫ in terms of the correlation length

⇠(⌧) = f+
⇠

⌧�⌫ + less singular , (6.12)

one then finds that the reduced temperature and momentum dependence of the di↵usion

constant can be expressed in terms of a universal scaling function L(x) as

Dn(p, ⌧) = D+
n

 
⇠(⌧)

f+
⇠

!2�zn

L (⇠(⌧)p) , (6.13)

up to a non-universal amplitude D+
n , which upon adopting the normalization condition

L(1) = 1, is determined from the critical divergence of the di↵usion coe�cient as

D+
n = lim

⌧!0+
⌧⌫(2�zn)Dn(p = 1/⇠(⌧), ⌧) . (6.14)

When considering p ⌧ 1/⇠(⌧), the universal scaling function L(x ⌧ 1) approaches a

constant such that one recovers the critical divergence of the di↵usion coe�cient,

Dn(0, ⌧) ⇠ ⌧�⌫(2�zn) , (6.15)
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w = �
��
k

�k

<latexit sha1_base64="5Kr5dwvj5c4wSs7RdE3kV8Koe0Q=">AAACFHicbZBNS8MwGMfT+TbnW9Wjl+AQBHW0MqbHgRePE/YGay1pmm5hSVuSVBilH8KLX8WLB0W8evDmtzHbetDNB0L+/P/PQ/L8/IRRqSzr2yitrK6tb5Q3K1vbO7t75v5BV8apwKSDYxaLvo8kYTQiHUUVI/1EEMR9Rnr++Gaa9x6IkDSO2mqSEJejYURDipHSlmeehdBJRJyoGEInFAhn7fF9FlzU8zxzJB1y5I2hQ5S+cs+sWjVrVnBZ2IWogqJanvnlBDFOOYkUZkjKgW0lys2QUBQzklecVJIE4TEakoGWEeJEutlsqRyeaCeAYSz0iRScub8nMsSlnHBfd3KkRnIxm5r/ZYNUhdduRqMkVSTC84fClEGNYEoIBlQQrNhEC4QF1X+FeIQ0GqU5VjQEe3HlZdG9rNmNWuOuXm2eFzjK4Agcg1NggyvQBLegBToAg0fwDF7Bm/FkvBjvxse8tWQUM4fgTxmfP6vlno0=</latexit>

f / Tkd�4

�k⌘k

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4
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w / (1+w)

f/
(1

+
f)

0.0 0.2 0.4 0.6 0.8 1.0
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0.2
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w / (1+w)

f/
(1

+
f)

<latexit sha1_base64="3XgS1Y1VtiuJzykXk57Q6ykH3mU="></latexit>

@tf = (d� 4� ⌘? + x�� + x�) f
<latexit sha1_base64="R2ruX+Rv3HCuTECZRd0lPu7qglM=">AAACG3icbZBNS8NAEIY3flu/qh69LBZBUUsiol4EwYtHBatCU8JkO6mLm2TZnYil+D+8+Fe8eFDEk+DBf+Om9uDXCwsP78wwO2+slbTk+x/e0PDI6Nj4xGRlanpmdq46v3Bm88IIbIhc5eYiBotKZtggSQovtEFIY4Xn8dVhWT+/RmNlnp1SV2MrhU4mEymAnBVVt0INhiSoiHjC93lltb25vRkiQRRqNHr9Jgqt7KRQgnPXeBJVa37d74v/hWAANTbQcVR9C9u5KFLMSCiwthn4mlq9cq9QeFsJC4saxBV0sOkwgxRtq9e/7ZavOKfNk9y4lxHvu98nepBa201j15kCXdrftdL8r9YsKNlr9WSmC8JMfC1KCsUp52VQvC0NClJdByCMdH/l4hIMCHJxVlwIwe+T/8LZVj3Yqe+cbNcONgZxTLAltsxWWcB22QE7YseswQS7Yw/siT17996j9+K9frUOeYOZRfZD3vsnJnKflQ==</latexit>

@tf = (d� 4� ⌘? + x� + x⌘)f

<latexit sha1_base64="b+E9zTXIVAN6DOwsFS0LtLbxQrA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCF6UkRaoboeDGZQV7gSaGyXTSDplJwsxEKSGv4MZXceNCEbfu3Pk2TtsstPWHgY//nMOZ8/sJo1JZ1rexsrq2vrFZ2ipv7+zu7ZsHh10ZpwKTDo5ZLPo+koTRiHQUVYz0E0EQ9xnp+eHVtN67J0LSOLpVk4S4HI0iGlCMlLY8s/oAL6EjxjF0atAJBMKZI+mIIy+E4V0jzxyiNOfQMytW3ZoJLoNdQAUUanvmlzOMccpJpDBDUg5sK1FuhoSimJG87KSSJAiHaEQGGiPEiXSz2UU5PNXOEAax0C9ScOb+nsgQl3LCfd3JkRrLxdrU/K82SFVw4WY0SlJFIjxfFKQMqhhO44FDKghWbKIBYUH1XyEeIx2L0iGWdQj24snL0G3U7Wa9eXNWadWKOErgGJyAKrDBOWiBa9AGHYDBI3gGr+DNeDJejHfjY966YhQzR+CPjM8ftXicSw==</latexit>

w = ⇢
�kk2

⌘k

<latexit sha1_base64="M5jilTp8/lXOKqJ3oksCVF/AQJs="></latexit>

@tw = (x� � x�� � ⌘?)w Roth, Ye, Schlichting, LvS, arXiv:2409.14470
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• weak-scaling relations:
<latexit sha1_base64="TO7E12FRE3VoM6WUhB14F5wBd/k="></latexit>

x�� + x� = x� + x⌘ = 4� d� ⌘?

• strong-scaling relation: <latexit sha1_base64="qFa7cWGDEd9ypogX2zz9Onsr6Jg=">AAACE3icbZBNSwMxEIazflu/qh69BIsggmVXRL0Iggc9KlgVunWZTadtMNkNSVYsy/4HL/4VLx4U8erFm//GbO3BrxcCL8/MMJk3VoIb6/sf3sjo2PjE5NR0ZWZ2bn6hurh0btJMM2ywVKT6MgaDgifYsNwKvFQaQcYCL+Lrw7J+cYPa8DQ5s32FLQndhHc4A+tQVN24jfLwCKSEqzxUPV4UdJ+WrFuygm6GaCEKFWoVVWt+3R+I/jXB0NTIUCdR9T1spyyTmFgmwJhm4CvbykFbzgQWlTAzqIBdQxebziYg0bTywU0FXXOkTTupdi+xdEC/T+QgjenL2HVKsD3zu1bC/2rNzHb2WjlPVGYxYV+LOpmgNqVlQLTNNTIr+s4A09z9lbIeaGDWxVhxIQS/T/5rzrfqwU5953S7duAP45giK2SVrJOA7JIDckxOSIMwckceyBN59u69R+/Fe/1qHfGGM8vkh7y3TyZwnkk=</latexit>x�� = x� � ⌘?

Model H (d = 3):
<latexit sha1_base64="N1cnOPUrFUWLEri4rGDqh81Y/rg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIVESrW7ghuXFewD2hAm00k7dCYTZibSErvwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JE0aVdt1vq7C2vrG5Vdwu7ezu7R/Yh0ctJVKJSRMLJmQnRIowGpOmppqRTiIJ4iEj7XB0M/PbD0QqKuJ7PUmIz9EgphHFSBspsE/GQU/RAUewh5JEijF0nVqlFthl13HngKvEy0kZ5GgE9levL3DKSawxQ0p1PTfRfoakppiRaamXKpIgPEID0jU0RpwoP5vfP4XnRunDSEhTsYZz9fdEhrhSEx6aTo70UC17M/E/r5vq6NrPaJykmsR4sShKGdQCzsKAfSoJ1mxiCMKSmlshHiKJsDaRlUwI3vLLq6R16XhVp3pXKdfdPI4iOAVn4AJ44ArUwS1ogCbA4BE8g1fwZj1ZL9a79bFoLVj5zDH4A+vzB2LslP4=</latexit>

x� ⇡ 0.949
<latexit sha1_base64="6SEcsTapY4IdbIeC04eT4Bmxx+E=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjWl0W3LisYB/QGYZMmmlDM0lIMtI6FH/FjQtF3Pof7vwb08dCWw9c7uGce8nNiSWj2njet1NYWV1b3yhulra2d3b33P2DphaZwqSBBROqHSNNGOWkYahhpC0VQWnMSCse3Ez81gNRmgp+b0aShCnqcZpQjIyVIvdoGAXEIBggKZUYQq/iXfqRW7Z9CrhM/DkpgznqkfsVdAXOUsINZkjrju9JE+ZIGYoZGZeCTBOJ8AD1SMdSjlKiw3x6/RieWqULE6FscQOn6u+NHKVaj9LYTqbI9PWiNxH/8zqZSa7DnHKZGcLx7KEkY9AIOIkCdqki2LCRJQgram+FuI8UwsYGVrIh+ItfXibN84pfrVTvLso1bx5HERyDE3AGfHAFauAW1EEDYPAInsEreHOenBfn3fmYjRac+c4h+APn8wepIZQD</latexit>

x⌘ ⇡ 0.051
<latexit sha1_base64="0H7jp9/hQxNcHRZggc/fwpr8HmQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRIf1WXBjcsK9gFNCJPppB06mQwzE7ENxV9x40IRt/6HO//GaZuFth64cDjnXu69JxKMKu2639bS8srq2nppo7y5tb2za+/tN1WaSUwaOGWpbEdIEUY5aWiqGWkLSVASMdKKBjcTv/VApKIpv9dDQYIE9TiNKUbaSKF9OAp90afQR0LI9BGeO+6lF9oV13GngIvEK0gFFKiH9pffTXGWEK4xQ0p1PFfoIEdSU8zIuOxnigiEB6hHOoZylBAV5NPrx/DEKF0Yp9IU13Cq/p7IUaLUMIlMZ4J0X817E/E/r5Pp+DrIKReZJhzPFsUZgzqFkyhgl0qCNRsagrCk5laI+0girE1gZROCN//yImmeOV7Vqd5dVGpuEUcJHIFjcAo8cAVq4BbUQQNgMALP4BW8WU/Wi/Vufcxal6xi5gD8gfX5A7vvlA8=</latexit>

z� ⇡ 3.051

⇒ only Model G:
<latexit sha1_base64="CwnOlnRNjkHEjka8ry9Pp5CmkjI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU02KVC+FghePFewHtDFsNpt26WYTdjdKW/o/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/hTGnb/rZya+sbm1v57cLO7t7+QfHwqKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3gz89uPVCoWi3s9Sqgb4b5gISNYG+lh7PWSAauNPVELLipesWSX7TnQKnEyUoIMDa/41QtikkZUaMKxUl3HTrQ7wVIzwum00EsVTTAZ4j7tGipwRJU7mV89RWdGCVAYS1NCo7n6e2KCI6VGkW86I6wHatmbif953VSH1+6EiSTVVJDFojDlSMdoFgEKmKRE85EhmEhmbkVkgCUm2gRVMCE4yy+vklal7FTL1bvLUt3O4sjDCZzCOThwBXW4hQY0gYCEZ3iFN+vJerHerY9Fa87KZo7hD6zPH8Dakfs=</latexit>

z� = zn = d/2

Model G Model H
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<latexit sha1_base64="C9v5/gyMaaVl5t4HxUJT7cxR0uA="></latexit>

1/��:
<latexit sha1_base64="Yp3nfHrzlDUBQin9/IrbWg/9EZw="></latexit>�:

<latexit sha1_base64="u0Okqa1LJXNbPNmmA2pDJ9ROGyg="></latexit> order-parameter damping
<latexit sha1_base64="k9m3dJBD0pkJMLCvdFwSLMd2AAI="></latexit>

charge mobility

<latexit sha1_base64="fVrMp5kAdUErPSIXcU+V1ajv0u8="></latexit>�:
<latexit sha1_base64="RKyNX6iUZGmgNkydjGRsSwotB6c="></latexit>

order-parameter di↵usion
<latexit sha1_base64="ewyVU1G0vgcS9pdX5Td1wDG+wGc="></latexit>⌘:

<latexit sha1_base64="rpLVbZlPNmaD/nh/Vh2C5i1akwE="></latexit>

shear voscosity
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• real-time methods for non-equilibrium phase transitions

• compute universal non-equilibrium scaling functions

• real-time FRG for critical dynamics

Thank you for your attention!

• determine non-equilibrium scaling regions

• quantify universal aspects of QCD chiral dynamics and critical point,        

• determine universal dynamic scaling functions and dynamic scaling regions

 Model G and Model H


