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Abstract

In the first part | overview the recent work with Carlo Pagani (Uni.
Mainz) on the vacuum energy density in ERG. In the second part |
overview the work with Hiroshi Suzuki (Kyushu Univ.) on Gradient
Flow ERG that keeps BRST invariance manifestly.



Plan of the talk

1. A brief overview of ERG for a real scalar field (with Carlo Pagani)

e ERG transformation as a total differential

e The field independent part of the Wilson action gives the vacuum
energy.

2. Gradient Flow ERG for QED (with Hiroshi Suzuki)

e BRST invariant diffusion (gradient flow) of Lischer & Weisz

e GFERG is ERG that reproduces BRST invariant diffusion of field
variables
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ERG transformation as a total differential

1. “Master formula” for the Wilson action S,[¢]

GSA[fb]

— [1d8)exp | Sl - 5 / (#0) - Ifff;)) ) (4 - f&ii)]

/ [1asew (=5 [ /w1 00

where
A A
K/\( P) l\ RA( ’ Az \
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The partition function is preserved. [Wegner&Houghton, K. Wilson, ...]

[1dg1es = [ [ag)etim

Hence, 8AeSA[¢] Is a total differential w.r.t. ¢.

. Spbare May not exist, but the master formula gives the correct ERG
equation.

— Adpe A
_ / 0
p 09(p)

Total differential as expected.[Pagani & H.S. 2024]

8 1n K (p) 1 ORa(p) Ka(p)® 0 | sy
{A on WP AR RA(p) 5¢(p)}e ' ]
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3. The cutoff independent correlation functions are given by

(Pp(p1) -+ d(Pn))s,, .. = (D(P1) - &(Pn)) s,

4 1 1 [ Kx(p) 5
[1 K (pi) <eXp <_5 p Ra(p) 5¢(p)5</5(—p)> lpr) - ¢(p”)>5A

1=1

4. Using Wilson's spin variables o(p) = VKif(\g)cp(p), the master formula is
simple:

eSA[U] — /[d¢/]esbare[¢/]

<exp [ / (20) ~ VRs@$ @) ) (-0 = VRs0)6'(-1) )|
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ERG equation is simple:

A9eSAll — /Aalnm 2 {(a@) L9 )esm}

OA do(p) do(—p)

Asymptotic behavior is simple:

1
lim SA[G] — — 3 O'(p)O'(—p) — Evac dDCU
A—0+ 9 P
Hﬂ
=45(0)

where i
e 15— [ag1esae

5. Expand )
Salo] = ca / dP i §/CQA(p)U(p)U(—p) 4o
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so that

- (1 + caa(p))

CABnes — /Aaln v Ra(p)

, oA

Example: free massive theory [Pagani& H.S. 2024]

p2 _I_ m2
p? + m?2 4+ Rx(p)

Ca2A (p) = -

For Ra(p) = A*R(p/A),

—ANOrcp = AD/ (1 _ %p ‘ 8p) R(p)
p P* +m?/A? + R(p)

H. Sonoda



This gives, for 2 < D < 4,

o apl [(1=1/2p-8,)R(p)
! D 7 + R(p)

—2, 2 1 (1 —1/2p-8,)R(p)
D-2/J, (p>+ R(p)’

_1/‘mﬁ+wf+mm»_ m?
2.J/p p? + Ra(p) p? + Ra(p)
In the limit A — 0+,

1 2 2 2 1 D

+ A"

p p 2(4m)2 2
1 dD 1
- ¢ + Py m (dim reg)

(27T)D 1
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For D = 4 we obtain

/ 4
chA=c+c m —

f“/%r—%-%)mm

z 4 p? + R(p)
m?A% [ (1—1p-8,) R(p) ., A (1 —3p-8,) R(p)
—m In—
T /p (p? + R(p))* H /P (p? + R(p))”

4 m®
AT

where ¢/, is to cancel the u-dependence, and

© dA’ 1
_[;zvN4/<r_?%%>R@>
p

:>q>
B
N\
N—
|

1 1 N m> 1 m? 1
X P
p2 + 2% + R(p) P>+ R(p) A2+ R(p)> AN1(p?2+ R(p))®
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This gives

6:VaC

1
where pd,.c),

11 ‘
e

= — lim cp

A—0+
A m® [ (1-1p-8) R
' 2w Ly 0+ R@)

NV
1
2(47)2

This is to be compared with

2(47r)2
dP~1p 1 a1 m?
\/ = In
(27 )D 12 p* A m® (47‘(’)226) 4(471')2 112 2075

where D = 4 — e.
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6. For a constant field o(p) = o 6(p), Sa[o] = sa(o) §(0).

38/\(0)) Osp(0)

—AOpzsp(o) = /A@A In \/RA(p) - (1 + soa(p,0)) + (0 -+
p oo oo

525 [0]

where ot =0

= 0(p — q) - s2a(p, 0)

constant o

7. WalJ] = Salo] + 3 [, o(p)o(—p), where J(p) = \/Ra(p) o(p)

(a) Master formula
Ml = [ [dg)exp [sbare[qs'] 5 [ R0 -+ [ J(p)cb’(—p)}

(b) ERG

2
— A VALl :/AE?RA(p)l J WAl
" TOA 287(p)37(—p)
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(c) the generating functional W[J] = lima oy Wi [J]
(d) the vacuum energy density —e,..6(0) = W[J = 0]

8. Ta[®] — 1 [, Ra(p)®(p)®(—p) = Wal[J] — [, J(p)®(—p)

__ W LJ]
where ®(p) = STC
(a) ERG
B 1 6°WilJ]
_AﬁArA[CID] — /pAﬁARA(p)g(SJ(p)&](—p)
(b) the 1PI generating functional Teg[®] = limp_,o. TA[®]
(c) the vacuum energy density —e,..6(0) = Feﬂe[cb]‘ where J =0

®(p)=vd(p)
corresponds to ®(p) = v §(p).

9. An anomalous dimension v can be introduced.
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Cutoff function /R (z,y) and diffusion

1. The master formula in coordinate space:

Splo]
_ / [de] exp [Sbare[cb’] — % / d”x (0(@ - / d”y m(m’y)¢/(y))2]

2

. _p
2. For a real scalar field, we can choose Rx(p) = Ae AZ.[Wilson&Kogut
1974]

2
_p_ Z TrT— . . . . .
VERA(z,y) = VRA(y, ) = [ e AZTPY) satisfies the diffusion equation

AoV T, y) = (—1+ 1508 ) VEa(e.w)

A2
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The correlation function

I 1 D 52
Coa(T1, -+ ,xp) = <eXp (_5 / ’ CB5<7(518>5<7(90)> 7le) ‘7(33")>SA[0]

satisfies the diffusion equation:

9 n 2
_Aa—ACnA(wla Tt axn) — Zz:; <_]- + paﬂjz> CnA(xla o axn) .

3. For a complex scalar field under the background U(1) gauge field A, (z),
VvV Ra(z,y) = V/Ra(y, )" satisfies

A2

— A/ Ra(z,y) = <_1 + 2 (On — iAu(x))2> V Ra(z, y)
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The master formula is background gauge invariant.

GSA[U7U*§AM]

/ Ik % 1
= /[d¢]exp [Sbare[¢7¢ ;AM] _§/dD:B

o(z) — / Py \/Ba(z, 1) (v)

2]
The correlation function

CnA(xla "y Tny Y1, ot ;yn)

_ D 5’ \ )
= <exp (— / d :1:50(:13)50*(33)> o(z1) - o(zn)o (Y1) -0 (yn)>

SA
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satisfies the covariant diffusion equation:

n 2 8 _ 2
_AaACnA(a;l)"' y Lns Y1, ° ° 7yn) :Z{<—1+A2 (833 _ZAH(x1)> >
T

1=1

2 / 8 o ’

4. In GFERG, we replace flu by a dynamical gauge field. [Hiroshi Suzuki 2018,
H.S.& Hiroshi Suzuki, 2019, 2020]
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GFERG for QED

[H.S.& Hiroshi Suzuki, 2111.15529, 2201.04448]

1. Master formula

e Mlmoeteopar] = /[dA;dc’déldw/dlzl]eSbare[AL’C/’C/’W’W]

1 2 1
X exp [ — 5/ ‘r (Uu — ZAAA;\M) — /d4x <5C — ZAE;Q (ac — ZAACZX)
+ 12 / d'x (5F — ZFA\/K’(Z;O (OF - ZFA\/K"‘M\> ]

/

where Syae is @ BRST invariant bare action, and A} , ¢, &), ¥}, ¥, are
diffused fields.
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(a) The bare action

17

B 1 1
Share[A s €, €, 1, ] = — / d*x [ZFWFW 4+ E(a . A)’ + 8,80,
0

4 {3 (—i0, — cA,) + ima}

is invariant under the BRST transformation

opA, = nod,c
1
opc =0, d,c = n—0,A,
€o
oy = tegncy, 5?7@Z — _iGOUC@E
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(b) Diffused fields satisfy the diffusion equations [Liischer & Weisz, 2011]:

2
—AQWA), = — (a,,FM + 0,0 - A’A)

A2
AD I 2 2 7 -/ 2 21
—AOrc), = cho@ cy, —ANAOAC, = paoa Cu

2 2
— Az = P { (8M — ieoAZw) + apiend - Ak} W

-/ 2 . / 2 . / -/
— Aoz, = e { (c% + zeoAAM> — optego - AA} WY
(c) The diffusion commutes with BRST:
5”A;\u = n@uc;\
1
5770/\ = O, 55;\ — n_aﬂA;\u
€o
Syby = degnchaby, Spby = —ieoncyby
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2. GFERG equation (simpler by choosing oy = 1)

_ AaAeSA[UM,Uc,ac,O'F,&F]

4] 2 5

= [ d — 1— —9° SA}

/ ’ [50“(3;) { ( T A2 ) <UM(CB) " 50#(5’7)) ’

%
2 T\ s 15 T (g
14+ 29 . A AL,
+{<7A e ) (a +5ac> © }5JC+5GC{€ }
1 2 o5 dep ) 2e 5\~
T — —+ —0" —i— — | 0, — —= —
+ Ir {<7F 2 + Az 1 A (au—l— 50u> Y (au—l- 5Uu>

T\ <)% K
- Al _T SA ...
X <0F+255F> e } Son + Tr 5on {e }]

where eN = 6—2, —AOpzp = YAZA, —ANOprzFpA = YEZFA

z
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3. GFERG for the modified correlation functions

1 A 5
_ A@A <exp <—§ / d x(So'M(x)(So'M(x)) O-Ml (ajl) ... O',uk(xk)

5 3
Xop(y1) - or(y;)exp (—z' / d*z d ) or(z1) - - 5’F(Zz)>
SA

50‘F($) 55‘F($)

= <exp (‘%/ d%(sau(xiou(x)) (0= 14 33, ) oo '>SA T

1 2 dep 2e?
+ < X (’VF -5 Eﬁil —i——ou(y) — —A%(yl)2> or(y1) -

A2

This is BRST invariant diffusion.

H. Sonoda



21

4. The BRST invariance

Kt 5Sh 1 5SA\ o
/d4x[— 8# (O‘C—I— SA) A 8# (O'M—|— A) — S

Yo do,  &a do, /) 00,
e + ? S O ? Sa+ S ? 0
— — c — _ —0 =
AN T 55N P
where &, = 2% &.
The ghost dependence
k'2
Sghost - - /5-0(_k) 12 O'C(k')
g A2e A2 + k2
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gives the BRST invariance as an almost standard WT identity:

22

2
_ok*
Eale AT 4 K2 5 1 / k. k.,
k S — k)yo,(—k

_2£ M(So_lu(k) A+ 2 kO-,U«< )O- ( ) 12

EalN2e A2

2 er(—p — k) S g (p)
—_ —pP — — o

A T T s m (=)t T T sorp + k)

This is to be contrasted with the “usual” non-linear WT identity:

- 5S
g—Ak kA (k) = —ku\%éaﬂ(ﬁk)
-
—epe A /p \/K(MTr (\I’(p T k)GSA) 5aj(p)
e /p \/mTf 5515—19) (eSA\If(—p + k))

EaA2e A2 4 kJ
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where

- 1 - dSA
Anlk) = /R (k) ( w(R) + 5au(—k)>
U(p) = L r(p) + i— I Sa
v Ra(p) ( 66 r(—p) )

5. 1-loop calculations give &-independent results [H.S. & Hiroshi Suzuki,
2111.1529]:
4 e? 5 5 e’ 4 e’

T 3@n)? T T Tamz YT T2

YA

The result for vgp agrees with Lischer& Weisz.
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1PI1 for GFERG

1. New variables

@) = 3 (oul) + (sjf(j;))

Clw) =+ (Uc(ac) - 550(33)51\) : Clz) =+ (00("’7) * SA5ac(az)>
1 7 b = (& 9
Y@ =z <0F<x) " ZaaF(@SA) M= (JF(QC) ’ SM%F(@’))
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2. Legendre transformation
A? _ _
L'y + /d4az (—?Ai — A°CC + iA\I!\I!>

1
= S)\ + /d4x (503 + o.0, — i&pdp)

_ /d4az (O‘MAAM + ACo.+5.AC — ’i\/K\IfO'F — ic_fp\/K\I!)

This gives

— —
STy 65, 5 5 0 5

— A2 L s VA, Zr,=vA25
SA, 6o, tsw A Usop ST 565
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3. BRST invariance rewritten as

1 2
<FA + E/lluAu(k)luAu(_l)e A2>

= U k ? ) I ? W
—GA/p (—p — )5@(_10) A — Aé\IJ(p—I—k) (p)

k
"5AL(K)

_ _ K2 1 k2
PAlA, C, O, ¥, §] = —/62A2k20(—k)0(k) _ f/e%@k - A(RYE - A(—F)
k A JEk

_|_ Finv,A[A,ua \:[17 \IJ]

where T, A IS gauge invariant in the classical sense.
[H.S.& Hiroshi Suzuki, 2201.04448] GFERG equation given in Appendix 3.

H. Sonoda



27

Concluding remarks

1. ERG for the vacuum energy density
[Pagani&H.S., Phys. Rev. D109 (2024) 12, 125007 [2404.12881]]

2. GFERG for gauge theories [H.S.& Hiroshi Suzuki]

(a)

(b)
(c)
(d)

gauge invariant truncation possible now — potential applications to
QED with 4-Fermi interactions in 4D (equivalent to gauged Yukawa
model?) & ...

difficulty with YM — diffusion of ¢® not compatible with BRST; the
introduction of the auxiliary field B* complicates life

axial invariance not manifest, since the master formula spoils axial
Invariance

GFERG has been applied to 2d nonlinear sigma model [Haruna et al.]
and scalar QED [Haruna&Yamada]
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Appendix 1: anomalous dimension

1. ERG for Su[o]

= () o ) )

do(p) do(—p)

2. ERG for Wa[J] = Si[o] + 5 [, o(p)o(—p) where J(p) = /Ra(p) o(p)

— AL = [ T f(p)

ORA(p) 1 | SWA[J] 6WA[J] 82 W [J]
DAGS e { 57(p) 69(—p) 6J<p>5J<—p>}

W[ J]

Generating functional W[J] = limp_,oy Wa[J/24]
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3. ERG for I's[®] — L [, Ra(p)®(p)®(—p) = WalJ] — [, J(p)®(—p) where

®(p) = 50
A 1 52WA J
—AOAI)[®] = —’YA/(I’(I)) (;1;)5))]%—/ (AOARA(p) — 2vaRA(p)) §5J(p)5j[(_]p)

where

S*WalJ] oy omalel N\ o
/q5<](p)5<](—q) (R(Q)5(q ) 5<I>(q)5<1>(—r)> d(p )

Generating functional Teg[®] = lima 0 Ta[2AP]
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Appendix 2: Dimensionless convention

1. Dimensionless parameters and fields
A=pe’
exn = ,u_get
_D+2
Au(k) = A5 A (k/A)

D12 -
C(k) = A2 C(k/A)
D42 =

C(—k)=A""2 C(—k/A)
W(p) = A2 T(p/A)
D+1 ~

U(—p) =A"2 ¥(—p/A)
TAlA, C,C, 0, ¥ =T[4, C,C, ¥, F]

30
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Oy = —AA\TA

D + 2 . ST
—— 4+ k-0, ) A,(k) -
—

N /k (¥ Tk 8k> é(k)aé(?—wft i /Icft5éé(k) (D ; 3 8k> O

- b} D +1 ~ D +1 ~
+/ F ( +p-a)\lf<p>+(—+p-a)\v<—p> o 5
o | 0B (p) \ 2 g 2 g 5T (—p)

0y = (% + 5(62)> ede+ (14 Bule’)) may,

2e2
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Appendix 3: GFERG equation for I' of QED

We give the GFERG equation for the 1Pl I' in the dimensionless
convention, where all the quantities are rendered dimensionless by using
appropriate powers of A. Though BRST invariance is simple, the differential
equation for I' is complicated.

8tF+/de[{<D2_2 )Au(x)+282AM(x)}5julzx)
+{<D2—1+w+x.a)@+2(a\p(a;)+2@ea\IJ A, —e\I!AA)}(sgx)
—|—F6§$>{<D2_1—|—7F—|—:U-8>\I!+2(82\If—2ie./4u8u\1/— }
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- / dP [ —2 {27:e ([0,9 - AL] — 0,7 - A,) — e ([TALA,] — \TJ,AMAM)} . %T

<_
5
—ar— {—22'@ ([A4,0,7] — A,8,0) — e ([A,A,T] — AHAM\IJ)}

o

dou(x)
%

+ T 55@) { <_% + ”F> ‘T’(x)} o { <_% " 7F> \D(x)} 5(’;5(5”)

{0°0(2) + 2ie [4,8,9] — ¢* | A 0|}

{(—1 + ) Au(z) + 282Aﬂ(zc)}

+ 2T

55‘F($)

Ky
+ 2Tr {82\11(@ — 2ie [A,0,¥] — ¢’ [Aiqj] 50F(w)]
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where
V@A) = T A + 55T (@)
[B(2) 4,2 A = D) A0 A) + D) 2D
A5 @) + A g @)
! 5au<x'>;a,,<:c~>@(x>

H. Sonoda



35

Appendix 4: Models

NJL model(2) £ = 97.8,% — gv (v7,8)” — ga (Puvs)”
Yukawa(3) £ = 8,¢" 9,0 + g (qb*qb _ UQ)Q
+ V7.0, — g (¢ VrYL + YL YR)
gauged NJL model(3) £ = izﬂ + Py, (8, — ieA,)
— gv (V)" — ga (Pruvsw)

1 _
gauged Yukawa(4) L= ZF2 + Yyu (Op — teAy) Y

0,6°0,0 + 5 (679 —07)’

— g (¢"VrvL + ¢PLYR)
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