ERG 2024
The inviscid fixed point

of the
multi-dimensional Burgers-KPZ equation

L. Gosteva, M. Tarpin, N. Wschebor, L. Canet




Outline

1. The model: Burgers-KPZ equation
2. Motivation: the new scaling regime found in numerics

3. FRG study
3.1. Simple approximation: confirm the existence of the “Inviscid” UV
fixed point

3.2. Large-momentum approximation: find z at this fixed point



Outline

1. The model: Burgers-KPZ equation
2. Motivation: the new scaling regime found in numerics

3. FRG study
3.1. Simple approximation: confirm the existence of the “Inviscid” UV
fixed point

3.2. Large-momentum approximation: find z at this fixed point



The model: Burgers-KPZ equation

Kardar-Parisi-Zhang (KPZ) equation
A
Oth = vV2h + = (Vh)?
th =vV-h+ 2( ) ‘L?L

Relaxation
. SR C] o1

VideoE Club De Montana Calahorra, Facebook



The model: Burgers-KPZ equation

Burgers equation Kardar-Parisi-Zhang (KPZ) equation
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The model: Burgers-KPZ equation

What do we know so far?

Kardar-Parisi-Zhang (KPZ) equation
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Scaling properties of correlation functions
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C(t,x) = (h(t,X)h(0,0))
C(t,x) = x** F(t/x%)
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exponent Scaling function



The model: Burgers-KPZ equation

What do we know so far?
Flow diagram of the Burgers-KPZ equation:
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The model: Burgers-KPZ equation

What do we know so far?
Flow diagram of the Burgers-KPZ equation:

Perturbative fixed points: K.Wiese (1998):
Summation to all orders
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The model: Burgers-KPZ equation

What do we know so far?
Flow diagram of the Burgers-KPZ equation:

K.Wiese (1998):
Summation to all orders
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Motivation: the new scaling regime found in numerics (1D)

Cartes, Tirapegui, Pandit, Brachet (2022):

The Galerkin-truncated Burgers equation: crossover from inviscid-thermalized to KPZ scaling

Opv + M0,v = vO2v + f

corr. function C(t —t',z — 2') = (v(t, z)v(t', "))
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Motivation: the new scaling regime found in numerics (1D)

The z=1 scaling had been already explained within FRG:

=> in 1D Burgers-KPZ equation [Fontaine, Vercesi, Brachet, Canet (2023)]

=> in 2D and 3D Navier-Stokes [Canet, Delamotte, Wschebor (2016);
Tarpin, Canet, Wschebor (2018)]

Is it general?
Let’s consider d-dimensional Burgers-KPZ equation!



Outline

1. The model: Burgers-KPZ equation
2. Motivation: the new scaling regime found in numerics

3. FRG study
3.1. Simple approximation: confirm the existence of the “Inviscid” UV
fixed point

3.2. Large-momentum approximation: find z at this fixed point



Outline

1. The model: Burgers-KPZ equation
2. Motivation: the new scaling regime found in numerics
3. FRG study
3.1. Simple approximation: confirm the existence of the “Inviscid”
UV fixed point
3.2. Large-momentum approximation: find z at this fixed point



Simple approximation: confirm the existence of the “Inviscid” UV

fixed point

Complete flow diagram of the Burgers-KPZ equation:
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Simple approximation: confirm the existence of the “Inviscid” UV

fixed point

Complete flow diagram of the Burgers-KPZ equation:

IR flow
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Construction of the MSRJD action in d dimensions (dD)

-> in KPZ formulation:

A

8ih = vV2h + %(Vh)Q 7 <—> Skpzl[h, h] = / {B[ath — (Vh)? - uv2h] _ DEQ}

A &

-> in Burgers formulation: we need additional fields! In 3D:

Ov+v-Vv=vViv+f <—>S[<I>]=/

T X

{\‘f [0V + (v V)v—vV?v] = D(V - v)?
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To preserve irrotationality To remove zero modes

d — 1 pairs of Lagrange multipliers in dD



Extended symmetries and the related Ward identities
1. Fully-gauged shift symmetries of the auxiliary fields

T[] 5S[W]

o(t,x) = p(t,x) +€,(t,%), p € {w,w,0,0} > el

2. Time-gauged shift symmetry of the response field - in Burgers formulation only!

Vo (t,X) = Vg (t,X) + E4(t) —>I_’EXT.’.’?J,iln+1(w1,p1;w2,p2; cevs WE>m, 05 ...) =0
Wa(t,X) = Wa(t, X) + €0pyEp(t)vy (L, X) — E4(2)0(2, X) a

3. Time-gauged Galilean symmetry

’Ua(t,X) — ’Ua(t, X) — 8t€a(t) + gﬂ(t)aﬁva(t, x) _>f‘(m+1,n)(w’ 05 WisPiss s « S Wmikss pm+n) — f\(m,n) o
p(t,x) = o(t,x) +e5(t)0pp(t, x), v € {V,w,w,0,0} u



Large-momentum approximation: idea
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Large-momentum approximation: idea
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Extended symmetries and the related Ward identities
1. Fully-gauged shift symmetries of the auxiliary fields

P(t,x) = p(t,x) +,(t, %), @ € {w,w,0,0} ——> 6;\51:]:565_‘51:]

2. Time-gauged shift symmetry of the response field - in Burgers formulation only!

\ Ta(t, X) = Va(t,X) + Ealt) —— DD (@1, P13 w2, P2 - W, 0. ) = 0]
Wa(t,X) = Wa(t,X) + €apyEp(t)vy(t,X) — Ea(t)0(t,x) a

3. Time-gauged Galilean symmetry

Va(t,X) = va(t, X) — Ba(t) + £5(t)Ipva(t,x) —T 1) (4 0; w1, P1;. . - ;Wmtn, Pmtn) = «.. D™ .
e(t,x) = p(t,x) +ep(t)dpp(t, x), ¢ € {v,w,w,0,0} -



Large-momentum approximation: idea
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Extended symmetries and the related Ward identities
1. Fully-gauged shift symmetries of the auxiliary fields

@(t,x) = @(t,x) + ep(t, %), ¢ € {w,w,0,0} —> 6;\51:] _ 555\51;’]

Closure of the flow
2. Time-gauged shift symmetry of the response field - in Burgers formulation only! . .
Ta(ts X) = Ta(t, X) + Ea(t) —— DD (@1, P13 w2, P2 - W, 0. ) = 0] equatlons In the
Wa(t,X) = Wa(t,X) + €apyEp(t)vy(t,X) — Ea(t)0(t,x) a - - '
large-momentum limit!

3. Time-gauged Galilean symmetry

Va(t,X) = va(t, x) — Orea(t) + e5(t)0pval(t, x) _»f(m+l,n)(w, 0; W1, P15 - - -} Wmtn, Pmtn) = - - sTlmanl, o
e(t,x) = @(t, %) +ea(t)Ipep(t, %), ¢ € {v,w, W, 0,0} u



Large-momentum approximation: results

* Symmeries of the model . The RG equation is simplified:
e [arge-momentum expansion

2
I w

1 cos(wt) —1 -~
0,Ci(t.p) = 7 P°C(t.p) / -1 5 / i)
q

where .,
The solution at the fixed point:

exp (—po(pt)?), t< 7
C(t,p) = C(0,p) x
=R {exp(—uochItl), t> 7

log (1/1)

ptl/% = pt s =1 ¥
exact result
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Conclusion

1) Confirmed the existence of the “Inviscid” UV fixed point in dD
by integrating the RG equation numerically

1) Found z=1 scaling at this fixed point ¢
by solving the RG equation at the fixed point analytically

using only
e symmetries of the model
e large-momentum expansion

This result does not depend on
o scale of forcing
o dimension

L. Gosteva, M. Tarpin, N. Wschebor, L. Canet (arxiv.org/abs/2406.14030)




Outlook

Large-momentum
approximation:
exact z=1
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Motivation: the new scaling regime found in numerics (1D)

Cartes, Tirapegui, Pandit, Brachet (2022):
The Galerkin-truncated Burgers equation: crossover from inviscid-thermalized to KPZ scaling
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Pre-Motivation: “tygers” in inviscid hydrodynamical equations
Ray, Frisch, Nazarenko, Matsumoto, Resonance phenomenon for the
Galerkin-truncated Burgers and Euler equations (2011) : 1D Burgers, 2D Euler
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FIG. 5. (Color online) Evolution of the tyger (discrepancy) for same conditions as in Fig. 1: growth, thinning, asymmetrization, collapse,
and chaotization.




