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Single component real scalar field in LPA:
<latexit sha1_base64="GnHAOOIayEbkO8pGAzo20PHNJkU="></latexit>
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Asymptotic behaviour

Fixed point potential:
<latexit sha1_base64="YBDz+IqAPRkBPKLh7now0QW8tKo="></latexit>

V (') = A|'|d/d' + · · · as ' ! ±1

=> discrete set of fixed points



Eigenoperator equation:
<latexit sha1_base64="S9krejn5YxBytWmyJVoHtVWV9ic="></latexit>

V⇤(') = V (') + " v(') e�t



Asymptotic behaviour

Eigenoperator equation:

<latexit sha1_base64="dN01wkoiSYduhKBDGG5BHfPO9rc="></latexit>
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<latexit sha1_base64="OiyjBgyR6IrQLf3ekXR6/SFpdK4="></latexit>
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=> Sturm-Liouville type

<latexit sha1_base64="5cwXWs4xtOEC4ibs9KqVHIt4BXE="></latexit>
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Cutoff-dependent



Liouville Normal Form:



Asymptotic behaviour

<latexit sha1_base64="oFfatAUZgwCv8/IfXMZIiun2DXE="></latexit>
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<latexit sha1_base64="wAaEGZCbN6Dks4sdyh+cwAzAGes="></latexit>

�d2 (x)

dx2
+ U(x) (x) = (d� �) (x)

SHM.   Universal!

WKB:
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<latexit sha1_base64="oQ+U07QwEuGFvsgDX8XeN7bfFu4="></latexit>

En = d� �n = U(xn) = n(d� d') + · · ·



<latexit sha1_base64="RXdZKi6Lq3NEA5/FFjkGHsHoz7Y="></latexit>
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◆
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Find double this for O(N) scalar field theory,

for all fixed N P0 and N=-2,-4,…



f(R) approximation

Split into background + fluctuation:

IR cutoff:

<latexit sha1_base64="Sal1yMvZ8az3V9BSBzoxI+iSLTs="></latexit>

ĝµ⌫ = gµ⌫ + hµ⌫
<latexit sha1_base64="5br66mgqzhaG1a+8/Dqhf6IvFlY="></latexit>

R ⇠ R(�r2/k2)

Single metric, or background field, ansatz:

Replace
<latexit sha1_base64="za/VNCZUpAIbLiA0TWP8RrasdLo="></latexit>

�2�k

�hµ⌫(x) �h↵�(y)
with

<latexit sha1_base64="vY5CJbvwG5wf8fRSDsPmcPYd8P0="></latexit>

�2�k

�gµ⌫(x) �g↵�(y)

This allows:
<latexit sha1_base64="yYt8ZCAzO0oh1qBMmL3ut9T9pVc="></latexit>
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Z
d4x
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by specialising to a maximally symmetric background manifold



Non-adaptive cutoff:

D. Benedetti Europhys. Lett. (2013) 102:20007

<latexit sha1_base64="iIZnonEGyLXEe/fG5fyEV73gkrc="></latexit>

r(z) =
z

exp(azb)� 1
, a > 0, b � 1 .

<latexit sha1_base64="aBMqFDnZ/ecovPL1lCDPEFntxEM="></latexit>

R�
k = km�c�r(�s + ↵sR)



Asymptotic analysis: fixed points

4-Sphere:
<latexit sha1_base64="3Bk4YAyUcHvrFytYMfAWIXCECL4="></latexit>
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4-Hyperboloid:
<latexit sha1_base64="XyNkRgUuZuzJICexQtWGgUF9F90="></latexit>
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To get discrete set of fixed points, match sphere and 
hyperboloid solutions smoothly through flat space (Rg0).

<latexit sha1_base64="iIZnonEGyLXEe/fG5fyEV73gkrc="></latexit>

r(z) =
z

exp(azb)� 1
, a > 0, b � 1 .



+ RG =>

Asymptotic analysis: eigenoperators

Substitute
<latexit sha1_base64="ox4yxugrs5aoiiXJxFbdTF+X/g4=">AAACB3icbZDLSgMxFIYz9VbrrepSkGARKkqZ0bbqQqi4cVnFXqAdSibNtKGZzJBkCqUUXLjxVdy4UMStr+DOtzEzU8HbDwk//zmH5HxOwKhUpvlhpGZm5+YX0ouZpeWV1bXs+kZd+qHApIZ95oumgyRhlJOaooqRZiAI8hxGGs7gIqo3hkRI6vMbNQqI7aEepy7FSOmok912O4P89d6Zq6/9NgkkZT5vH8BhHGc62ZxZOI10BBNTjoxZtEyrBK2CGSsHpqp2su/tro9Dj3CFGZKyZZmBssdIKIoZmWTaoSQBwgPUIy1tOfKItMfxHhO4q5MudH2hD1cwTr9PjJEn5chzdKeHVF/+rkXhf7VWqNwTe0x5ECrCcfKQGzKofBhBgV0qCFZspA3Cguq/QtxHAmGl0SUQkk3hX/MFoX5YsMqF0lUxVzm/TXCkwRbYAXlggWNQAZegCmoAgzvwAJ7As3FvPBovxmvSmjKmCDfBDxlvnw+9l/Q=</latexit>

fk(R) = f(R) + ✏ vk(R)
<latexit sha1_base64="cdKQywgHfmGmI2tyEegoBGiiJEc="></latexit>

=) vk(R) = v(R) e�✓t

<latexit sha1_base64="bAxaUt2fcxUjZX9xivjz/en/8rw="></latexit>

�a2(R) v00(R) + a1(R) v0(R) + a0(R) v(R) = (4� ✓)v(R)

<latexit sha1_base64="sehpfHX5Y+StE9en5bm99TdU4pI=">AAAB8nicbVDLSgMxFM34rPVVdekmWIS6GWZqW3VXdOOyin3AdCiZNG1DM8mQZIQy9DPcuFDErV/jzr8xM1PB14HA4Zx7yT0niBhV2nE+rKXlldW19cJGcXNre2e3tLffUSKWmLSxYEL2AqQIo5y0NdWM9CJJUBgw0g2mV6nfvSdSUcHv9CwifojGnI4oRtpIHhpUK7cnfS2gMyiVHfsixSnMSSMlTs113Dp0bSdDGSzQGpTe+0OB45BwjRlSynOdSPsJkppiRubFfqxIhPAUjYlnKEchUX6SnTyHx0YZwpGQ5nENM/X7RoJCpWZhYCZDpCfqt5eK/3lerEfnfkJ5FGvCcf7RKGbQREzzwyGVBGs2MwRhSc2tEE+QRFiblopZCXlS+Jd8ldCp2m7Drt/Uys3LRR0FcAiOQAW44Aw0wTVogTbAQIAH8ASeLW09Wi/Waz66ZC12DsAPWG+fDraQew==</latexit>

a2(R) ! 0
<latexit sha1_base64="Pqgqn99OXpkR6VYUsYrYhBzpTBc=">AAAB83icbVDLSsNAFJ3UV62vqks3g0Wom5DUtuqu6MZlLfYBTSiT6aQdOpmEmYlQQn/DjQtF3Poz7vwbJ0kFXwcuHM65l3vv8SJGpbKsD6Owsrq2vlHcLG1t7+zulfcPejKMBSZdHLJQDDwkCaOcdBVVjAwiQVDgMdL3Ztep378nQtKQ36l5RNwATTj1KUZKSw4a2dXOqaNCWOuMyhXLvExxBnPSTIlVty27AW3TylABS7RH5XdnHOI4IFxhhqQc2lak3AQJRTEji5ITSxIhPEMTMtSUo4BIN8luXsATrYyhHwpdXMFM/T6RoEDKeeDpzgCpqfztpeJ/3jBW/oWbUB7FinCcL/JjBvWPaQBwTAXBis01QVhQfSvEUyQQVjqmUhZC/in8S75C6NVMu2k2buuV1tUyjiI4AsegCmxwDlrgBrRBF2AQgQfwBJ6N2Hg0XozXvLVgLGcOwQ8Yb5+0l5DY</latexit>

a1(R) ! 2R
<latexit sha1_base64="BS8O3zs2B1lyvsTFjJ80eg5mbmE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSLUzZDRtuqu6MZlFfuA6VAyadqGZjJDkhHK0M9w40IRt36NO//GzEwFXwcCh3PuJfccP+JMaYQ+rMLS8srqWnG9tLG5tb1T3t3rqDCWhLZJyEPZ87GinAna1kxz2oskxYHPadefXqV+955KxUJxp2cR9QI8FmzECNZGcvEAVW+P+zqEaFCuIPsixSnMSSMlqOYgpw4dG2WogAVag/J7fxiSOKBCE46Vch0UaS/BUjPC6bzUjxWNMJniMXUNFTigykuyk+fwyChDOAqleULDTP2+keBAqVngm8kA64n67aXif54b69G5lzARxZoKkn80ijk0EdP8cMgkJZrPDMFEMnMrJBMsMdGmpVJWQp4U/iVfJXRObKdh129qlebloo4iOACHoAoccAaa4Bq0QBsQEIIH8ASeLW09Wi/Waz5asBY7++AHrLdPC56QeQ==</latexit>

a0(R) ! 0

<latexit sha1_base64="W5UjrDh8rTPzkP7glKDu4By+OCs="></latexit>
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<latexit sha1_base64="J1efpjPyJeFFI19QxZ6fyLH+5zs="></latexit>

v(R) / |R|2� ✓
2 + · · ·

=> Sturm-Liouville type



Liouville Normal Form
<latexit sha1_base64="Dm+UWQhLV4e0gKHwfIYrZKoTBqw="></latexit>

U(x) = (bx ln |x|)2
⇢
1 +O

✓
ln ln |x|
ln |x|

◆�
x ! ±1

All non-universal parameters have dropped out 
except for b (and this is caused by the single metric 

approximation).

<latexit sha1_base64="gQs2SsseVcrnRp8Q4tqgBMr5X+o="></latexit>
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WKB:
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<latexit sha1_base64="iIZnonEGyLXEe/fG5fyEV73gkrc="></latexit>

r(z) =
z

exp(azb)� 1
, a > 0, b � 1 .



Why single metric ansatz is at fault:

<latexit sha1_base64="kFkDBehd6JHQ8Ynl9b9ERxtr2rg="></latexit>
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<latexit sha1_base64="BbEiSkn1Q/9kkEFel01zz0zG3vc="></latexit>
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This `ought’ to be ~
<latexit sha1_base64="Fc6rW7ojm9DK3vqAfbY6w++3B8Y="></latexit>
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Analytic solutions for scaling dimensions 
of highly irrelevant operators in LPA 

and f(R) approximations 
<latexit sha1_base64="RXdZKi6Lq3NEA5/FFjkGHsHoz7Y="></latexit>
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◆
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Double this for O(N) scalar field theory,

for all fixed N P0 and N=-2,-4,…

<latexit sha1_base64="gQs2SsseVcrnRp8Q4tqgBMr5X+o="></latexit>
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