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Abstract

In the first part I overview the recent work with Carlo Pagani (Uni.
Mainz) on the vacuum energy density in ERG. In the second part I
overview the work with Hiroshi Suzuki (Kyushu Univ.) on Gradient
Flow ERG that keeps BRST invariance manifestly.
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Plan of the talk

1. A brief overview of ERG for a real scalar field (with Carlo Pagani)

• ERG transformation as a total differential
• The field independent part of the Wilson action gives the vacuum
energy.

2. Gradient Flow ERG for QED (with Hiroshi Suzuki)

• BRST invariant diffusion (gradient flow) of Lüscher & Weisz
• GFERG is ERG that reproduces BRST invariant diffusion of field
variables
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ERG transformation as a total differential

1. “Master formula” for the Wilson action SΛ[ϕ]

e
SΛ[ϕ]

=

∫
[dϕ

′
] exp

[
Sbare[ϕ

′
]−

1

2

∫
p

(
ϕ
′
(p)−

ϕ(p)

KΛ(p)

)
RΛ(p)

(
ϕ
′
(−p)−

ϕ(−p)
KΛ(p)

)]
/∫

[dϕ
′′
] exp

(
−
1

2

∫
p

ϕ
′′
(p)ϕ

′′
(−p)

RΛ(p)

KΛ(p)2

)

where

K (p)

p
0 Λ

Λ 1
R (p)

p
0 Λ

Λ Λ
2
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The partition function is preserved. [Wegner&Houghton, K. Wilson, ...]∫
[dϕ]e

SΛ[ϕ]
=

∫
[dϕ]e

Sbare[ϕ]

Hence, ∂Λe
SΛ[ϕ] is a total differential w.r.t. ϕ.

2. Sbare may not exist, but the master formula gives the correct ERG
equation.

− Λ∂Λe
SΛ[ϕ]

=

∫
p

δ

δϕ(p)

[{
Λ
∂ lnKΛ(p)

∂Λ
ϕ(p) +

1

2
Λ
∂RΛ(p)

∂Λ
·
KΛ(p)

2

RΛ(p)

δ

δϕ(p)

}
e
SΛ[ϕ]

]

Total differential as expected.[Pagani & H.S. 2024]
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3. The cutoff independent correlation functions are given by

⟨ϕ(p1) · · ·ϕ(pn)⟩Sbare = ⟨⟨ϕ(p1) · · ·ϕ(pn)⟩⟩SΛ

≡
n∏
i=1

1

KΛ(pi)

〈
exp

(
−
1

2

∫
p

KΛ(p)
2

RΛ(p)

δ2

δϕ(p)δϕ(−p)

)
ϕ(p1) · · ·ϕ(pn)

〉
SΛ

4. Using Wilson’s spin variables σ(p) ≡
√
RΛ(p)

KΛ(p) ϕ(p), the master formula is
simple:

e
SΛ[σ]

=

∫
[dϕ

′
]e
Sbare[ϕ

′]

× exp

[
−
1

2

∫
p

(
σ(p)−

√
RΛ(p)ϕ

′
(p)

)(
σ(−p)−

√
RΛ(p)ϕ

′
(−p)

)]
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ERG equation is simple:

−Λ∂ΛeSΛ[σ]
=

∫
p

Λ
∂ ln

√
RΛ(p)

∂Λ

δ

δσ(p)

{(
σ(p) +

δ

δσ(−p)

)
e
SΛ[σ]

}

Asymptotic behavior is simple:

lim
Λ→0+

SΛ[σ] = −
1

2

∫
p

σ(p)σ(−p)− εvac
∫
d
D
x︸ ︷︷ ︸

=δ(0)

where
e
−εvac

∫
dDx

=

∫
[dσ]e

SΛ[σ]

5. Expand

SΛ[σ] = cΛ

∫
d
D
x+

1

2

∫
p

c2Λ(p)σ(p)σ(−p) + · · ·
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so that

−Λ∂ΛcΛ =

∫
p

Λ
∂ ln

√
RΛ(p)

∂Λ
· (1 + c2Λ(p))

Example: free massive theory [Pagani& H.S. 2024]

c2Λ(p) = −
p2 +m2

p2 +m2 + RΛ(p)

For RΛ(p) = Λ2R(p/Λ),

−Λ∂ΛcΛ = Λ
D
∫
p

(
1− 1

2p · ∂p
)
R(p)

p2 +m2/Λ2 + R(p)
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This gives, for 2 < D < 4,

cΛ = c− Λ
D 1

D

∫
p

(1− 1/2p · ∂p)R(p)

p2 + R(p)

+ Λ
D−2

m
2 1

D − 2

∫
p

(1− 1/2p · ∂p)R(p)

(p2 + R(p))
2

−
1

2

∫
p

[
ln
p2 +m2 + RΛ(p)

p2 + RΛ(p)
−

m2

p2 + RΛ(p)

]

In the limit Λ→ 0+,

εvac(m
2
) = −c+

1

2

∫
p

[
ln
p2 +m2

p2
−
m2

p2

]
= −c−

1

2(4π)
D
2

Γ

(
−
D

2

)
(m

2
)
D
2

= −c+
1

2

∫
dD−1p

(2π)D−1

√
p2 +m2 (dim reg)
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For D = 4 we obtain

cΛ = c+ c
′
µm

4 −
Λ4

4

∫
p

(
1− 1

2p · ∂p
)
R(p)

p2 + R(p)

+
m2Λ2

2

∫
p

(
1− 1

2p · ∂p
)
R(p)

(p2 + R(p))
2
−m4

ln
Λ

µ

∫
p

(
1− 1

2p · ∂p
)
R(p)

(p2 + R(p))
3

+ Λ
4
F

(
m2

Λ2

)

where c′µ is to cancel the µ-dependence, and

Λ
4
F

(
m2

Λ2

)
≡
∫ ∞
Λ

dΛ′

Λ′
Λ
′ 4
∫
p

(
1−

1

2
p · ∂p

)
R(p)

×

 1

p2 + m2

Λ′ 2 + R(p)
−

1

p2 + R(p)
+
m2

Λ′ 2
1

(p2 + R(p))
2
−
m4

Λ′ 4
1

(p2 + R(p))
3


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This gives

εvac = − lim
Λ→0+

cΛ

= −c− c′′µm
4
+m

41

2
ln
m2

µ2
·
∫
p

(
1− 1

2p · ∂p
)
R(p)

(p2 + R(p))
3︸ ︷︷ ︸

1
2(4π)2

where µ∂µc′′µ = − 1
2(4π)2

. This is to be compared with

lim
ϵ→0

(
µ
ϵ
∫

dD−1p

(2π)D−1
1

2

√
p2 +m2 +

m4

(4π)2
1

2ϵ

)
= m

4 1

4(4π)2
ln

m2

µ2eγ−
3
2

where D = 4− ϵ.
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6. For a constant field σ(p) = σ δ(p), SΛ[σ] = sΛ(σ) δ(0).

−Λ∂ΛsΛ(σ) =

∫
p

Λ∂Λ ln
√
RΛ(p) · (1 + s2Λ(p, σ)) +

(
σ +

∂sΛ(σ)

∂σ

)
∂sΛ(σ)

∂σ

where δ2SΛ[σ]

δσ(p)δσ(−q)

∣∣∣
constant σ

= δ(p− q) · s2Λ(p, σ)

7. WΛ[J] ≡ SΛ[σ] +
1
2

∫
p
σ(p)σ(−p), where J(p) ≡

√
RΛ(p)σ(p)

(a) Master formula

e
WΛ[J]

=

∫
[dϕ

′
] exp

[
Sbare[ϕ

′
]−

1

2

∫
p

RΛ(p)ϕ
′
(p)ϕ

′
(−p) +

∫
p

J(p)ϕ
′
(−p)

]
(b) ERG

−Λ∂ΛeWΛ[J]
=

∫
p

Λ
∂RΛ(p)

∂Λ

1

2

δ2

δJ(p)δJ(−p)
e
WΛ[J]
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(c) the generating functional W[J] = limΛ→0+WΛ[J]

(d) the vacuum energy density −εvac δ(0) =W[J = 0]

8. ΓΛ[Φ]− 1
2

∫
p
RΛ(p)Φ(p)Φ(−p) = WΛ[J]−

∫
p
J(p)Φ(−p)

where Φ(p) ≡ δWΛ[J]

δJ(−p) .

(a) ERG

−Λ∂ΛΓΛ[Φ] =

∫
p

Λ∂ΛRΛ(p)
1

2

δ2WΛ[J]

δJ(p)δJ(−p)
(b) the 1PI generating functional Γeff[Φ] = limΛ→0+ ΓΛ[Φ]

(c) the vacuum energy density −εvac δ(0) = Γeff[Φ]
∣∣∣
Φ(p)=v δ(p)

where J = 0

corresponds to Φ(p) = v δ(p).

9. An anomalous dimension γΛ can be introduced.

H. Sonoda
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Cutoff function
√
RΛ(x, y) and diffusion

1. The master formula in coordinate space:

e
SΛ[σ]

=

∫
[dϕ

′
] exp

[
Sbare[ϕ

′
]−

1

2

∫
d
D
x

(
σ(x)−

∫
d
D
y
√
RΛ(x, y)ϕ

′
(y)

)2
]

2. For a real scalar field, we can choose
√
RΛ(p) = Λe

− p
2

Λ2 .[Wilson&Kogut

1974]
√
RΛ(x, y) =

√
RΛ(y, x) =

∫
p
e
− p

2

Λ2+ip(x−y) satisfies the diffusion equation

−Λ∂Λ
√
RΛ(x, y) =

(
−1 +

2

Λ2
∂
2
x

)√
RΛ(x, y)

H. Sonoda
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The correlation function

CnΛ(x1, · · · , xn) ≡
〈
exp

(
−
1

2

∫
d
D
x

δ2

δσ(x)δσ(x)

)
σ(x1) · · ·σ(xn)

〉
SΛ[σ]

satisfies the diffusion equation:

−Λ
∂

∂Λ
CnΛ(x1, · · · , xn) =

n∑
i=1

(
−1 +

2

Λ2
∂
2
xi

)
CnΛ(x1, · · · , xn) .

3. For a complex scalar field under the background U(1) gauge field Āµ(x),√
RΛ(x, y) =

√
RΛ(y, x)

∗ satisfies

−Λ∂Λ
√
RΛ(x, y) =

(
−1 +

2

Λ2

(
∂µ − iĀµ(x)

)2)√
RΛ(x, y)

H. Sonoda
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The master formula is background gauge invariant.

e
SΛ[σ,σ∗;Āµ]

=

∫
[dϕ

′
] exp

[
Sbare[ϕ

′
, ϕ
′ ∗
; Āµ]−

1

2

∫
d
D
x

∣∣∣∣σ(x)− ∫ d
D
y
√
RΛ(x, y)ϕ

′
(y)

∣∣∣∣2
]

The correlation function

CnΛ(x1, · · · , xn; y1, · · · , yn)

≡
〈
exp

(
−
∫
d
D
x

δ2

δσ(x)δσ∗(x)

)
σ(x1) · · ·σ(xn)σ∗(y1) · · ·σ∗(yn)

〉
SΛ

H. Sonoda
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satisfies the covariant diffusion equation:

− Λ∂ΛCnΛ(x1, · · · , xn; y1, · · · , yn) =
n∑
i=1

{(
−1 +

2

Λ2

(
∂

∂xiµ
− iĀµ(xi)

)2
)

+

(
−1 +

2

Λ2

(
∂

∂yiµ
+ iĀµ(yi)

)2
)}
CnΛ(x1, · · · , xn; y1, · · · , yn)

4. In GFERG, we replace Āµ by a dynamical gauge field. [Hiroshi Suzuki 2018,

H.S.& Hiroshi Suzuki, 2019, 2020]

H. Sonoda
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GFERG for QED

[H.S.& Hiroshi Suzuki, 2111.15529, 2201.04448]

1. Master formula

e
SΛ[σµ,σc,σ̄c,σF ,σ̄F ] ≡

∫
[dA

′
µdc

′
dc̄
′
dψ
′
dψ̄
′
]e
Sbare[A

′
µ,c
′,c̄′,ψ′,ψ̄′]

× exp

[
−

1

2

∫
d
4
x
(
σµ − zΛΛA′Λµ

)2

−
∫
d
4
x

(
σ̄c −

1

zΛ
Λc̄
′
Λ

)(
σc − zΛΛc′Λ

)
+ i

∫
d
4
x
(
σ̄F − zFΛ

√
Λψ̄
′
Λ

)(
σF − zFΛ

√
Λψ
′
Λ

)]

where Sbare is a BRST invariant bare action, and A′Λµ, c
′
Λ, c̄

′
Λ, ψ

′
Λ, ψ̄

′
Λ are

diffused fields.

H. Sonoda
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(a) The bare action

Sbare[Aµ, c, c̄, ψ, ψ̄] = −
∫
d
4
x

[
1

4
FµνFµν +

1

2ξ0
(∂ · A)

2
+ ∂µc̄∂µc

+ ψ̄ {γµ (−i∂µ − e0Aµ) + im0}ψ
]

is invariant under the BRST transformation

δηAµ = η∂µc

δηc = 0, δηc̄ = η
1

ξ0
∂µAµ

δηψ = ie0ηcψ, δηψ̄ = −ie0ηcψ̄

H. Sonoda
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(b) Diffused fields satisfy the diffusion equations [Lüscher & Weisz, 2011]:

−Λ∂ΛA′Λµ =
2

Λ2

(
∂νF

′
Λνµ + α0∂µ∂ · A′Λ

)
−Λ∂Λc′Λ =

2

Λ2
α0∂

2
c
′
Λ, −Λ∂Λc̄

′
Λ =

2

Λ2
α0∂

2
c̄
′
Λ

−Λ∂Λψ′Λ =
2

Λ2

{(
∂µ − ie0A′Λµ

)2

+ α0ie0∂ · A′Λ
}
ψ
′
Λ,

−Λ∂Λψ̄′Λ =
2

Λ2

{(
∂µ + ie0A

′
Λµ

)2

− α0ie0∂ · A′Λ
}
ψ̄
′
Λ

(c) The diffusion commutes with BRST:

δηA
′
Λµ = η∂µc

′
Λ

δηc
′
Λ = 0, δc̄

′
Λ = η

1

ξ0
∂µA

′
Λµ

δηψ
′
Λ = ie0ηc

′
Λψ
′
Λ, δηψ̄

′
Λ = −ie0ηc′Λψ̄

′
Λ

H. Sonoda
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2. GFERG equation (simpler by choosing α0 = 1)

− Λ∂Λe
SΛ[σµ,σc,σ̄c,σF ,σ̄F ]

=

∫
d
4
x

[
δ

δσµ(x)

{(
−γΛ + 1−

2

Λ2
∂
2

)(
σµ(x) +

δ

δσµ(x)

)
e
SΛ

}

+

{(
γΛ − 1 +

2

Λ2
∂
2

)(
σc +

−→
δ

δσ̄c

)
e
SΛ

} ←−
δ

δσc
+

−→
δ

δσ̄c

{
e
SΛ · · ·

}

+ Tr

{(
γF −

1

2
+

2

Λ2
∂
2 − i

4eΛ

Λ

(
σµ +

δ

δσµ

)
∂µ −

2e2Λ
Λ2

(
σµ +

δ

δσµ

)2
)

×
(
σF + i

−→
δ

δσ̄F

)
e
SΛ

} ←−
δ

δσF
+ Tr

−→
δ

δσ̄F

{
e
SΛ · · ·

}]

where eΛ =
e0
zΛ
, −Λ∂ΛzΛ = γΛzΛ, −Λ∂ΛzFΛ = γFzFΛ
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3. GFERG for the modified correlation functions

− Λ∂Λ

〈
exp

(
−
1

2

∫
d
4
x

δ2

δσµ(x)δσµ(x)

)
σµ1(x1) · · ·σµk(xk)

×σF (y1) · · ·σF (yl) exp
(
−i
∫
d
4
x

←−
δ

δσF (x)

−→
δ

δσ̄F (x)

)
σ̄F (z1) · · · σ̄F (zl)

〉
SΛ

=

〈
exp

(
−
1

2

∫
d
4
x

δ2

δσµ(x)δσµ(x)

)(
γΛ − 1 +

2

Λ2
∂
2
x1

)
σµ1(x1) · · ·

〉
SΛ

+ · · ·

+

〈
· · ·
(
γF −

1

2
+

2

Λ2
∂
2
y1
− i

4eΛ

Λ
σµ(y1)−

2e2Λ
Λ2

σµ(y1)
2

)
σF (y1) · · ·

× exp

(
−
∫
d
4
x

←−
δ

δσF

−→
δ

δσ̄F

)
· · ·
〉
SΛ

+ · · ·

This is BRST invariant diffusion.
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4. The BRST invariance

∫
d
4
x

[
− ∂µ

(
σc +

−→
δ

δσ̄c
SΛ

)
δSΛ

δσµ
−

1

ξΛ
∂µ

(
σµ +

δSΛ

δσµ

) −→
δ

δσ̄c
SΛ

− ieΛ
1

Λ

(
σc +

−→
δ

δσ̄c
SΛ

)(
−σ̄F

−→
δ

δσ̄F
SΛ + SΛ

←−
δ

δσF
σF

)]
= 0

where ξΛ = z2Λξ0.

The ghost dependence

Sghost = −
∫
k

σ̄c(−k)
k2

Λ2e
−2k2

Λ2 + k2

σc(k)
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gives the BRST invariance as an almost standard WT identity:

ξΛΛ
2e
−2k

2

Λ2 + k2

ξΛΛ2e
−2k2

Λ2

kµ
δ

δσµ(k)

SΛ +
1

2

∫
k

σµ(k)σν(−k)
kµkν

ξΛΛ2e
−2k2

Λ2 + k2


=
eΛ

Λ

∫
p

[
σ̄F (−p− k)

−→
δ

δσ̄F (−p)
SΛ − SΛ

←−
δ

δσF (p+ k)
σF (p)

]

This is to be contrasted with the “usual” non-linear WT identity:

1

ξΛ
k
2
kµAµ(k) = −kµ

√
RΛ(k)

δSΛ

δσµ(−k)

− eΛe−SΛ
∫
p

√
RΛ(p)Tr

(
Ψ(p+ k)e

SΛ
) ←−

δ

δσF (p)

+ eΛ

∫
p

√
RΛ(p)Tr

−→
δ

δσ̄F (−p)

(
e
SΛΨ̄(−p+ k)

)
H. Sonoda
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where

Aµ(k) ≡
1√
RΛ(k)

(
σµ(k) +

δSΛ

δσµ(−k)

)

Ψ(p) ≡
1√
RΛ(p)

(
σF (p) + i

−→
δ

δσ̄F (−p)
SΛ

)

Ψ̄(−p) ≡
1√
RΛ(p)

(
σ̄F (−p) + iSΛ

←−
δ

δσF (p)

)

5. 1-loop calculations give ξ-independent results [H.S. & Hiroshi Suzuki,

2111.1529]:

γΛ ≃
4

3

e2

(4π)2
, βm ≃ 6

e2

(4π)2
, γFΛ ≃ 4

e2

(4π)2

The result for γFΛ agrees with Lüscher& Weisz.
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1PI for GFERG

1. New variables

Aµ(x) ≡
1

Λ

(
σµ(x) +

δSΛ

δσµ(x)

)

C(x) ≡
1

Λ

(
σc(x) +

−→
δ

δσ̄c(x)
SΛ

)
, C̄(x) ≡

1

Λ

(
σ̄c(x) + SΛ

←−
δ

δσc(x)

)

Ψ(x) ≡
1
√
Λ

(
σF (x) + i

−→
δ

δσ̄F (x)
SΛ

)
, Ψ̄(x) ≡

1
√
Λ

(
σ̄F (x) + SΛi

←−
δ

δσF (x)

)
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2. Legendre transformation

ΓΛ +

∫
d
4
x

(
−
Λ2

2
A2
µ − Λ

2
C̄C + iΛΨ̄Ψ

)

= SΛ +

∫
d
4
x

(
1

2
σ

2
µ + σ̄cσc − iσ̄FσF

)
−
∫
d
4
x
(
σµΛAµ + ΛC̄σc + σ̄cΛC − i

√
ΛΨ̄σF − iσ̄F

√
ΛΨ
)

This gives

δΓΛ

δAµ
= Λ

δSΛ

δσµ
, ΓΛ

←−
δ

δΨ
= SΛ

√
Λ

←−
δ

δσF
,

−→
δ

δΨ̄
ΓΛ =

√
Λ

−→
δ

δσ̄F
SΛ

H. Sonoda
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3. BRST invariance rewritten as

kµ
δ

δAµ(k)

(
ΓΛ +

1

2ξΛ

∫
l

lµAµ(k)lνAν(−l)e
2 l

2

Λ2

)

= eΛ

∫
p

(
Ψ̄(−p− k)

−→
δ

δΨ̄(−p)
ΓΛ − ΓΛ

←−
δ

δΨ(p+ k)
Ψ(p)

)

Hence,

ΓΛ[A, C, C̄,Ψ, Ψ̄] = −
∫
k

e
2k

2

Λ2k
2
C̄(−k)C(k)−

1

2ξΛ

∫
k

e
2k

2

Λ2k · A(k)k · A(−k)

+ Γinv,Λ[Aµ,Ψ, Ψ̄]

where Γinv,Λ is gauge invariant in the classical sense.
[H.S.& Hiroshi Suzuki, 2201.04448] GFERG equation given in Appendix 3.
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Concluding remarks

1. ERG for the vacuum energy density
[Pagani&H.S., Phys. Rev. D109 (2024) 12, 125007 [2404.12881]]

2. GFERG for gauge theories [H.S.& Hiroshi Suzuki]

(a) gauge invariant truncation possible now — potential applications to
QED with 4-Fermi interactions in 4D (equivalent to gauged Yukawa
model?) & ...

(b) difficulty with YM — diffusion of c̄a not compatible with BRST; the
introduction of the auxiliary field Ba complicates life

(c) axial invariance not manifest, since the master formula spoils axial
invariance

(d) GFERG has been applied to 2d nonlinear sigma model [Haruna et al.]

and scalar QED [Haruna&Yamada]

H. Sonoda
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Appendix 1: anomalous dimension

1. ERG for SΛ[σ]

−Λ∂ΛeSΛ[σ]
=

∫
p

(
Λ
∂ ln

√
RΛ(p)

∂Λ
− γΛ

)
δ

δσ(p)

{(
σ(p) +

δ

δσ(−p)

)
e
SΛ[σ]

}

2. ERG for WΛ[J] = SΛ[σ] +
1
2

∫
p
σ(p)σ(−p) where J(p) ≡

√
RΛ(p)σ(p)

− Λ∂ΛWΛ[J] = γΛ

∫
p

J(p)
δ

δJ(p)
WΛ[J]

+

∫
p

(
Λ
∂RΛ(p)

∂Λ
− 2γΛRΛ(p)

)
1

2

{
δWΛ[J]

δJ(p)

δWΛ[J]

δJ(−p)
+

δ2WΛ[J]

δJ(p)δJ(−p)

}

Generating functional W[J] = limΛ→0+WΛ[J/zΛ]
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3. ERG for ΓΛ[Φ] − 1
2

∫
p
RΛ(p)Φ(p)Φ(−p) = WΛ[J] −

∫
p
J(p)Φ(−p) where

Φ(p) =
δWΛ[J]

δJ(−p)

−Λ∂ΛΓΛ[Φ] = −γΛ
∫
p

Φ(p)
δΓΛ[Φ]

δΦ(p)
+

∫
p

(Λ∂ΛRΛ(p)− 2γΛRΛ(p))
1

2

δ2WΛ[J]

δJ(p)δJ(−p)

where ∫
q

δ2WΛ[J]

δJ(p)δJ(−q)

(
R(q)δ(q − r)−

δ2ΓΛ[Φ]

δΦ(q)δΦ(−r)

)
= δ(p− r)

Generating functional Γeff[Φ] = limΛ→0+ ΓΛ[zΛΦ]

H. Sonoda
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Appendix 2: Dimensionless convention

1. Dimensionless parameters and fields

Λ = µe
−t

eΛ = µ
− ϵ2et

Aµ(k) = Λ
−D+2

2 Ãµ(k/Λ)

C(k) = Λ
−D+2

2 C̃(k/Λ)

C̄(−k) = Λ
−D+2

2 ˜̄C(−k/Λ)

Ψ(p) = Λ
−D+1

2 Ψ̃(p/Λ)

Ψ̄(−p) = Λ
−D+1

2 ˜̄Ψ(−p/Λ)

ΓΛ[A, C, C̄,Ψ, Ψ̄] = Γt[Ã, C̃, ˜̄C, Ψ̃, ˜̄Ψ]
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2.

∂tΓ̃t = −Λ∂ΛΓΛ

+

∫
k

(
D + 2

2
+ k · ∂k

)
Ãµ(k) ·

δΓ̃t

δAµ(k)

+

∫
k

(
D + 2

2
+ k · ∂k

)
˜̄C(−k)

−→
δ

δ ˜̄C(−k)
Γ̃t +

∫
k

Γ̃t

←−
δ

δC̃(k)

(
D + 2

2
+ k · ∂k

)
C̃(k)

+

∫
p

[
Γ̃t

←−
δ

δΨ̃(p)

(
D + 1

2
+ p · ∂p

)
Ψ̃(p) +

(
D + 1

2
+ p · ∂p

)
˜̄Ψ(−p)

−→
δ

δ ˜̄Ψ(−p)
Γ̃t

]

3.

∂t =

(
ϵ

2
+
β(e2)

2e2

)
e∂e +

(
1 + βm(e

2
)
)
m∂m
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Appendix 3: GFERG equation for Γ of QED

We give the GFERG equation for the 1PI Γ in the dimensionless
convention, where all the quantities are rendered dimensionless by using
appropriate powers of Λ. Though BRST invariance is simple, the differential
equation for Γ is complicated.

∂tΓ +

∫
d
D
x

[{(
D − 2

2
+ γ + x · ∂

)
Aµ(x) + 2∂

2Aµ(x)
}

δΓ

δAµ(x)

+

{(
D − 1

2
+ γF + x · ∂

)
Ψ̄ + 2

(
∂
2
Ψ̄(x) + 2ie∂µΨ̄ · Aµ − e2Ψ̄AµAµ

)} −→
δ

δΨ̄(x)
Γ

+ Γ

←−
δ

δΨ(x)

{(
D − 1

2
+ γF + x · ∂

)
Ψ + 2

(
∂
2
Ψ− 2ieAµ∂µΨ− e2AµAµ

)}]
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=

∫
d
D
x

[
− 2

{
2ie
([
∂µΨ̄ · Aµ

]
− ∂µΨ̄ · Aµ

)
− e2

([
Ψ̄AµAµ

]
− Ψ̄AµAµ

)}
·
−→
δ

δΨ̄
Γ

− 2Γ

←−
δ

δΨ

{
−2ie ([Aµ∂µΨ]−Aµ∂µΨ)− e2 ([AµAµΨ]−AµAµΨ)

}
−

δ

δσµ(x)

{
(−1 + γ)Aµ(x) + 2∂

2Aµ(x)
}

+ Tr

−→
δ

δσ̄F (x)

{(
−
1

2
+ γF

)
Ψ̄(x)

}
+ Tr

{(
−
1

2
+ γF

)
Ψ(x)

} ←−
δ

δσF (x)

+ 2Tr

−→
δ

δσ̄F (x)

{
∂
2
Ψ̄(x) + 2ie

[
Aµ∂µΨ̄

]
− e2

[
A2
µΨ̄
]}

+ 2Tr
{
∂
2
Ψ(x)− 2ie [Aµ∂µΨ]− e2

[
A2
µΨ
]} ←−

δ

δσF (x)

]
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where [
Ψ̄(x)Aµ(x′)

]
≡ Ψ̄(x)Aµ(x′) +

δ

δσµ(x′)
Ψ̄(x)

[
Ψ̄(x)Aµ(x′)Aν(x′′)

]
≡ Ψ̄(x)Aµ(x′)Aν(x′′) + Ψ̄(x)

δAµ(x′)
δσν(x′′)

+Aν(x′′)
δ

δσµ(x′)
Ψ̄(x) +Aµ(x′)

δ

δσν(x′′)
Ψ̄(x)

+
δ2

δσµ(x′)δσν(x′′)
Ψ̄(x)
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Appendix 4: Models

NJL model(2) L = ψ̄γµ∂µψ − gV
(
ψ̄γµψ

)2 − gA (ψ̄γµγ5ψ)2
Yukawa(3) L = ∂µϕ

∗
∂µϕ+

λ

2

(
ϕ
∗
ϕ− v2

)2

+ ψ̄γµ∂µψ − g
(
ϕ
∗
ψ̄RψL + ϕψ̄LψR

)
gauged NJL model(3) L =

1

4
F

2
+ ψ̄γµ (∂µ − ieAµ)ψ

− gV
(
ψ̄γµψ

)2 − gA (ψ̄γµγ5ψ)2
gauged Yukawa(4) L =

1

4
F

2
+ ψ̄γµ (∂µ − ieAµ)ψ

+ ∂µϕ
∗
∂µϕ+

λ

2

(
ϕ
∗
ϕ− v2

)2

− g
(
ϕ
∗
ψ̄RψL + ϕψ̄LψR

)
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