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disclamer

SBC : Scared (and/or) Bored (and/or) Curious

At Saaremaa summer school-2022 I gave a sketchy overview of the basic ideas and principles of Quantum Field Theory, 

of the history of hadrons and quarks and, finally, of Deep Inelastic Scattering processes that allow us to probe them. 

That was a sitcom *. 

*  situation comedy

Continuing within entertainment vocabulary, this year I decided to choose thriller **. 

I felt a strong urge to show you how theoretical physics works. 

I am well aware that some of you are not prepared to go through such an ordeal unharmed.

My C bets are modest, but I still think it's worth a try. 
I envisage three (not mutually exclusive) possible outcomes: SBC. You're likely to be Scared, sooner or later you might get Bored, 

** a novel, play, or film with an exciting plot, typically involving crime or espionage

or you might start feeling Curious.

But we do not understand why (and how) the only objects that fly and hit detectors - mesons and baryons - happen to be   colourless . 

We will celebrate the 50th anniversary of the theory-of-hadrons-to-be by "anti-QCD lectures". 

1973 marked a major breakthrough in particle physics: Quantum Chromodynamics has been invented. 
QCD is routinely referred to as the true microscopic theоry of hadrons and their interactions. 

To be honest, nowadays we are rather far from awarding QCD this honourable mention.     
Unlike electromagnetic and weak sectors of the Standard Model where QFT methods provide us with amazingly accurate predictions,
ascension of QCD to the status of a legitimate QFT is impeded by the problem of colour confinement. 
We are confident that strongly interacting particles do consist of  quarks  and  gluons  that carry "colour". 

 motivation  

Curiously, it is the most important characteristics of strong interactions such as total cross sections, elastic and inelastic scattering processes, 

The reason for this choice was twofold.  

the pattern of multi-particle production and multiplicity fluctuations, etc lie beyond the grasp of QCD as we master it today. 
Under the magic spell of QCD, these important topics disappeared from the particle physics curriculum (for 5 decades!).
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In this mini-course we will discuss qualitative picture of high-energy hadron interactions 

that we will derive from the basic principles of relativity, causality and conservation of probability. 

https://www.google.com/search?sxsrf=AB5stBgQt6m956eYNd7MiWUxzvbO_8I1iA:1688938353017&q=espionage&si=ACFMAn8hzZSJQsgXIYlkGc-z1vmpImIAqbZsNRzII9QMCNgNSUy4sSfw-V6A3Nta4zCvlMf9EsZBtJZy5XEvSNrVuqIqbbeS4A%3D%3D&expnd=1


What do we need High Energies for?

• To be able to produce new particles, ever more massive

• To probe smaller and smaller distances in search of substructure

• To translate a cumbersome QFT picture into an easier to grasp 
QM - and sometimes even Classical - language, in order to visualise  
the structure of particles and the physics of their interaction

 deeper 

 heavier  

simpler

Turning energy into matter

Turning energy into transferred momentum

Turning energy into clarity
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The history of Particle Physics is that of never ending rush for higher and higher accelerator energies. 



E = mc2 Have you seen this relation? Is it correct? nop

J/ψ Frascati, Italy

LEP (1989-2000) ->  LHCH

ADONE  e+e- accelerator was  100 MeV 

short of charm discovery in November 1974

E =
mc2

1 − v2/c2
E0 = mc2 internal energy of a massive particle

Turning energy into matter

The first obvious motivation for higher energy race is search for new massive particles.

E0 = m0c2

E0 = mc2

E = m0c2

E = mc2

= energy of a particle at rest 
true:?

A couple of historic examples

Nobel noble searches : SUSY particles (photino, gluino, zino, wino, squarks, sleptons, ...) 

 heavier  

H', Z',   lepto-quarks,   heavy neutrinos,... 

High energy is a necessary (though not sufficient) condition for new discoveries.
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Turning energy into transferred momentum

Large collision energy allows for large momentum transfer.

Small-distance-dominated processes are rare.   
It is important to keep in mind that in QFT interacting objects do not like to exchange large momentum.

When we speak about “ large momentum” we do not mean large values of energy and/or 3-momentum components.
  Those depend on the reference frame.   What we always have in mind is an invariant quantity - the Lorentz square 

<latexit sha1_base64="x+onWKXjmFglXSYniq8n8sCPgY8="></latexit>

(pµ � p0µ)
2 ⌘ (qµ)

2 = q20 � q2 ⌘ q2
p p'

q

Large momentum transfer
<latexit sha1_base64="83FbA6a6Z4aWnozQOLFgJ3jOXyg=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ckpaa7ohuXFewD2rRMppN06OThzESoab/EjQtF3Pop7vwbpw9BRQ9cOJxzL/fe4yWMCmmaH1pubX1jcyu/XdjZ3dsv6geHLRGnHJMmjlnMOx4ShNGINCWVjHQSTlDoMdL2xpdzv31HuKBxdCMnCXFDFETUpxhJJQ304hTe9m04hb0ggGHfHugl07Acq1ouQ0VMs1azFalZFafqQMswFyiBFRoD/b03jHEakkhihoToWmYi3QxxSTEjs0IvFSRBeIwC0lU0QiERbrY4fAZPlTKEfsxVRRIu1O8TGQqFmISe6gyRHInf3lz8y+um0nfcjEZJKkmEl4v8lEEZw3kKcEg5wZJNFEGYU3UrxCPEEZYqq4IK4etT+D9p2YZVNSrXlVL9YhVHHhyDE3AGLHAO6uAKNEATYJCCB/AEnrV77VF70V6XrTltNXMEfkB7+wRF7ZI5</latexit>

|q2| � m2

 deeper 

It is large momentum transfer processes that serve as microscope, allowing us to study internal structure of matter,

Meanwhile, the bulk of hadron interactions are peripheral and do not penetrate the depth of matter.
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with strongly interacting particles - hadrons - being the primary subject of interest. 

Classical example of such a microscope is Deep Inelastic lepton-hadron Scattering (DIS)
which reveals quark-gluon content of a proton and how it evolves with the "resolution"                     .

<latexit sha1_base64="7XGBKDAhhqFiAuZunC5s5f8MP9w=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKWmi6EohuXLdiHtGmZTCft0MkkzkyEkvYr3LhQxK2f486/cfoQVPTAhcM593LvPX7MqFSW9WGsrK6tb2xmtrLbO7t7+7mDw4aMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/dHVzG/eEyFpxG/UOCZeiAacBhQjpaXbWte5mNx1nUkvl7dM27VLhQLUxLLKZUeTsl10Sy60TWuOPFii2su9d/oRTkLCFWZIyrZtxcpLkVAUMzLNdhJJYoRHaEDamnIUEuml84On8FQrfRhEQhdXcK5+n0hRKOU49HVniNRQ/vZm4l9eO1GB66WUx4kiHC8WBQmDKoKz72GfCoIVG2uCsKD6VoiHSCCsdEZZHcLXp/B/0nBMu2QWa8V85XIZRwYcgxNwBmxwDirgGlRBHWAQggfwBJ4NYTwaL8bronXFWM4cgR8w3j4BhzmQQw==</latexit>

Q2 = |q2|
Thanks to Asymptotic Freedom, the quark-gluon and gluon-gluon interactions at small distances (space-time intervals) 

stay under quantitative control by means of perturbative QCD (expansion in small coupling       ).<latexit sha1_base64="OklAF5N21i7IWQ6YTX2+zwlGroI=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZK21HRXdOOygn1AG8rNdNIOnUzizEQooT/hxoUibv0dd/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgNQlDNBW5ppTruJpBAFnHaCydXc79xTqVgsbvU0oX4EI8FCRkAbqdsHnoxhoAbFkmO7nlurVLAhjlOvlw2pu1Wv5mHXdhYooRWag+J7fxiTNKJCEw5K9Vwn0X4GUjPC6azQTxVNgExgRHuGCoio8rPFvTN8ZpQhDmNpSmi8UL9PZBApNY0C0xmBHqvf3lz8y+ulOvT8jIkk1VSQ5aIw5VjHeP48HjJJieZTQ4BIZm7FZAwSiDYRFUwIX5/i/0m7bLs1u3pTLTUuV3Hk0Qk6RefIRReoga5RE7UQQRw9oCf0bN1Zj9aL9bpszVmrmWP0A9bbJ42SkFY=</latexit>↵s

<latexit sha1_base64="sGiKTQjWK0U2QhbeD6RRfH7P1fE="></latexit>

d�

dq2
/ 1

q4

Essential distances here are large, pQCD fails, the language of quarks and gluons is hardly justifiable.

This is the realm of rare "Hard Processes".

(mark: I did not say inapplicable)



The nature of Relativistic Quantum Field Theory is paradoxical.

On one hand, its dynamics is undoubtedly complicated.

Quantum Physics is inherently complex.

In Non-relativistic Quantum Mechanics we at least know what objects we dealing with, and how many they are.

While in the context of Relativistic QFT we don’t have this luxury. Here the number of the objects involved fluctuates. 

Any problem becomes not simply a multi-body problem but the one with indefinite number of “bodies”!

On the other hand, it turns out to be extremely restricted.

But this is only the "first level" of complexity.

This is a direct consequence of Relativity, and it significantly complicates the picture.

Meantime, the same Relativity provides powerful tools for simplifying the description of certain problems. 

And this applies, in the first place, to high energy interaction phenomena

 simpler 
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Physical Observables are frame-independent (relativistically invariant). Physical interpretation is not !

Turning energy into clarity
We will dive into various aspects of this strange but true declaration:

1.  simplifying the high energy interactions picture

3.  replacing Quantum Field Theory battlefield by Quantum Mechanical terrain

2.  reducing 4-dimensional dynamics to a product of complementary (longitudinal and transversal) 2-dimensional worlds

The aim of our discourse  -

"The Physical Picture" is revealed in all its glory in high energy collisions.

BUT FIRST ...

(resurrecting the notion of classical impact parameter)



Analytic  functions 

no joy without suffering...



Quantum physics - from the QM wave function all the way to QFT - is the world of complex numbers and functions.

<latexit sha1_base64="/8EJ9pmeYH6o5OA8S9Xz0w8+gSY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8tAYhHowzIagXIejFYwSzQGYIPZ1O0qRnsbtGiEPwV7x4UMSr/+HNv7GTzEETHxQ83quiqp4XCa7Asr6NzMLi0vJKdjW3tr6xuWVu79RVGEvKajQUoWx6RDHBA1YDDoI1I8mI7wnW8AbXY7/xwKTiYXAHw4i5PukFvMspAS21zb3CiX1aOj7Al9hR9xISJ+Kjtpm3itYEeJ7YKcmjFNW2+eV0Qhr7LAAqiFIt24rATYgETgUb5ZxYsYjQAemxlqYB8Zlyk8n1I3yklQ7uhlJXAHii/p5IiK/U0Pd0p0+gr2a9sfif14qhe+EmPIhiYAGdLurGAkOIx1HgDpeMghhqQqjk+lZM+0QSCjqwnA7Bnn15ntRLRfusWL4t5ytXaRxZtI8OUQHZ6BxV0A2qohqi6BE9o1f0ZjwZL8a78TFtzRjpzC76A+PzB6/Ak30=</latexit>

(�1/2)! =
p
⇡

<latexit sha1_base64="cuIMNak3opAB8T4vTbtbsPx/X0A="></latexit>

(1 + 3 + 9 + 27 + · · · )! =
p
⇡

<latexit sha1_base64="vmt8xFRf8329QR4vD8O5Sl45JO4="></latexit> 1X

n=0

zn =
1

1� z

<latexit sha1_base64="HZOs0+E/TXenXS+cTvPqpDSYwx4="></latexit>

n! =

Z 1

0
dt tne�t

Maths = the art of cheating by the rules (cons, codified)

An example of a perfectly legitimate double stunt :

Analytic continuation is a trick of making sense of meaningless math constructions.

Functions we are dealing with in physics, and in QFT in particular, are  analytic functions

Looks crazy but can be justified, unambiguously, using the analytic continuation trick. 

<latexit sha1_base64="nj8V6Cg/9Yk//9SsC3l62BmxeWw=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKxtIpLBSyVKlgYi0QfUhNFjuu0Vp2HbAephP4BC7/CwgBCrKxs/A1u2gFajnSl43Pule89XsyZVJb1beSWlldW1/LrhY3Nre0dc3evJaNEENokEY9Ex8OSchbSpmKK004sKA48Ttve8Grit++okCwKb9Uopk6A+yHzGcFKS655bHus339w0/va6RjWbF9gkqJxikqTJyxlAqq4ZtEqWxngIkEzUgQzNFzzy+5FJAloqAjHUnaRFSsnxUIxwum4YCeSxpgMcZ92NQ1xQKWTZveM4ZFWetCPhK5QwUz9PZHiQMpR4OnOAKuBnPcm4n9eN1H+hZOyME4UDcn0Iz/hUEVwEg7sMUGJ4iNNMBFM7wrJAOsElI6woENA8ycvklaljM7K1ZtqsX45iyMPDsAhOAEInIM6uAYN0AQEPIJn8ArejCfjxXg3PqatOWM2sw/+wPj8AVVAmu4=</latexit>����
z=3

=
1

1� 3
= �1
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How to make sense now of ?

Generalise : 3 -> z The r.h.s. make sense everywhere but z=1.

<latexit sha1_base64="xskpQSJooXL+DCdDoB8a55Z1doM=">AAACEXicbZDLSsQwFIZT7463qks3wUEQ1KEdRN0IohuXCo4K005J01TDpGlJTsVS+gpufBU3LhRx686db2Nm7MLbgZCP/z+H5PxhJrgGx/mwRkbHxicmp6YbM7Nz8wv24tK5TnNFWYemIlWXIdFMcMk6wEGwy0wxkoSCXYT9o4F/ccOU5qk8gyJjfkKuJI85JWCkwF7fxx6XEJRb5oqhqHrlRk04uvU2MeuVW7e9dhXYTaflDAv/BbeGJqrrJLDfvSilecIkUEG07rpOBn5JFHAqWNXwcs0yQvvkinUNSpIw7ZfDjSq8ZpQIx6kyRwIeqt8nSpJoXSSh6UwIXOvf3kD8z+vmEO/5JZdZDkzSr4fiXGBI8SAeHHHFKIjCAKGKm79iek0UoWBCbJgQ3N8r/4XzdsvdaW2fbjcPDus4ptAKWkXryEW76AAdoxPUQRTdoQf0hJ6te+vRerFev1pHrHpmGf0o6+0TrACc7Q==</latexit>

=

Z +1

�1
dx e�x2

<latexit sha1_base64="C90dJftQjfPv0U5GZqYDQewnZyI="></latexit>

=

sZ +1

�1
dx

Z +1

�1
dy e�x2�y2 =

sZ 2⇡

0
d�

Z 1

0

d(r2)

2
e�r2
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=
p
⇡

analytic cons

<latexit sha1_base64="O+GrxN0g6iaPnd6QgMl8dTXfrFg="></latexit>����
n=�1/2

=

Z 1

0

dtp
t
e�t = 2

Z 1

0
dx e�x2
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n! = �(n+ 1)

<latexit sha1_base64="mj5azgYHAIit2Vy69I1aYJl3JBw="></latexit>

�(z) =

Z 1

0
dt tz�1e�t

Similar story with the function

which is well defined by this integral for 

any complex value of z as long as  Re z >0

We justified our double-con having analytically continued 

1. series beyond its convergence radius |z|<1
2. a function n! from positive integers to any z
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0 1

Make a flanking manoeuvre by diving into the complex plane  

<latexit sha1_base64="PTGzmkK3wux/8jvcIsLEIHsOTOI=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTDTljrdFV3osoJ9SDuUTJppQ5PMkGSEOvQr3LhQxK2f486/MX0IKnrgwuGce7n3niBmVGnH+bAyK6tr6xvZzdzW9s7uXn7/oKWiRGLSxBGLZCdAijAqSFNTzUgnlgTxgJF2ML6Y+e07IhWNxI2exMTnaChoSDHSRrrtXSLOUfH+tJ8vOLbrudVyGRriOLVayZCaW/GqHnRtZ44CWKLRz7/3BhFOOBEaM6RU13Vi7adIaooZmeZ6iSIxwmM0JF1DBeJE+en84Ck8McoAhpE0JTScq98nUsSVmvDAdHKkR+q3NxP/8rqJDj0/pSJONBF4sShMGNQRnH0PB1QSrNnEEIQlNbdCPEISYW0yypkQvj6F/5NWyXarduW6UqifL+PIgiNwDIrABWegDq5AAzQBBhw8gCfwbEnr0XqxXhetGWs5cwh+wHr7BHS2kDY=</latexit>

�(z)

<latexit sha1_base64="vmt8xFRf8329QR4vD8O5Sl45JO4="></latexit> 1X

n=0

zn =
1

1� z

Geometric series is too simple an example. Replace it with general Taylor series
<latexit sha1_base64="Njz0KVEemgDiYcyszdNnVb5qbuI="></latexit>

f(z) =
1X

n=0

an(z � z0)
n, an =

f [n](z0)

n!Knowing the value of the function and of all its derivatives at some point
we expand our knowledge to all points inside the convergence circle                  . 

<latexit sha1_base64="nDdB1g2v9N3yYLBEXnpimPillVA=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJtqdNd0Y3LCvYBnaFk0kwbmskMSUaoQ3/DjQtF3Poz7vwbM20FFT0QOJxzL/fkBAlnSiP0YRXW1jc2t4rbpZ3dvf2D8uFRV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvB9Cr3e3dUKhaLWz1LqB/hsWAhI1gbyfMirCdBmN0P0XxYriDbcZ1GrQYNQajZrBrSdOpuw4WOjRaogBXaw/K7N4pJGlGhCcdKDRyUaD/DUjPC6bzkpYommEzxmA4MFTiiys8WmefwzCgjGMbSPKHhQv2+keFIqVkUmMk8o/rt5eJf3iDVoetnTCSppoIsD4UphzqGeQFwxCQlms8MwUQykxWSCZaYaFNTyZTw9VP4P+lWbadh12/qldblqo4iOAGn4Bw44AK0wDVogw4gIAEP4Ak8W6n1aL1Yr8vRgrXaOQY/YL19AqApkhk=</latexit>z0
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|z� z0| < R

Then, constructing Taylor series around a new point inside this circle, we may explore the function further from the initial point.

In our example, we won't be able to pass to z>1 : since the radius of convergence of the 
series shrinks when we approach the point z=1 where the function we examine is singular

0 1

<latexit sha1_base64="mMfwG7GXVey73XgjaI8WNjng51Q=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIsgCMvuWqs9CEUvHivYVmiXkk2zbWw2WZKsWJf+By8eFPHq//HmvzFtV1DRBwOP92aYmRfEjCrtOB9Wbm5+YXEpv1xYWV1b3yhubjWVSCQmDSyYkNcBUoRRThqaakauY0lQFDDSCobnE791S6Sigl/pUUz8CPU5DSlG2kjN+9O7AzrqFkuOXT2qeNUqdGxnCkMOPc8ru9DNlBLIUO8W3zs9gZOIcI0ZUqrtOrH2UyQ1xYyMC51EkRjhIeqTtqEcRUT56fTaMdwzSg+GQpriGk7V7xMpipQaRYHpjJAeqN/eRPzLayc6PPFTyuNEE45ni8KEQS3g5HXYo5JgzUaGICypuRXiAZIIaxNQwYTw9Sn8nzQ9263Y5ctyqXaWxZEHO2AX7AMXHIMauAB10AAY3IAH8ASeLWE9Wi/W66w1Z2Uz2+AHrLdPo4ePMQ==</latexit>

z = x+ iy
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<latexit sha1_base64="YPUCHcelZ5U2+56dcxnHTmW3b3M=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFclSTWandFNy4r2Ae2oUymk3boZBJmJkIJ/Qs3LhRx69+482+ctBFU9MDA4Zx7mXOPH3OmtG1/WEvLK6tr64WN4ubW9s5uaW+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpX5nXsqFYvErZ7G1AvxSLCAEayNdNcPsR77QTqdDUplu1I/q7n1OrIr9hyGnLquW3WQkytlyNEclN77w4gkIRWacKxUz7Fj7aVYakY4nRX7iaIxJhM8oj1DBQ6p8tJ54hk6NsoQBZE0T2g0V79vpDhUahr6ZjJLqH57mfiX10t0cOGlTMSJpoIsPgoSjnSEsvPRkElKNJ8agolkJisiYywx0aakoinh61L0P2m7FadWqd5Uy43LvI4CHMIRnIAD59CAa2hCCwgIeIAneLaU9Wi9WK+L0SUr3zmAH7DePgFQypFc</latexit>y

The head-on attack fails? 

<latexit sha1_base64="UtZAjm8CLjCC562TmC0FA4wZqVU=">AAAB+HicdVDLSgMxFM34rPXRUZduokWoCGXSljpdCEUXuqxgH9CWkknTNjTJDElGqKVf4saFIm79FHf+jelDUNEDFw7n3Mu99wQRZ9p43oeztLyyurae2Ehubm3vpNzdvZoOY0VolYQ8VI0Aa8qZpFXDDKeNSFEsAk7rwfBy6tfvqNIslLdmFNG2wH3JeoxgY6WOm5KH57B1hYXAGXmKTjpu2ssiHxXzeWiJ55VKOUtKqOAXfYiy3gxpsECl4763uiGJBZWGcKx1E3mRaY+xMoxwOkm2Yk0jTIa4T5uWSiyobo9nh0/gsVW6sBcqW9LAmfp9YoyF1iMR2E6BzUD/9qbiX14zNj2/PWYyig2VZL6oF3NoQjhNAXaZosTwkSWYKGZvhWSAFSbGZpW0IXx9Cv8ntVwWFbOFm0K6fLGIIwEOwBHIAATOQBlcgwqoAgJi8ACewLNz7zw6L87rvHXJWczsgx9w3j4Bu3CR3w==</latexit>

n! = �(n+ 1)

This way one attempts to analytically continue the function from a limited domain 

(vicinity of one point) to the values where the original expression did not make sense. 

One succeeds in uniquely expanding all over the complex plane when the function happens to have 
isolated singularities like simple poles in z, which is the case in both our examples: 

walking the plane
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0 1
<latexit sha1_base64="PnmzGGgChutm5hMroWLygkNDFN4=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapgZa7W7ohuXFewD26Fk0kwbmskMSUYsQ//CjQtF3Po37vwb04egogcCh3PuJeeeIOFMacf5sHJLyyura/n1wsbm1vZOcXevqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61gdDn1W3dUKhaLGz1OqB/hgWAhI1gb6bYbYT0Mwux+0iuWHLt6WvGqVeTYzgyGnHieV3aRu1BKsEC9V3zv9mOSRlRowrFSHddJtJ9hqRnhdFLopoommIzwgHYMFTiiys9miSfoyCh9FMbSPKHRTP2+keFIqXEUmMlpQvXbm4p/eZ1Uh+d+xkSSairI/KMw5UjHaHo+6jNJieZjQzCRzGRFZIglJtqUVDAlfF2K/idNz3Yrdvm6XKpdLOrIwwEcwjG4cAY1uII6NICAgAd4gmdLWY/Wi/U6H81Zi519+AHr7RNPRZFb</latexit>x

<latexit sha1_base64="YPUCHcelZ5U2+56dcxnHTmW3b3M=">AAAB8XicdVDLSsNAFL3xWeur6tLNYBFclSTWandFNy4r2Ae2oUymk3boZBJmJkIJ/Qs3LhRx69+482+ctBFU9MDA4Zx7mXOPH3OmtG1/WEvLK6tr64WN4ubW9s5uaW+/raJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cpX5nXsqFYvErZ7G1AvxSLCAEayNdNcPsR77QTqdDUplu1I/q7n1OrIr9hyGnLquW3WQkytlyNEclN77w4gkIRWacKxUz7Fj7aVYakY4nRX7iaIxJhM8oj1DBQ6p8tJ54hk6NsoQBZE0T2g0V79vpDhUahr6ZjJLqH57mfiX10t0cOGlTMSJpoIsPgoSjnSEsvPRkElKNJ8agolkJisiYywx0aakoinh61L0P2m7FadWqd5Uy43LvI4CHMIRnIAD59CAa2hCCwgIeIAneLaU9Wi9WK+L0SUr3zmAH7DePgFQypFc</latexit>y

Look, e.g. at
<latexit sha1_base64="LAahTrLJBc6bzV6heIABhlwHrUE=">AAAB+nicdVDLTgIxFO3gC/E16NJNIzGBhTgFgsPChOjGJSbySABJp3SkofNI29HAyKe4caExbv0Sd/6N5WGiRk9yk5Nz7s299zghZ1JZ1oeRWFpeWV1Lrqc2Nre2d8z0bkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2neH51G/eUiFZ4F+pUUi7Hr7xmcsIVlrqmWk3O86dwiw6GueuY3RcmPTMjJVHNioXi1ATy6pUCppUUMku2xDlrRkyYIFaz3zv9AMSedRXhGMp28gKVTfGQjHC6STViSQNMRniG9rW1Mceld14dvoEHmqlD91A6PIVnKnfJ2LsSTnyHN3pYTWQv72p+JfXjpRrd2Pmh5GiPpkvciMOVQCnOcA+E5QoPtIEE8H0rZAMsMBE6bRSOoSvT+H/pFHIo3K+dFnKVM8WcSTBPjgAWYDACaiCC1ADdUDAHXgAT+DZuDcejRfjdd6aMBYze+AHjLdPkU+STA==</latexit>

f(z) = (1� z)1/2

<latexit sha1_base64="4o5Q+afD41+In2qZtmMZmIhJXRQ="></latexit>

(1� x)n = 1� nx+
n(n� 1)

2
x2 + . . .+ (�x)n

<latexit sha1_base64="/2JSg7E/d5g8wW/0/grRXoiMpD4="></latexit>

=
nX

k=0

(�x)kCk
n

<latexit sha1_base64="mRU6gm6Q8klnpo21CLRUpjlX4KU=">AAACCHicbVDLSsNAFJ3UV62vqksXTixCXVgSKepGKHbjsoJ9QBPLZDpph0wmYWYilNClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9mVCrL+jZyS8srq2v59cLG5tb2TnF3ryWjRGDSxBGLRMdDkjDKSVNRxUgnFgSFHiNtL6hP/PYDEZJG/E6NYuKGaMCpTzFSWuoVD+v3QY/DK+j4AuGUm+M0MMvcMU8dMzgxx71iyapYU8BFYmekBDI0esUvpx/hJCRcYYak7NpWrNwUCUUxI+OCk0gSIxygAelqylFIpJtOHxnDY630oR8JXVzBqfp7IkWhlKPQ050hUkM5703E/7xuovxLN6U8ThTheLbITxhUEZykAvtUEKzYSBOEBdW3QjxEOhGlsyvoEOz5lxdJ66xin1eqt9VS7TqLIw8OwBEoAxtcgBq4AQ3QBBg8gmfwCt6MJ+PFeDc+Zq05I5vZB39gfP4AdRuXtQ==</latexit>

Ck
n =

n!

k!(n�k)!

<latexit sha1_base64="GEP1t5Qp4IAPqpYR0RNp6RErOtg=">AAACF3icbVDLSgMxFM3UV62vqks3GYvQUiwzUtSNUHShywr2AZ1SMmmmDU0yQ5IRytC/cOOvuHGhiFvd+TemD0FbD1w4Oedecu/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/fqKowlJjUcslA2faQIo4LUNNWMNCNJEPcZafiDq7HfuCdS0VDc6WFE2hz1BA0oRtpInWwJXkAvkAgn3jXiHOVF0S2MkoH98/Tsome7nn3s2YPCqJPNOSVnArhI3BnJgRmqneyn1w1xzInQmCGlWq4T6XaCpKaYkVHGixWJEB6gHmkZKhAnqp1M7hrBI6N0YRBKU0LDifp7IkFcqSH3TSdHuq/mvbH4n9eKdXDeTqiIYk0Enn4UxAzqEI5Dgl0qCdZsaAjCkppdIe4jk5I2UWZMCO78yYukflJyT0vl23KucjmLIw0OwCHIAxecgQq4AVVQAxg8gCfwAl6tR+vZerPep60pazazD/7A+vgGAdScsQ==</latexit>

=
�(n+ 1)

k!�(n+1�k)

<latexit sha1_base64="aXmEzDMdhuV2Dc0pF1gsvAtbnY0=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hirfZW9OKxgm2FNpTNdtOu3WzC7kQIpf/BiwdFvPp/vPlv3LYRVPTBwOO9GWbmBYngGhznwyosLa+srhXXSxubW9s75d29to5TRVmLxiJWtwHRTHDJWsBBsNtEMRIFgnWC8eXM79wzpXksbyBLmB+RoeQhpwSM1O5xGULWL1ccu35a8+p17NjOHIaceJ5XdbGbKxWUo9kvv/cGMU0jJoEKonXXdRLwJ0QBp4JNS71Us4TQMRmyrqGSREz7k/m1U3xklAEOY2VKAp6r3ycmJNI6iwLTGREY6d/eTPzL66YQnvsTLpMUmKSLRWEqMMR49joecMUoiMwQQhU3t2I6IopQMAGVTAhfn+L/Sduz3Zpdva5WGhd5HEV0gA7RMXLRGWqgK9RELUTRHXpAT+jZiq1H68V6XbQWrHxmH/2A9fYJFDuPew==</latexit>1
Point z=1 looks harmless: 

<latexit sha1_base64="K9oCXG1pERCyelbZoE9So/FcyJI=">AAAB8XicdVDLSgMxFM34rPVVdekmtQh1M2TaUqcLoejGZQX7wM5QMmmmDc1khiQjlNK/cONCEbf+jTv/xvQhqOiBC4dz7uXee4KEM6UR+rBWVtfWNzYzW9ntnd29/dzBYUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehq5rfvqVQsFrd6nFA/wgPBQkawNtJdWHTOvPyFl0e9XAHZjutUy2VoCEK1WsmQmlNxqy50bDRHASzR6OXevX5M0ogKTThWquugRPsTLDUjnE6zXqpogskID2jXUIEjqvzJ/OIpPDVKH4axNCU0nKvfJyY4UmocBaYzwnqofnsz8S+vm+rQ9SdMJKmmgiwWhSmHOoaz92GfSUo0HxuCiWTmVkiGWGKiTUhZE8LXp/B/0irZTtWu3FQK9ctlHBlwDE5AETjgHNTBNWiAJiBAgAfwBJ4tZT1aL9bronXFWs4cgR+w3j4BfFmPhQ==</latexit>

f(1)=0 Still, this is a singular point! (No Taylor series around z=1)
How to continue this function?

combinatorial coefficients

To generalise to non-integer n, replace factorials by the Gamma-function , resulting in series
<latexit sha1_base64="WyJRgHXMclmXglWz12P2MxCMCuE="></latexit>

p
1� x = 1� x

2
� x2

8
� x3

16
� 5x4

128
� 7x5

256
� . . .

Recall the Newton binomial formula:

converge for 
<latexit sha1_base64="cdbxQePT99Jl/fjYi/ECN1uG1uI=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBA8LbtJiJtb0IvHCOYByRJmJ7PJkNnZdWZWDEl+wosHRbz6O978GycPQUULGoqqbrq7goQzpR3nw1pZXVvf2MxsZbd3dvf2cweHDRWnktA6iXksWwFWlDNB65ppTluJpDgKOG0Gw8uZ37yjUrFY3OhRQv0I9wULGcHaSK3J/aTDKXK7ubxju55bLhaRIY5TqRQMqbglr+wh13bmyMMStW7uvdOLSRpRoQnHSrVdJ9H+GEvNCKfTbCdVNMFkiPu0bajAEVX+eH7vFJ0apYfCWJoSGs3V7xNjHCk1igLTGWE9UL+9mfiX10516PljJpJUU0EWi8KUIx2j2fOoxyQlmo8MwUQycysiAywx0SairAnh61P0P2kUbLdsl65L+erFMo4MHMMJnIEL51CFK6hBHQhweIAneLZurUfrxXpdtK5Yy5kj+AHr7RMkuZAQ</latexit>

|x|  1

<latexit sha1_base64="2NmuXp0mVAJhOUbKre1l9istGFw=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaQtNd0V3bisYB/QhjKZTtqhk0mcmSgl5lPcuFDErV/izr9x0lZQ0QMDh3Pu5Z45fsyoVLb9Yaysrq1vbBa2its7u3v7ZumgI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/epH73VsiJI34tZrFxAvRmNOAYqS0NDRLgxCpiR+kA3kjVFrJsqFZti3HderVKtTEthuNiiYNp+bWXehY9hxlsERraL4PRhFOQsIVZkjKvmPHykuRUBQzkhUHiSQxwlM0Jn1NOQqJ9NJ59AyeaGUEg0joxxWcq983UhRKOQt9PZkHlb+9XPzL6ycqcL2U8jhRhOPFoSBhUEUw7wGOqCBYsZkmCAuqs0I8QQJhpdsq6hK+fgr/J52K5dSt2lWt3Dxf1lEAR+AYnAIHnIEmuAQt0AYY3IEH8ASejXvj0XgxXhejK8Zy5xD8gPH2CWIRlMM=</latexit>p
2

<latexit sha1_base64="2NmuXp0mVAJhOUbKre1l9istGFw=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBFchaQtNd0V3bisYB/QhjKZTtqhk0mcmSgl5lPcuFDErV/izr9x0lZQ0QMDh3Pu5Z45fsyoVLb9Yaysrq1vbBa2its7u3v7ZumgI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/epH73VsiJI34tZrFxAvRmNOAYqS0NDRLgxCpiR+kA3kjVFrJsqFZti3HderVKtTEthuNiiYNp+bWXehY9hxlsERraL4PRhFOQsIVZkjKvmPHykuRUBQzkhUHiSQxwlM0Jn1NOQqJ9NJ59AyeaGUEg0joxxWcq983UhRKOQt9PZkHlb+9XPzL6ycqcL2U8jhRhOPFoSBhUEUw7wGOqCBYsZkmCAuqs0I8QQJhpdsq6hK+fgr/J52K5dSt2lWt3Dxf1lEAR+AYnAIHnIEmuAQt0AYY3IEH8ASejXvj0XgxXhejK8Zy5xD8gPH2CWIRlMM=</latexit>p
2

<latexit sha1_base64="+USBWul7yZPM3w/7NjUSb2qvs2c=">AAAB8nicdVBPS8MwHE3nvzn/TT16CQ7Bi6Wtc7rb0IvHCW4OujLSLN3C0qQkqTDKPoYXD4p49dN489uYbhVU9EHg8d7vR97vhQmjSjvOh1VaWl5ZXSuvVzY2t7Z3qrt7XSVSiUkHCyZkL0SKMMpJR1PNSC+RBMUhI3fh5Cr37+6JVFTwWz1NSBCjEacRxUgbye/HSI/DKDuhs0G15tjNs4bXbELHduYw5NTzvLoL3UKpgQLtQfW9PxQ4jQnXmCGlfNdJdJAhqSlmZFbpp4okCE/QiPiGchQTFWTzyDN4ZJQhjIQ0j2s4V79vZChWahqHZjKPqH57ufiX56c6uggyypNUE44XH0Upg1rA/H44pJJgzaaGICypyQrxGEmEtWmpYkr4uhT+T7qe7Tbs+k291ros6iiDA3AIjoELzkELXIM26AAMBHgAT+DZ0taj9WK9LkZLVrGzD37AevsEpUeRgw==</latexit>

�i
<latexit sha1_base64="C67nhRcS33R3UXydktnn8I1lkAI=">AAAB8nicdVBPS8MwHE3nvzn/TT16CQ5BEEpb53S3oRePE9wcdGWkWbqFpUlJUmGUfQwvHhTx6qfx5rcx3Sqo6IPA473fj7zfCxNGlXacD6u0tLyyulZer2xsbm3vVHf3ukqkEpMOFkzIXogUYZSTjqaakV4iCYpDRu7CyVXu390Tqajgt3qakCBGI04jipE2kt+PkR6HUXZCZ4NqzbGbZw2v2YSO7cxhyKnneXUXuoVSAwXag+p7fyhwGhOuMUNK+a6T6CBDUlPMyKzSTxVJEJ6gEfEN5SgmKsjmkWfwyChDGAlpHtdwrn7fyFCs1DQOzWQeUf32cvEvz091dBFklCepJhwvPopSBrWA+f1wSCXBmk0NQVhSkxXiMZIIa9NSxZTwdSn8n3Q9223Y9Zt6rXVZ1FEGB+AQHAMXnIMWuAZt0AEYCPAAnsCzpa1H68V6XYyWrGJnH/yA9fYJojuRgQ==</latexit>

+i2

the value depends on 
the continuation path !

Our function branches above z=1. 
To define it, we are forced to cut  the plane along the ray

<latexit sha1_base64="Zs0tptuvx0agD+1szUFL89kk8u4=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCIISkLTUFF0U3LivYBzShTKaTduhkEmYmQlr6JW5cKOLWT3Hn3zh9CCp64MLhnHu5954gYVQq2/4wcmvrG5tb+e3Czu7eftE8OGzLOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfz/3OPRGSxvxOZQnxIzTkNKQYKS31zaLjMQIn8PLcozxUWd8s2ZbjOrVKBWpi2/V6WZO6U3VrLnQse4ESWKHZN9+9QYzTiHCFGZKy59iJ8qdIKIoZmRW8VJIE4TEakp6mHEVE+tPF4TN4qpUBDGOhiyu4UL9PTFEkZRYFujNCaiR/e3PxL6+XqtD1p5QnqSIcLxeFKYMqhvMU4IAKghXLNEFYUH0rxCMkEFY6q4IO4etT+D9ply2nZlVvq6XG1SqOPDgGJ+AMOOACNMANaIIWwCAFD+AJPBsT49F4MV6XrTljNXMEfsB4+wTd+5Ke</latexit>

1  z < +1

What will happen if we attempt to pass by the singular point  z=1  in the complex plane as we did before ?

<latexit sha1_base64="w0I94o232IoaYWsqLPc/yisS4Co=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm21Omu6MZlBfvAdiiZNNOGZjJDkhHq0L9w40IRt/6NO//GTFtBRQ8EDufcS849fsyZ0rb9Ya2srq1vbOa28ts7u3v7hYPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yWXmd+6oVCwSN3oaUy/EI8ECRrA20m0/xHrsB+n9bFAo2iXHdWqVCjLEtuv1siF1p+rWXOSU7DmKsERzUHjvDyOShFRowrFSPceOtZdiqRnhdJbvJ4rGmEzwiPYMFTikykvniWfo1ChDFETSPKHRXP2+keJQqWnom8ksofrtZeJfXi/RgeulTMSJpoIsPgoSjnSEsvPRkElKNJ8agolkJisiYywx0aakvCnh61L0P2mXS06tVL2uFhsXyzpycAwncAYOnEMDrqAJLSAg4AGe4NlS1qP1Yr0uRles5c4R/ID19gl0/JF2</latexit>z
<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> k

Another way to treat this "confusion" :
upgrade the habitat of our function from

- two complex planes glued together along the branch cut :ain't a function
oops ...

the complex plane to  Riemann surface

success not guaranteed

1 10



Analytic functions is a small subset of functions in the complex plane :
<latexit sha1_base64="6eQ3kSrVcidHN+3NC5EGIFiU8hU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSJUkDLTljrdFd24rGAf0A4lk2ba2EwyJBlxGPoPblwo4tb/ceffmD4EFT1w4XDOvdx7jx8xqrRtf1iZldW19Y3sZm5re2d3L79/0FYilpi0sGBCdn2kCKOctDTVjHQjSVDoM9LxJ5czv3NHpKKC3+gkIl6IRpwGFCNtpHZQvD9LTgf5gl1yXKdWqUBDbLteLxtSd6puzYVOyZ6jAJZoDvLv/aHAcUi4xgwp1XPsSHspkppiRqa5fqxIhPAEjUjPUI5Corx0fu0UnhhlCAMhTXEN5+r3iRSFSiWhbzpDpMfqtzcT//J6sQ5cL6U8ijXheLEoiBnUAs5eh0MqCdYsMQRhSc2tEI+RRFibgHImhK9P4f+kXS45tVL1ulpoXCzjyIIjcAyKwAHnoAGuQBO0AAa34AE8gWdLWI/Wi/W6aM1Yy5lD8APW2ycn7o7i</latexit>

f(x, y)
<latexit sha1_base64="pSMklt8yZ40GlVn25ta7gh6rwLM=">AAACBnicbVDLTgJBEJzFF+Jr1aMxmUhMQJHsGqJeTIhePGIijwSQzA6zMGH24cwsYdlw8uKvePGgMV79Bm/+jQPsQcFKOqlUdae7y/IZFdIwvrXEwuLS8kpyNbW2vrG5pW/vVIQXcEzK2GMer1lIEEZdUpZUMlLzOUGOxUjV6l2P/WqfcEE9906GPmk6qONSm2IkldTS9y/tzOCYhrnBCQ2zsEEeAtqHdmaYG94fZVt62sgbE8B5YsYkDWKUWvpXo+3hwCGuxAwJUTcNXzYjxCXFjIxSjUAQH+Ee6pC6oi5yiGhGkzdG8FApbWh7XJUr4UT9PREhR4jQsVSng2RXzHpj8T+vHkj7ohlR1w8kcfF0kR0wKD04zgS2KSdYslARhDlVt0LcRRxhqZJLqRDM2ZfnSeU0b57lC7eFdPEqjiMJ9sAByAATnIMiuAElUAYYPIJn8AretCftRXvXPqatCS2e2QV/oH3+AFyQlyc=</latexit>

= f(x+ iy, x� iy) ⌘ f(z, z⇤)
<latexit sha1_base64="WS+d+yCdY1cJVvRdJzi0SfsS+Iw=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBItQN2VmrNXuim5cVrCt0A4lk2ba0MzDJFOoQ7/DjQtF3Pox7vwbM+0IKnogcDjnXu7JcSPOpDLNDyO3tLyyupZfL2xsbm3vFHf32jKMBaEtEvJQ3LpYUs4C2lJMcXobCYp9l9OOO75M/c6ECsnC4EZNI+r4eBgwjxGstOR45Z6P1cj1kvvZcb9YMiv105pdryOzYs6hyYlt21ULWZlSggzNfvG9NwhJ7NNAEY6l7FpmpJwEC8UIp7NCL5Y0wmSMh7SraYB9Kp1kHnqGjrQyQF4o9AsUmqvfNxLsSzn1XT2ZRpS/vVT8y+vGyjt3EhZEsaIBWRzyYo5UiNIG0IAJShSfaoKJYDorIiMsMFG6p4Iu4eun6H/StitWrVK9rpYaF1kdeTiAQyiDBWfQgCtoQgsI3MEDPMGzMTEejRfjdTGaM7KdffgB4+0T4WKSMg==</latexit>

f(z)

This seemingly harmless "detail" has truly dramatic consequences :

correspond to two-dimensional flow(s) of incompressible liquid vectors 
<latexit sha1_base64="KdyDTtScDl2gpR1B2UwMNDaR8Z4="></latexit>

rRef,r Imf

<latexit sha1_base64="ZMcmji1Rqxg1b2UmDwKwesp1cok="></latexit>

r ⌘
✓

d

dx
,
d

dy

◆
with 

<latexit sha1_base64="6+JiKx3SD5VodonZh5MyEtyyz64="></latexit>

divrf = �f = 0

an analytic function must have  singularity(ies) somewhere in the complex plane (with the only exception                        )
<latexit sha1_base64="Vh1Eh1VAe7CoS+16GAFNpyfLCdg=">AAACAnicdVDLSsNAFJ34rPVVdSVuphahbkLSlpruim5cVrAPaEqZTCft0MkkzkwKNRQ3/oobF4q49Svc+TdOH4KKHrhwOOde7r3HixiVyrI+jKXlldW19dRGenNre2c3s7ffkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3vJj6zRERkob8Wo0j0glQn1OfYqS01M0c+vnbUzfrkpuYjtxs4ooA4pBLNelmcpZpO3a5WISaWFalUtCkYpecsgNt05ohBxaodTPvbi/EcUC4wgxJ2batSHUSJBTFjEzSbixJhPAQ9UlbU44CIjvJ7IUJPNFKD/qh0MUVnKnfJxIUSDkOPN0ZIDWQv72p+JfXjpXvdBLKo1gRjueL/JhBFcJpHrBHBcGKjTVBWFB9K8QDJBBWOrW0DuHrU/g/aRRMu2yWrkq56vkijhQ4AscgD2xwBqrgEtRAHWBwBx7AE3g27o1H48V4nbcuGYuZA/ADxtsn4oeXKA==</latexit>

f(z)⌘const

knowing the function on the border             , you get it everywhere inside:  
<latexit sha1_base64="K0E2XTgT+ysHBBIKcEFgs2JvFgo=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgadlNQtzcgrl4jGAekCxhdjKbjJmdXWZmhRjyD148KOLV//Hm3zh5CCpa0FBUddPdFSScKe04H1ZmbX1jcyu7ndvZ3ds/yB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjOtzv31HpWKxuNGThPoRHgoWMoK1kVr3PSZQvZ8vOLbruZVSCRniONVq0ZCqW/YqHnJtZ4ECrNDo5997g5ikERWacKxU13US7U+x1IxwOsv1UkUTTMZ4SLuGChxR5U8X187QmVEGKIylKaHRQv0+McWRUpMoMJ0R1iP125uLf3ndVIeeP2UiSTUVZLkoTDnSMZq/jgZMUqL5xBBMJDO3IjLCEhNtAsqZEL4+Rf+TVtF2K3b5ulyoXa7iyMIJnMI5uHABNbiCBjSBwC08wBM8W7H1aL1Yr8vWjLWaOYYfsN4+AYQQjx4=</latexit>

z 2 C

<latexit sha1_base64="UBYxjvpRNarCuBJ3aMOTtXVF4Kk="></latexit>

f(w) =

I

C

dz

2⇡i

f(z)

z � w
 (Cauchy)

an integral btw two points does not depend on the integration path (provided no singularities are crossed while deforming it)

an analytic function is fully determined by its singularities

mapping  
<latexit sha1_base64="hMZ+10eAPGNLgZ/6ioKKfrbxWhw=">AAACBXicdVDLSsNAFJ34rPUVdamLwSLUTUnaUtNd0Y3LCvYBTSiT6aQdOnkwMxHakI0bf8WNC0Xc+g/u/BsnfYCKHhg4c8693HuPGzEqpGF8aiura+sbm7mt/PbO7t6+fnDYFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx13fJX5nTvCBQ2DWzmJiOOjYUA9ipFUUl8/sX0kR66XTFNoyxAuv15xep729YJRMi2zVqlARQyjXi8rUjerVs2CZsmYoQAWaPb1D3sQ4tgngcQMCdEzjUg6CeKSYkbSvB0LEiE8RkPSUzRAPhFOMrsihWdKGUAv5OoFEs7U7x0J8oWY+K6qzJYUv71M/MvrxdKznIQGUSxJgOeDvJhBdW4WCRxQTrBkE0UQ5lTtCvEIcYSlCi6vQlheCv8n7XLJrJWqN9VC43IRRw4cg1NQBCa4AA1wDZqgBTC4B4/gGbxoD9qT9qq9zUtXtEXPEfgB7f0L1f6Y0Q==</latexit>

z ! f(z) is conformal  - preserves small shapes (angles)

math summary

Time to ask : What was the purpose of a bungee dive into complex analysis ?

Scattering amplitude is an analytic function of its variables: causality (no effect before cause)

Its singularities are determined by the physical spectrum of the theory unitarity (conservation of probability)

energy

momentum transfer relativity (crossing)
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Analyticity  

and 


Causality



depending on time ordering of x and y, reduces to the product of free wave functions

Free particle propagator

Look at two-particle scattering in the coordinate space

And for the outgoing lines, In the momentum space, the interaction amplitude takes the form

For nearly forward scattering  (                                )  

For causality to hold, we must have

where f0 should not contribute:

for a physical momentum

<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> k<latexit sha1_base64="q+zuhSodN8BUThKdp+9q9fzEuMI=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtqemu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW6TgTMolhzb9dxapYIMcZx6vWxI3a16NQ+5trNACVZoDorv/WFM0ogKTThWquc6ifYzLDUjnM4K/VTRBJMJHtGeoQJHVPnZ4tQZOjPKEIWxNCU0WqjfJzIcKTWNAtMZYT1Wv725+JfXS3Xo+RkTSaqpIMtFYcqRjtH8bzRkkhLNp4ZgIpm5FZExlphok07BhPD1KfqftMu2W7OrN9VS43IVRx5O4BTOwYULaMA1NKEFBEbwAE/wbHHr0XqxXpetOWs1cww/YL19AnKmje8=</latexit>p0

<latexit sha1_base64="YThTbse7i8yx4JH22Vdno3cL7PI="></latexit>

e�ip0(y0�x0)

<latexit sha1_base64="8bAHx0TlaYWpJ0Y1hcArhgLGsAQ="></latexit>

(m2 + p2)� p20

<latexit sha1_base64="Ai7wXmXoZ921lCxKXY4v0qhqFeU="></latexit>

 p(x) =
e�iE x0 + ip·x

p
2E

<latexit sha1_base64="vXWk1IBspRKQbpKNdZboEKTSh3o="></latexit>

E ⌘
p
m2 + p2

The theta-functions ensure that the phase of the exponent is positively definite:

As a consequence, M(E1)≡M(s) is a regular analytic function in the upper half-plane of complex energies E1.

<latexit sha1_base64="YtXAc+4HnYj169u3NnyFW/ly9EU="></latexit>

+ip · (y � x)

<latexit sha1_base64="o++83RtpxThpbQPX6/XrkTVBK7k=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiS11HRXdOOyBfuANpTJdNKOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJtdzv3NPpWKxuNXThPoRHgkWMoK1kZrhoFhybNdzqxcXyBDHqdXKhtTcilf1kGs7C5Rghcag+N4fxiSNqNCEY6V6rpNoP8NSM8LprNBPFU0wmeAR7RkqcESVny0OnaEzowxRGEtTQqOF+n0iw5FS0ygwnRHWY/Xbm4t/eb1Uh56fMZGkmgqyXBSmHOkYzb9GQyYp0XxqCCaSmVsRGWOJiTbZFEwIX5+i/0m7bLtVu9KslOpXqzjycAKncA4uXEIdbqABLSBA4QGe4Nm6sx6tF+t12ZqzVjPH8APW2yc/qo1C</latexit>

f
<latexit sha1_base64="VFsrCpOUe1sm5EEPSDr+pXSTwmw=">AAAB7nicdVBNS8NAEN34WetX1aOXxSJ4sSSxVnsrevFYwX5AG8pmu2mXbjZhdyKE0B/hxYMiXv093vw3btsIKvpg4PHeDDPz/FhwDbb9YS0tr6yurRc2iptb2zu7pb39to4SRVmLRiJSXZ9oJrhkLeAgWDdWjIS+YB1/cj3zO/dMaR7JO0hj5oVkJHnAKQEjdU77XAaQDkplu1I/r7n1OrYr9hyGnLmuW3WwkytllKM5KL33hxFNQiaBCqJ1z7Fj8DKigFPBpsV+ollM6ISMWM9QSUKmvWx+7hQfG2WIg0iZkoDn6veJjIRap6FvOkMCY/3bm4l/eb0Egksv4zJOgEm6WBQkAkOEZ7/jIVeMgkgNIVRxcyumY6IIBZNQ0YTw9Sn+n7TdilOrVG+r5cZVHkcBHaIjdIIcdIEa6AY1UQtRNEEP6Ak9W7H1aL1Yr4vWJSufOUA/YL19An5rj7I=</latexit>�1

<latexit sha1_base64="KXb3O0aYmF5be2RhSaFXOz4ehsY=">AAAB7nicdVBNS8NAEN34WetX1aOXxSIIQklirfZW9OKxgv2ANpTNdtMu3WzC7kQIoT/CiwdFvPp7vPlv3LYRVPTBwOO9GWbm+bHgGmz7w1paXlldWy9sFDe3tnd2S3v7bR0lirIWjUSkuj7RTHDJWsBBsG6sGAl9wTr+5Hrmd+6Z0jySd5DGzAvJSPKAUwJG6pz2uQwgHZTKdqV+XnPrdWxX7DkMOXNdt+pgJ1fKKEdzUHrvDyOahEwCFUTrnmPH4GVEAaeCTYv9RLOY0AkZsZ6hkoRMe9n83Ck+NsoQB5EyJQHP1e8TGQm1TkPfdIYExvq3NxP/8noJBJdexmWcAJN0sShIBIYIz37HQ64YBZEaQqji5lZMx0QRCiahognh61P8P2m7FadWqd5Wy42rPI4COkRH6AQ56AI10A1qohaiaIIe0BN6tmLr0XqxXhetS1Y+c4B+wHr7BHtXj7A=</latexit>

+1



Reversing the logic:
We need to have
Otherwise, the response would not vanish at small but finite negative times

Conclusion: for causality to hold, amplitude should have NO singularities in the upper half-plane  Im E >0 ( be regular )

14

In real world  physical amplitudes cannot have singularities anywhere in the complex plane of energy, either  Im E >0 or Im E <0 .

This is not the end of the story though. 

The reason for that is  Special Relativity  that physical phenomena must respect.  Interaction amplitudes being no exception. 

Moreover, the same applies to all variables a physical amplitude depends on, be it energy or momentum transfer.

4-vectors

space-time interval   (c=1) squared mass 

<latexit sha1_base64="tp6nK07nUR+JTUIxMJtUPbkkHHQ="></latexit>

(pµ)2 ⌘ E2 � p2 = m2

space-time position vector 4-momentum vector

<latexit sha1_base64="kAi2XMc7bTamicLrYrvjGy+925Q="></latexit>

e�iEt+i(p·x)
phase of relativistic wave function

<latexit sha1_base64="W/O7f2AwwREEyCEMHX16DOHP4J0="></latexit>

(xµ)2 ⌘ t2 � r2

<latexit sha1_base64="+7auqYH3hICWIjQ4qX5I9tulhyo="></latexit>

pµxµ ⌘ E t� (p · r)scalar product of  4-vectors

<latexit sha1_base64="ac1ig482LTOx7qIVt/Y+hWIR3FY="></latexit>

xµ = (ct;x, y, z) = (ct, r)
<latexit sha1_base64="2JsnS8CVcvYnPBesUnyuTz3GTTE="></latexit>

pµ = (E/c; px, py, pz) = (E/c,p)

Lorentz invariants

"invariant energy"
<latexit sha1_base64="RdPcwlcGV9uqqBhBTOM9VJ8H4bY="></latexit>

(p1 + p2)
2 = (E1 + E2)

2 � (p1 + p2)
2

<latexit sha1_base64="zFwxozwE52DtTpjPqdJoS6ZSv6U=">AAACCXicdVDLSgMxFM3UV62vUZdugkVoEYaZsVa7EIpScFnBPqCdDpk0bUMzD5KMUIZu3fgrblwo4tY/cOffmD4UFT1w4eSce8m9x4sYFdI037XUwuLS8kp6NbO2vrG5pW/v1EUYc0xqOGQhb3pIEEYDUpNUMtKMOEG+x0jDG15M/MYN4YKGwbUcRcTxUT+gPYqRVJKrwzOYq7hWJ8lhwzfy48OKa3898h0bunrWNErHRbtUgqZhTqHIkW3bBQtacyUL5qi6+lu7G+LYJ4HEDAnRssxIOgnikmJGxpl2LEiE8BD1SUvRAPlEOMn0kjE8UEoX9kKuKpBwqn6fSJAvxMj3VKeP5ED89ibiX14rlr1TJ6FBFEsS4NlHvZhBGcJJLLBLOcGSjRRBmFO1K8QDxBGWKryMCuHzUvg/qduGVTQKV4Vs+XweRxrsgX2QAxY4AWVwCaqgBjC4BffgETxpd9qD9qy9zFpT2nxmF/yA9voBa6KXBA==</latexit>

= (E(c.m.)
1 + E(c.m.)

2 )2
<latexit sha1_base64="vVTxqxGMe0izFePi7ant/90t5v8="></latexit>

= m2
1 +m2

2 + 2(p1p2)
<latexit sha1_base64="ovKVSTeJpU8eVaZHUXXG4jidnd8="></latexit>

= m2
1 +m2

2 + 2E1m2

centre-of-mass frame
<latexit sha1_base64="L21L3rk7tDQ0WS9fdgjBdB3s8y8=">AAACFXicbVDLSsNAFJ3UV62vqEs3U4sgKCUpRd0IRTcuK9gHNCFMppN26GQSZiZCCf0JN/6KGxeKuBXc+TdO2iC1emDgzDn3cu89fsyoVJb1ZRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJ35nXsiJI34nRrHxA3RgNOAYqS05JmnTojU0A/SeOLZ0CmfOGU4J9Xg5c/XmnhmxapaU8C/xM5JBeRoeuan049wEhKuMENS9mwrVm6KhKKYkUnJSSSJER6hAelpylFIpJtOr5rAI630YRAJ/biCU3W+I0WhlOPQ15XZhnLRy8T/vF6iggs3pTxOFOF4NihIGFQRzCKCfSoIVmysCcKC6l0hHiKBsNJBlnQI9uLJf0m7VrXPqvXbeqVxlcdRBAfgEBwDG5yDBrgBTdACGDyAJ/ACXo1H49l4M95npQUj79kHv2B8fAOKFp3R</latexit>

p1+p2 = 0

laboratory frame
<latexit sha1_base64="2yGftAc4g+XJmcNTFOHtQyL9nVc=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlKUTdC0Y3LCvYBbQiT6aQdOnkwMxFKCG78FTcuFHHrV7jzb5y0EbT1wMCZc+7l3nu8mDOpLOvLWFpeWV1bL22UN7e2d3bNvf22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjj69zv3FMhWRTeqUlMnQAPQ+YzgpWWXPOwH2A18vw0ztwaukQ/XytzzYpVtaZAi8QuSAUKNF3zsz+ISBLQUBGOpezZVqycFAvFCKdZuZ9IGmMyxkPa0zTEAZVOOj0hQydaGSA/EvqFCk3V3x0pDqScBJ6uzDeU814u/uf1EuVfOCkL40TRkMwG+QlHKkJ5HmjABCWKTzTBRDC9KyIjLDBROrWyDsGeP3mRtGtV+6xav61XGldFHCU4gmM4BRvOoQE30IQWEHiAJ3iBV+PReDbejPdZ6ZJR9BzAHxgf35ELlug=</latexit>

p2 = 0

Relativity

swift recap

<latexit sha1_base64="zi2HYF5k9SotfYRC1W67JKQhCqw=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgadlNQtzcgl48RjAPSJYwO+kkQ2ZnNzOzgbDkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7K4g5U9pxPqzMxubW9k52N7e3f3B4lD8+aaookRQaNOKRbAdEAWcCGpppDu1YAgkDDq1gfLPwW1OQikXiXs9i8EMyFGzAKNFGaivchUnCpr18wbFdz62UStgQx6lWi4ZU3bJX8bBrO0sU0Br1Xv69249oEoLQlBOlOq4Taz8lUjPKYZ7rJgpiQsdkCB1DBQlB+eny3jm+MEofDyJpSmi8VL9PpCRUahYGpjMkeqR+ewvxL6+T6IHnp0zEiQZBV4sGCcc6wovncZ9JoJrPDCFUMnMrpiMiCdUmopwJ4etT/D9pFm23YpfvyoXa9TqOLDpD5+gSuegK1dAtqqMGooijB/SEnq2J9Wi9WK+r1oy1njlFP2C9fQJjkpA7</latexit>s ⌘



Let us calculate the number of independent variables that characterise a 2 -> (n-2) process  (n-leg amplitude): 

-n(   -1)4  n -6 = 3n-10momentum components
- overall energy-momentum conservation

- on-mass-shell conditions
- subtract 3 rotations and 3 boosts For example, 2->2 = 2 invariants, 2->3 = 5 invariants, etc.

Mandelstam variables for 2->2 scattering

Crossing reactions on the Mandelstam plane

Mandelstam plane

One amplitude in different regions of 
its Mandelstam invariants s, t, u 
describes 3 different processes 
related by relativistic crossing

crossing

So, each of the Mandelstam variables s, t, u 
plays a role of energy 

in one of the cross-channels, and therefore 
is the subject of consideration for causality. 



<latexit sha1_base64="m91WchqBPS2kh+gu8pay0+wSfW8=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmamU6cboejGZQX7gHYsmTTTxmaSIckIpfQf3LhQxK3/486/MX0IKnrgwuGce7n3nihlVGnH+bByK6tr6xv5zcLW9s7uXnH/oKlEJjFpYMGEbEdIEUY5aWiqGWmnkqAkYqQVjS5nfuueSEUFv9HjlIQJGnAaU4y0kZr63E9uvV6x5Nie71XcMjSkUg0Cx5DALZcrHnRtZ44SWKLeK753+wJnCeEaM6RUx3VSHU6Q1BQzMi10M0VShEdoQDqGcpQQFU7m107hiVH6MBbSFNdwrn6fmKBEqXESmc4E6aH67c3Ev7xOpuNqOKE8zTTheLEozhjUAs5eh30qCdZsbAjCkppbIR4iibA2ARVMCF+fwv9J07PdM9u/9ku1i2UceXAEjsEpcEEAauAK1EEDYHAHHsATeLaE9Wi9WK+L1py1nDkEP2C9fQIsfI7k</latexit>

t = 4m2

<latexit sha1_base64="M6oqW+4pcq00UvWk5Zc1WUjYNNM=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0hirfYgFL14rGDaQhvLZrtpl+5uwu5GKKG/wYsHRbz6g7z5b9y2EVT0wcDjvRlm5oUJo0o7zodVWFpeWV0rrpc2Nre2d8q7ey0VpxITH8cslp0QKcKoIL6mmpFOIgniISPtcHw189v3RCoai1s9SUjA0VDQiGKkjeSrC37n9csVx66f1rx6HTq2M4chJ57nVV3o5koF5Gj2y++9QYxTToTGDCnVdZ1EBxmSmmJGpqVeqkiC8BgNSddQgThRQTY/dgqPjDKAUSxNCQ3n6veJDHGlJjw0nRzpkfrtzcS/vG6qo/MgoyJJNRF4sShKGdQxnH0OB1QSrNnEEIQlNbdCPEISYW3yKZkQvj6F/5OWZ7s1u3pTrTQu8ziK4AAcgmPggjPQANegCXyAAQUP4Ak8W8J6tF6s10Vrwcpn9sEPWG+fpA6OmA==</latexit> s
=
m

2

<latexit sha1_base64="xWsIUvs+ALzuFrs6U/ztHmmP4ug=">AAAB7HicdVDLSgMxFM34rPVVdekmWARXQ6ZOXwuh6MZlBacttLVk0kwbmskMSUYoQ7/BjQtF3PpB7vwbM20FFT1w4XDOvdx7jx9zpjRCH9bK6tr6xmZuK7+9s7u3Xzg4bKkokYR6JOKR7PhYUc4E9TTTnHZiSXHoc9r2J1eZ376nUrFI3OppTPshHgkWMIK1kbzkIrwrDQpFZCNULqMqRHbFqdXrJUPQuVtxHegYK0MRLNEcFN57w4gkIRWacKxU10Gx7qdYakY4neV7iaIxJhM8ol1DBQ6p6qfzY2fw1ChDGETSlNBwrn6fSHGo1DT0TWeI9Vj99jLxL6+b6KDWT5mIE00FWSwKEg51BLPP4ZBJSjSfGoKJZOZWSMZYYqJNPnkTwten8H/SKtlOxXZv3GLjchlHDhyDE3AGHFAFDXANmsADBDDwAJ7AsyWsR+vFel20rljLmSPwA9bbJ708jqo=</latexit>u
=
m
2

<latexit sha1_base64="x4w2Ftq7kEWRtkuzOAX5JNJ600Q=">AAAB7nicdVDLSgMxFM3UV62vqks3qUVwNWTq9LUQim5cVrAP6Awlk2ba0MyDJCOUoR/hxoUibv0ed/6NmbaCih64cDjnXu69x4s5kwqhDyO3tr6xuZXfLuzs7u0fFA+PujJKBKEdEvFI9D0sKWch7SimOO3HguLA47TnTa8zv3dPhWRReKdmMXUDPA6ZzwhWWuolTunSKaFhsYxMhKpVVIfIrFmNZrOiCbqwa7YFLW1lKIMV2sPiuzOKSBLQUBGOpRxYKFZuioVihNN5wUkkjTGZ4jEdaBrigEo3XZw7h2daGUE/ErpCBRfq94kUB1LOAk93BlhN5G8vE//yBonyG27KwjhRNCTLRX7CoYpg9jscMUGJ4jNNMBFM3wrJBAtMlE6ooEP4+hT+T7oV06qZ9q1dbl2t4siDE3AKzoEF6qAFbkAbdAABU/AAnsCzERuPxovxumzNGauZY/ADxtsnTjSO6w==</latexit>u
=
0

<latexit sha1_base64="LbrVK3rWlAUMv7/rsWpsVjR4zE0=">AAAB7nicdVDLSsNAFL3xWeur6tLN1CK4Ckms1S6EohuXFewDmlAm00k7dPJgZiKU0I9w40IRt36PO//GaRtBRQ9cOJxzL/fe4yecSWVZH8bS8srq2npho7i5tb2zW9rbb8s4FYS2SMxj0fWxpJxFtKWY4rSbCIpDn9OOP76e+Z17KiSLozs1SagX4mHEAkaw0lJHuuVLt2z1SxXLrJ/VnHodWaY1hyanjuNUbWTnSgVyNPuld3cQkzSkkSIcS9mzrUR5GRaKEU6nRTeVNMFkjIe0p2mEQyq9bH7uFB1rZYCCWOiKFJqr3ycyHEo5CX3dGWI1kr+9mfiX10tVcOFlLEpSRSOyWBSkHKkYzX5HAyYoUXyiCSaC6VsRGWGBidIJFXUIX5+i/0nbMe2aWb2tVhpXeRwFOIQjOAEbzqEBN9CEFhAYwwM8wbORGI/Gi/G6aF0y8pkD+AHj7RM1Ao7Z</latexit> s=
0

<latexit sha1_base64="LpZrZcS1/kVAFX2XX0U6ZrantUI=">AAAB7nicdVDLSgMxFM3UV62vqks3qUVwNWTaUqcLoejGZQX7gM5QMmmmDc1khiQjlKEf4caFIm79Hnf+jelDUNEDFw7n3Mu99wQJZ0oj9GHl1tY3Nrfy24Wd3b39g+LhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67weR67nfvqVQsFnd6mlA/wiPBQkawNlJXe6VLr4QGxTKyHdepV6vQEIQajYohDafm1l3o2GiBMlihNSi+e8OYpBEVmnCsVN9BifYzLDUjnM4KXqpogskEj2jfUIEjqvxsce4MnhllCMNYmhIaLtTvExmOlJpGgemMsB6r395c/Mvrpzp0/YyJJNVUkOWiMOVQx3D+OxwySYnmU0MwkczcCskYS0y0SahgQvj6FP5POhXbqdu121q5ebWKIw9OwCk4Bw64AE1wA1qgDQiYgAfwBJ6txHq0XqzXZWvOWs0cgx+w3j4BWTmO8w==</latexit>

t=0

<latexit sha1_base64="Hfb0M0WsQ/BVROaJHQIFBjtom8o=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwY0hirXZXdOOygn1AG8tkOmmHzkzCzEQoob/gxoUibv0hd/6NkzaCih64cDjnXu69J4gZVdpxPqzC0vLK6lpxvbSxubW9U97da6sokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTTK4yv3NPpKKRuNXTmPgcjQQNKUY6k074nTcoVxy7flbz6nXo2M4chpx6nld1oZsrFZCjOSi/94cRTjgRGjOkVM91Yu2nSGqKGZmV+okiMcITNCI9QwXiRPnp/NYZPDLKEIaRNCU0nKvfJ1LElZrywHRypMfqt5eJf3m9RIcXfkpFnGgi8GJRmDCoI5g9DodUEqzZ1BCEJTW3QjxGEmFt4imZEL4+hf+Ttme7Nbt6U600LvM4iuAAHIJj4IJz0ADXoAlaAIMxeABP4Nni1qP1Yr0uWgtWPrMPfsB6+wS2jY4L</latexit> �
m

2

<latexit sha1_base64="JM7Yze2yEaokxAyJlenS6pC4ZG8=">AAAB63icdVDLSgMxFM34rPVVdekmWAQ3Dpk6fe2KblxWsA9ox5JJM21oMjMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89fsyZ0gh9WCura+sbm7mt/PbO7t5+4eCwraJEEtoiEY9k18eKchbSlmaa024sKRY+px1/cpX5nXsqFYvCWz2NqSfwKGQBI1hn0rm4Kw0KRWQjVC6jKkR2xanV6yVD0IVbcR3oGCtDESzRHBTe+8OIJIKGmnCsVM9BsfZSLDUjnM7y/UTRGJMJHtGeoSEWVHnp/NYZPDXKEAaRNBVqOFe/T6RYKDUVvukUWI/Vby8T//J6iQ5qXsrCONE0JItFQcKhjmD2OBwySYnmU0MwkczcCskYS0y0iSdvQvj6FP5P2iXbqdjujVtsXC7jyIFjcALOgAOqoAGuQRO0AAFj8ACewLMlrEfrxXpdtK5Yy5kj8APW2yfMq44b</latexit>�
m
2

<latexit sha1_base64="Rl4pb9Exl7hDjhkZCyjIdC8ax6Q=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCG8uMFHVZdOOygn1AZyyZNNOGJjNDkhHKUNz4K25cKOLWr3Dn35i2A2rrgcDJOfeSnBMknCntOF/WwuLS8spqYa24vrG5tW3v7DZUnEpC6yTmsWwFWFHOIlrXTHPaSiTFIuC0GQyuxn7znkrF4uhWDxPqC9yLWMgI1kbq2PteDwuBEb07QZ6O0c+1Y5ecsjMBmiduTkqQo9axP71uTFJBI004VqrtOon2Myw1I5yOil6qaILJAPdo29AIC6r8bBJhhI6M0kVhLM2JNJqovzcyLJQaisBMCqz7atYbi/957VSHF37GoiTVNCLTh8KUI5N13AfqMkmJ5kNDMJHM/BWRPpaYaNNa0ZTgzkaeJ43TsntWrtxUStXLvI4CHMAhHIML51CFa6hBHQg8wBO8wKv1aD1bb9b7dHTBynf24A+sj284u5YL</latexit>

�e� ! �e�
<latexit sha1_base64="LhqzDYrGVBF9ywRrr4rreuKIJOQ=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCIJQZKeqy6MZlBfuAzlgyaaYNTWaGJCOUobjxV9y4UMStX+HOvzFtB9TWA4GTc+4lOSdIOFPacb6shcWl5ZXVwlpxfWNza9ve2W2oOJWE1knMY9kKsKKcRbSumea0lUiKRcBpMxhcjf3mPZWKxdGtHibUF7gXsZARrI3Usfe9HhYCI3p3gjwdo59rxy45ZWcCNE/cnJQgR61jf3rdmKSCRppwrFTbdRLtZ1hqRjgdFb1U0QSTAe7RtqERFlT52STCCB0ZpYvCWJoTaTRRf29kWCg1FIGZFFj31aw3Fv/z2qkOL/yMRUmqaUSmD4UpRybruA/UZZISzYeGYCKZ+SsifSwx0aa1oinBnY08TxqnZfesXLmplKqXeR0FOIBDOAYXzqEK11CDOhB4gCd4gVfr0Xq23qz36eiCle/swR9YH98yjZYH</latexit>

�e+ ! �e+

<latexit sha1_base64="2JL5wg0J08NyaKBjRaC/0CRn/oQ=">AAACEnicbVBNSwMxEM36WetX1aOXYBEUsexKUY+iF48VrAptLbPpbBtMdpdkVinF3+DFv+LFgyJePXnz35jWPfj1IJnHezMk88JUSUu+/+GNjU9MTk0XZoqzc/MLi6Wl5TObZEZgXSQqMRchWFQyxjpJUniRGgQdKjwPr46G/vk1GiuT+JT6KbY0dGMZSQHkpHZpk+PlNnfXFudNhREZ2e0RGJPcOKELWkNe2qWyX/FH4H9JkJMyy1Frl96bnURkGmMSCqxtBH5KrQEYkkLhbbGZWUxBXEEXG47GoNG2BqOVbvm6Uzo8Sow7MfGR+n1iANravg5dpwbq2d/eUPzPa2QU7bcGMk4zwlh8PRRlilPCh/nwjjQoSPUdAWGk+ysXPTAgyKVYdCEEv1f+S852KsFupXpSLR8c5nEU2CpbYxssYHvsgB2zGqszwe7YA3tiz9699+i9eK9frWNePrPCfsB7+wSVoZw6</latexit>

e�e+ $ ��

<latexit sha1_base64="+N7W+TIwBZgnV3fUdH+6feQ/7G4=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+toV3bhswbZCO5RMmmljM5khyQhl6Be4caGIWz/JnX9jpq2gogcuHM65l3vv8WPOlEbow8qtrW9sbuW3Czu7e/sHxcOjrooSSWiHRDyStz5WlDNBO5ppTm9jSXHoc9rzp1eZ37unUrFI3OhZTL0QjwULGMHaSO1kWCwhG6FKBdUgsqtOvdEoG4Iu3KrrQMdYGUpghdaw+D4YRSQJqdCEY6X6Doq1l2KpGeF0XhgkisaYTPGY9g0VOKTKSxeHzuGZUUYwiKQpoeFC/T6R4lCpWeibzhDrifrtZeJfXj/RQd1LmYgTTQVZLgoSDnUEs6/hiElKNJ8Zgolk5lZIJlhiok02BRPC16fwf9It207VdttuqXm5iiMPTsApOAcOqIEmuAYt0AEEUPAAnsCzdWc9Wi/W67I1Z61mjsEPWG+fSdeNSA==</latexit>u

<latexit sha1_base64="JLTEa5wGniFyTUMaR4MPTf+JvLc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hirfZW9OKxBfsBbSib7aZdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxtdzv31PpWKxuNWThPoRHgoWMoK1kRqqXyw5dvW84lWryLGdBQw58zyv7CI3U0qQod4vvvcGMUkjKjThWKmu6yTan2KpGeF0VuiliiaYjPGQdg0VOKLKny4OnaETowxQGEtTQqOF+n1iiiOlJlFgOiOsR+q3Nxf/8rqpDi/9KRNJqqkgy0VhypGO0fxrNGCSEs0nhmAimbkVkRGWmGiTTcGE8PUp+p+0PNut2OVGuVS7yuLIwxEcwym4cAE1uIE6NIEAhQd4gmfrznq0XqzXZWvOymYO4Qest08wsY02</latexit>s

<latexit sha1_base64="LY3q7lmfR/gOffOLMh3EbWxHOfw=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiS11HRXdOOyBfuANpTJdNKOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJtdzv3NPpWKxuNXThPoRHgkWMoK1kZp6UCw5tuu51YsLZIjj1GplQ2puxat6yLWdBUqwQmNQfO8PY5JGVGjCsVI910m0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHztCZUYYojKUpodFC/T6R4UipaRSYzgjrsfrtzcW/vF6qQ8/PmEhSTQVZLgpTjnSM5l+jIZOUaD41BBPJzK2IjLHERJtsCiaEr0/R/6Rdtt2qXWlWSvWrVRx5OIFTOAcXLqEON9CAFhCg8ABP8GzdWY/Wi/W6bM1Zq5lj+AHr7RNU4o1Q</latexit>

t

<latexit sha1_base64="JLTEa5wGniFyTUMaR4MPTf+JvLc=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hirfZW9OKxBfsBbSib7aZdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxtdzv31PpWKxuNWThPoRHgoWMoK1kRqqXyw5dvW84lWryLGdBQw58zyv7CI3U0qQod4vvvcGMUkjKjThWKmu6yTan2KpGeF0VuiliiaYjPGQdg0VOKLKny4OnaETowxQGEtTQqOF+n1iiiOlJlFgOiOsR+q3Nxf/8rqpDi/9KRNJqqkgy0VhypGO0fxrNGCSEs0nhmAimbkVkRGWmGiTTcGE8PUp+p+0PNut2OVGuVS7yuLIwxEcwym4cAE1uIE6NIEAhQd4gmfrznq0XqzXZWvOymYO4Qest08wsY02</latexit>s

<latexit sha1_base64="w6b7GGbJ5vtJOHmyP4RjfY5sS3g=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0hirfZW9OKxBfsBbSib7aZdu9mE3YlQSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLBNTjOh5VbWV1b38hvFra2d3b3ivsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB+Hrut++Z0jyWtzBJmB+RoeQhpwSM1IB+seTY1fOKV61ix3YWMOTM87yyi91MKaEM9X7xvTeIaRoxCVQQrbuuk4A/JQo4FWxW6KWaJYSOyZB1DZUkYtqfLg6d4ROjDHAYK1MS8EL9PjElkdaTKDCdEYGR/u3Nxb+8bgrhpT/lMkmBSbpcFKYCQ4znX+MBV4yCmBhCqOLmVkxHRBEKJpuCCeHrU/w/aXm2W7HLjXKpdpXFkUdH6BidIhddoBq6QXXURBQx9ICe0LN1Zz1aL9brsjVnZTOH6Aest08yNY03</latexit>

t

<latexit sha1_base64="pEYdw2eD+VUBw74/3Ee7GcQ95Ps=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hirfZW9OKxBfsBbSib7aZdu9mE3Y1QSn+BFw+KePUnefPfuG0jqOiDgcd7M8zMCxLOlHacDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxtdzv31PpWKxuNWThPoRHgoWMoK1kRppv1hy7Op5xatWkWM7Cxhy5nle2UVuppQgQ71ffO8NYpJGVGjCsVJd10m0P8VSM8LprNBLFU0wGeMh7RoqcESVP10cOkMnRhmgMJamhEYL9fvEFEdKTaLAdEZYj9Rvby7+5XVTHV76UyaSVFNBlovClCMdo/nXaMAkJZpPDMFEMnMrIiMsMdEmm4IJ4etT9D9pebZbscuNcql2lcWRhyM4hlNw4QJqcAN1aAIBCg/wBM/WnfVovVivy9aclc0cwg9Yb58zuY04</latexit>u

Mandelstam variables

Compton 
scattering

Consider electron-photon scattering process as an example in the lab. system (electron at rest)

(check)

<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> ks

<latexit sha1_base64="Kg64vc6j/XD1/YicfE04CYjtS3E=">AAAB/HicdVDLSsNAFJ3UV62vaJduBosgSEPSlpouhKIblxXsA9pYJtNJO3QmCTMTIZT6K25cKOLWD3Hn3zh9CCp64MLhnHu59x4/ZlQq2/4wMiura+sb2c3c1vbO7p65f9CSUSIwaeKIRaLjI0kYDUlTUcVIJxYEcZ+Rtj++nPntOyIkjcIblcbE42gY0oBipLTUN/PJOSxKWFTwtCcTDvltCfbNgm05rlMtl6Emtl2rlTSpORW36kLHsucogCUaffO9N4hwwkmoMENSdh07Vt4ECUUxI9NcL5EkRniMhqSraYg4kd5kfvwUHmtlAINI6AoVnKvfJyaIS5lyX3dypEbytzcT//K6iQpcb0LDOFEkxItFQcKgiuAsCTiggmDFUk0QFlTfCvEICYSVziunQ/j6FP5PWiXLqVqV60qhfrGMIwsOwRE4AQ44A3VwBRqgCTBIwQN4As/GvfFovBivi9aMsZzJgx8w3j4BHxqTLQ==</latexit>

u = �s� t+
X

m2
forward

backward (c.m
.s.)

<latexit sha1_base64="XOuL16TuB0BTVMMYbf+Ir3ikQ04=">AAAB+3icdVDLSsNAFJ3UV62vWJduBosgCCFpS00XQlEElxVsK7QxTKaTduhMEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuaXlldW1/HphY3Nre8fcLbZlnApMWjhmsbgJkCSMRqSlqGLkJhEE8YCRTjA6n/qdOyIkjaNrNU6Ix9EgoiHFSGnJN4unsMwv/N4AcY7gMeS3Zd8s2ZbjOrVKBWpi2/V6WZO6U3VrLnQse4YSWKDpm++9foxTTiKFGZKy69iJ8jIkFMWMTAq9VJIE4REakK6mEeJEetns9gk81EofhrHQFSk4U79PZIhLOeaB7uRIDeVvbyr+5XVTFbpeRqMkVSTC80VhyqCK4TQI2KeCYMXGmiAsqL4V4iESCCsdV0GH8PUp/J+0y5ZTs6pX1VLjbBFHHuyDA3AEHHACGuASNEELYHAPHsATeDYmxqPxYrzOW3PGYmYP/IDx9gnv4JMe</latexit>

= 2mE� +m2

<latexit sha1_base64="aWrfADchHGzd6AzXlEvggnCjLMA="></latexit>

= �2E�E
0
�(1� cos⇥)

s translates into the incident photon energy.
So our causality consideration directly applies to it.

Fix the momentum transfer variable at some physical value (t<0)
<latexit sha1_base64="HSzrt7NIIVhHsYrGFDlLKVh8uBI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSJUkGGmLXW6q7pxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxAzqrTjfFiZldW19Y3sZm5re2d3L79/0FIikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIOxlczv31PpKKC3+pJTPwIDTkNKUbaSK2LojrTp/18wbFdz62Wy9AQx6nVSobU3IpX9aBrO3MUwBKNfv69NxA4iQjXmCGluq4Taz9FUlPMyDTXSxSJER6jIekaylFElJ/Or53CE6MMYCikKa7hXP0+kaJIqUkUmM4I6ZH67c3Ev7xuokPPTymPE004XiwKEwa1gLPX4YBKgjWbGIKwpOZWiEdIIqxNQDkTwten8H/SKtlu1a7cVAr1y2UcWXAEjkERuOAc1ME1aIAmwOAOPIAn8GwJ69F6sV4XrRlrOXMIfsB6+wTf1o6z</latexit>

A(s, t)and study the amplitude             as a function of s .

<latexit sha1_base64="36zQc1M1VdDdWj9AduU7wGBLVjQ=">AAACC3icdVA9SwNBEN3z2/gVtbRZEgRtwt0Zo+lEG8sIJgq549jbbHRxd+/YnRPjkd7Gv2JjoYitf8DOf+PmQ1DRBwOP92aYmRenghtw3Q9nYnJqemZ2br6wsLi0vFJcXWuZJNOUNWkiEn0eE8MEV6wJHAQ7TzUjMhbsLL46Gvhn10wbnqhT6KUslORC8S6nBKwUFUvYRHkg4+QmDwzVPAXDb1mgJZZc9ft4C7ajYtmt1Hdrfr2O3Yo7hCU7vu9XPeyNlTIaoxEV34NOQjPJFFBBjGl7bgphTjRwKli/EGSGpYRekQvWtlQRyUyYD3/p402rdHA30bYU4KH6fSIn0piejG2nJHBpfnsD8S+vnUF3P8y5SjNgio4WdTOBIcGDYHCHa0ZB9CwhNgh7K6aXRBMKNr6CDeHrU/w/afkVr1apnlTLB4fjOObQBiqhLeShPXSAjlEDNRFFd+gBPaFn5955dF6c11HrhDOeWUc/4Lx9Ao49m2I=</latexit>

smin(t)
<latexit sha1_base64="y9R1aMqMigCLMTCJ+5+re8tk0n8="></latexit>

umin(t)Look now at the complex s-plane

<latexit sha1_base64="GYbnXsm/NBSt3qS2o/Ca1vE8irw=">AAACB3icdVDLSgMxFM3UV62vUZeCBIvgqsy0pU53RTcuK9gHdIaSSdM2NMkMSUasQ3du/BU3LhRx6y+4829MH4KKHrhwOOde7r0njBlV2nE+rMzS8srqWnY9t7G5tb1j7+41VZRITBo4YpFsh0gRRgVpaKoZaceSIB4y0gpH51O/dU2kopG40uOYBBwNBO1TjLSRuvYhVN3U52F0k/oKSxprRW+JLznkVEwmXTvvFFzPrZRK0BDHqVaLhlTdslfxoFtwZsiDBepd+93vRTjhRGjMkFId14l1kCKpKWZkkvMTRWKER2hAOoYKxIkK0tkfE3hslB7sR9KU0HCmfp9IEVdqzEPTyZEeqt/eVPzL6yS67wUpFXGiicDzRf2EQR3BaSiwRyXBmo0NQSYEcyvEQyQR1ia6nAnh61P4P2kWC26lUL4s52tniziy4AAcgRPgglNQAxegDhoAgzvwAJ7As3VvPVov1uu8NWMtZvbBD1hvn46Ymm4=</latexit>smin

Physical region of the s-channel starts at       
and extends to         .

<latexit sha1_base64="sIkpHOi+aSjlzjEjRKEZ+l6jLGc="></latexit>

s = smin ⇠ 2m2 � t
<latexit sha1_base64="ti98QlylYd8uU2kIyy7TdhCSr6A=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0UQhJK0paa7ohuXFewD2lAm00k7dDIJMzdCCP0INy4Ucev3uPNvnD4EFT1w4XDOvdx7jx8LrsG2P6zc2vrG5lZ+u7Czu7d/UDw86ugoUZS1aSQi1fOJZoJL1gYOgvVixUjoC9b1p9dzv3vPlOaRvIM0Zl5IxpIHnBIwUvdiwGUA6bBYssuO69SrVWyIbTcaFUMaTs2tu9gp2wuU0AqtYfF9MIpoEjIJVBCt+44dg5cRBZwKNisMEs1iQqdkzPqGShIy7WWLc2f4zCgjHETKlAS8UL9PZCTUOg190xkSmOjf3lz8y+snELhexmWcAJN0uShIBIYIz3/HI64YBZEaQqji5lZMJ0QRCiahggnh61P8P+lUyk69XLutlZpXqzjy6ASdonPkoEvURDeohdqIoil6QE/o2YqtR+vFel225qzVzDH6AevtE54Ej8k=</latexit>

+1
Recall that in the causality check, to make sure that the effect follows 
the cause, we had to integrate over energy (s) from minus to plus infinity. 

At negative s we hit the physical region of the crossing channel 
where our amplitude describes photon-positron scattering with u as energy.

<latexit sha1_base64="ogTn4na95tgybzTwyeKTDdGK0NQ="></latexit>

u � umin

<latexit sha1_base64="WSWHr1LpN1Lf2HaFhqtnjh0MJu8=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKWmu6KblxWsA9pY5lMJunQmUmYmQgl9CvcuFDErZ/jzr9x+hBU9MCFwzn3cu89Qcqo0o7zYa2srq1vbBa2its7u3v7pYPDjkoyiUkbJyyRvQApwqggbU01I71UEsQDRrrB+HLmd++JVDQRN3qSEp+jWNCIYqSNdKvuBiGKYyKHpbJju55br1ahIY7TaFQMabg1r+5B13bmKIMlWsPS+yBMcMaJ0Jghpfquk2o/R1JTzMi0OMgUSREeo5j0DRWIE+Xn84On8NQoIYwSaUpoOFe/T+SIKzXhgenkSI/Ub28m/uX1Mx15fk5Fmmki8GJRlDGoEzj7HoZUEqzZxBCEJTW3QjxCEmFtMiqaEL4+hf+TTsV263btulZuXizjKIBjcALOgAvOQRNcgRZoAww4eABP4NmS1qP1Yr0uWles5cwR+AHr7RNL0pDD</latexit>

s† causality

<latexit sha1_base64="bLSX8Y1e2USQGLFTun+HRsKt6OI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKWmu6KblxWsA9pY5lMJunQmUmYmQgl9CvcuFDErZ/jzr9x+hBU9MCFwzn3cu89Qcqo0o7zYa2srq1vbBa2its7u3v7pYPDjkoyiUkbJyyRvQApwqggbU01I71UEsQDRrrB+HLmd++JVDQRN3qSEp+jWNCIYqSNdJvdDUIUx0QOS2XHdj23Xq1CQxyn0agY0nBrXt2Dru3MUQZLtIal90GY4IwToTFDSvVdJ9V+jqSmmJFpcZApkiI8RjHpGyoQJ8rP5wdP4alRQhgl0pTQcK5+n8gRV2rCA9PJkR6p395M/MvrZzry/JyKNNNE4MWiKGNQJ3D2PQypJFiziSEIS2puhXiEJMLaZFQ0IXx9Cv8nnYrt1u3ada3cvFjGUQDH4AScARecgya4Ai3QBhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydO6pDF</latexit>

u† causality

No singularities "upstairs"

Neither "downstairs"



We conclude that interaction amplitudes may not have singularities anywhere in the complex plane of any of its Mandelstam variables. 

Singularities may lie only on the real axis. What are these singularities?

First of all, the amplitude has a pole at                with M the mass of the s-channel exchange particle. 
<latexit sha1_base64="3ZfGxdbchXnEWiYB+ELnNT5UkSo=">AAAB7HicdVDLSgNBEOyNrxhfUY9eBoPgadlNQtwchKAXL0IE84BkDbOT2WTI7OwyMyuEkG/w4kERr36QN//GyUNQ0YKGoqqb7q4g4Uxpx/mwMiura+sb2c3c1vbO7l5+/6Cp4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB0OfNb91QqFotbPU6oH+GBYCEjWBupoc6v74q9fMGxXc+tlErIEMepVouGVN2yV/GQaztzFGCJei//3u3HJI2o0IRjpTquk2h/gqVmhNNprpsqmmAywgPaMVTgiCp/Mj92ik6M0kdhLE0Jjebq94kJjpQaR4HpjLAeqt/eTPzL66Q69PwJE0mqqSCLRWHKkY7R7HPUZ5ISzceGYCKZuRWRIZaYaJNPzoTw9Sn6nzSLtluxyzflQu1iGUcWjuAYTsGFM6jBFdShAQQYPMATPFvCerRerNdFa8ZazhzCD1hvn5X7jpE=</latexit>

s = M2

For example, a pn scattering amplitude has a pole at the deuteron mass: 
<latexit sha1_base64="1xnso7Eu65gQ0W33JvuyDC3oIqs="></latexit>

Apn(s) =
�2

M2
D � s

+A[reg](s)Dp
n

<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> ks
<latexit sha1_base64="nWTqFA8QR5BUlSzbQ8jJkc0WhLc="></latexit>

MD
2

<latexit sha1_base64="+WOEEOY6A7g9dp43vYJLGUAUDNw="></latexit>

(mp+mn)
2

physical region

This pole singularity lies outside the physical scattering region 

since deuteron is a stable particle, being lighter than p+n.

The same can be said, e.g.,  for pion-nucleon scattering: 
N

N

<latexit sha1_base64="z05dQWVgO50ElmGSf6bKy60vifA=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFclaQtNd0V3bisYB/QhDKZTtqhk2SYmQgl9DfcuFDErT/jzr9x0lZQ0QMDh3Pu5Z45geBMadv+sNbWNza3tgs7xd29/YPD0tFxVyWpJLRDEp7IfoAV5SymHc00p30hKY4CTnvB9Dr3e/dUKpbEd3omqB/hccxCRrA2kpd5EdaTIPQEmw9LZbviuE6jVkOG2HazWTWk6dTdhoucir1AGVZoD0vv3ighaURjTThWauDYQvsZlpoRTudFL1VUYDLFYzowNMYRVX62yDxH50YZoTCR5sUaLdTvGxmOlJpFgZnMI6rfXi7+5Q1SHbp+xmKRahqT5aEw5UgnKC8AjZikRPOZIZhIZrIiMsESE21qKpoSvn6K/ifdasVpVOq39XLralVHAU7hDC7AgUtowQ20oQMEBDzAEzxbqfVovVivy9E1a7VzAj9gvX0C42mSRQ==</latexit>⇡
<latexit sha1_base64="rzl5qiTDei0cBxvqRv4PRKdvt/k="></latexit>

(mN+m⇡)
2

<latexit sha1_base64="sFl6ZjXsGYH66/9cVmWdZgKqUMw="></latexit>

m2
N

<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> ks
physical region

Obviously,  poles may appear in any crossing channel

What is the meaning of a pole in momentum transfer t from the s-channel point of view?

the NQM Born scattering amplitude develops singularity when the integral diverges for some complex value of q

power tail

Yukawa potential

<latexit sha1_base64="mmm4n20enyC4MWWsZ+qNHNCgaO8=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDaGHZDUJtA0MYygnlANobZySQOmZldZ+6Kcckn2PgrNhaK2Fra+TdOHoVGD1w4nHMv994TRIIbcN0vJzU3v7C4lF7OrKyurW9kN7dqJow1ZVUailA3AmKY4IpVgYNgjUgzIgPB6kH/bOTXb5k2PFSXMIhYS5Ke4l1OCVipnd2H0uHNVaGd+DII7xLfUM0jMPye+Vpiw1VvOMQl7LazOTfvjoH/Em9KcmiKSjv76XdCGkumgApiTNNzI2glRAOngg0zfmxYRGif9FjTUkUkM61k/NAQ71mlg7uhtqUAj9WfEwmRxgxkYDslgWsz643E/7xmDN2TVsJVFANTdLKoGwsMIR6lgztcMwpiYAmxSdhbMb0mmlCwGWZsCN7sy39JrZD3jvLFi2KufDqNI4120C46QB46RmV0jiqoiih6QE/oBb06j86z8+a8T1pTznRmG/2C8/ENfrKc3w==</latexit>

t = �q2sing = 0 no Van-der-Waals 
strong forces, 

since all the hadrons 
are massive



Any singularities other than poles around?

A Feynman diagram with n internal lines has a general structure
with � the number of independent integrations - loops.

Tree graph can be separated in two pieces by cutting through one line

Graphs with Loops
<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1

<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2

<latexit sha1_base64="TnFXd0WF2keaW9dpfuXYmDfv4Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb2Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsFdo2j</latexit>p3

<latexit sha1_base64="5qqAjw1YTtZ9L4PvUnzbaUEklQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEG+o2k</latexit>p4

<latexit sha1_base64="EIrLS0v5UVT6AYB4z0KsUsWK9lw=">AAAB8nicdVDLSsNAFJ3UV62vqks3U4vgxpC0paa7ohuXFewDkhAm00k7dJIJMxOhhH6GGxeKuPVr3Pk3Th+Cih64cDjnXu69J0wZlcqyPozC2vrG5lZxu7Szu7d/UD486kmeCUy6mDMuBiGShNGEdBVVjAxSQVAcMtIPJ9dzv39PhKQ8uVPTlPgxGiU0ohgpLblpUPcqF14lDeygXLVM27Gb9TrUxLJarZomLbvhNB1om9YCVbBCJyi/e0OOs5gkCjMkpWtbqfJzJBTFjMxKXiZJivAEjYiraYJiIv18cfIMnmllCCMudCUKLtTvEzmKpZzGoe6MkRrL395c/MtzMxU5fk6TNFMkwctFUcag4nD+PxxSQbBiU00QFlTfCvEYCYSVTqmkQ/j6FP5PejXTbpqN20a1fbWKowhOwCk4Bza4BG1wAzqgCzDg4AE8gWdDGY/Gi/G6bC0Yq5lj8APG2yfxT5Bp</latexit>p3�p1

<latexit sha1_base64="vCl6jajLuAcYtz5T+UmxsDLU2PM=">AAAB8HicbVDLSgMxFM3UV62vqks3qUUQhGGm1rbLohuXFexDOkPJpJk2NMmMSUYoQ7/CjQtF3Po57vwb0wei1QMXDufcy733BDGjSjvOp5VZWV1b38hu5ra2d3b38vsHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0dXUbz8QqWgkbvU4Jj5HA0FDipE20l3cO/cKZ17hvpcvOrYzA3TsaqV0UXPht+IuSBEs0OjlP7x+hBNOhMYMKdV1nVj7KZKaYkYmOS9RJEZ4hAaka6hAnCg/nR08gSdG6cMwkqaEhjP150SKuFJjHphOjvRQLXtT8T+vm+iw5qdUxIkmAs8XhQmDOoLT72GfSoI1GxuCsKTmVoiHSCKsTUY5E4K7/PJf0irZbsUu35SL9ctFHFlwBI7BKXBBFdTBNWiAJsCAg0fwDF4saT1Zr9bbvDVjLWYOwS9Y719+Qo+S</latexit>

p3+q

<latexit sha1_base64="jKHKt0LC9ZLN12KqSpr2RfxTfyY=">AAAB8XicbVDLSgNBEOyNrxhfUY9eJgZBEMNuiEmOQS8eI5gHZkOYncwmQ2Zn15lZISz5Cy8eFPHq33jzb5w8EI0WNBRV3XR3eRFnStv2p5VaWV1b30hvZra2d3b3svsHTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o6up33qgUrFQ3OpxRLsBHgjmM4K1ke7Oo17JzZ25ufteNm8X7BmQXaiUixdVB30rzoLkYYF6L/vh9kMSB1RowrFSHceOdDfBUjPC6STjxopGmIzwgHYMFTigqpvMLp6gE6P0kR9KU0KjmfpzIsGBUuPAM50B1kO17E3F/7xOrP1qN2EiijUVZL7IjznSIZq+j/pMUqL52BBMJDO3IjLEEhNtQsqYEJzll/+SZrHglAulm1K+drmIIw1HcAyn4EAFanANdWgAAQGP8AwvlrKerFfrbd6ashYzh/AL1vsX6omPyg==</latexit>�p4+q

<latexit sha1_base64="5H8YjsEUg2ISR3Odt9cOrEMqMZY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEJSattj0YvHKrYV2lA22027dLOJuxuhhP4DLx4U8eo/8ua/cdsG0eqDgcd7M8zM82POlHacTyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFI3vlYUc4EbWmmOb2LJcWhz2nHH1/O/M4DlYpF4lZPYuqFeChYwAjWRro5u+8XS47tzIEcu1Ytn9dd9K24GSlBhma/+NEbRCQJqdCEY6W6rhNrL8VSM8LptNBLFI0xGeMh7RoqcEiVl84vnaITowxQEElTQqO5+nMixaFSk9A3nSHWI7XszcT/vG6ig7qXMhEnmgqyWBQkHOkIzd5GAyYp0XxiCCaSmVsRGWGJiTbhFEwI7vLLf0m7bLtVu3JdKTUusjjycATHcAou1KABV9CEFhAI4BGe4cUaW0/Wq/W2aM1Z2cwh/IL1/gVu2I1Q</latexit>

+q
<latexit sha1_base64="vNlSb1YKlob0Cwc71hj6prPKn34=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKtj0WvXhswX5AG8pmu2nXbjZxdyOU0F/gxYMiXv1J3vw3btsgWn0w8Hhvhpl5fsyZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Hrudx6oVCwSt3oaUy/EI8ECRrA2UvN+UCw5trMAcuxqpXxZc9G34makBBkag+JHfxiRJKRCE46V6rlOrL0US80Ip7NCP1E0xmSCR7RnqMAhVV66OHSGzowyREEkTQmNFurPiRSHSk1D33SGWI/VqjcX//N6iQ5qXspEnGgqyHJRkHCkIzT/Gg2ZpETzqSGYSGZuRWSMJSbaZFMwIbirL/8l7bLtVuyL5kWpfpXFkYcTOIVzcKEKdbiBBrSAAIVHeIYX6856sl6tt2VrzspmjuEXrPcvCJ2NGw==</latexit>q

4-integral over q three loops

four loops= one loop

The analysis of such multi-integral expression is rather complicated. 
The answer, however, turns out to be quite compact and transparent.

Landau rules

Poles are characteristic for the so-called Tree Graphs, 
the simples of which we have drawn above
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<latexit sha1_base64="JtkAZ896/gV0GVdhwYdmhyZmBE0=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgKiRtqOmu6MZlBfuANpTJdNqOnUzCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vvCRPOlHacDyu3tr6xuZXfLuzs7u0fFA+PWipOJaFNEvNYdkKsKGeCNjXTnHYSSXEUctoOJ1dzv31PpWKxuNXThAYRHgk2ZARrI7VUP6t4s36x5Niu71YrFWSI49RqZUNqrudXfeTazgIlWKHRL773BjFJIyo04VipruskOsiw1IxwOiv0UkUTTCZ4RLuGChxRFWSLa2fozCgDNIylKaHRQv0+keFIqWkUms4I67H67c3Fv7xuqod+kDGRpJoKslw0TDnSMZq/jgZMUqL51BBMJDO3IjLGEhNtAiqYEL4+Rf+TVtl2q7Z345Xql6s48nACp3AOLlxAHa6hAU0gcAcP8ATPVmw9Wi/W67I1Z61mjuEHrLdPtdGPPw==</latexit>s34

<latexit sha1_base64="z1cXFn519uqRihWNJb1xqnfDeTQ=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuwqSmabsrunFZwT6gDWUynbRDJ5MwMxFK6Ee4caGIW7/HnX/jpK2gogcuHM65l3vvCRLOlEbow1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGBtpK4aZlWvNh+WyshGqFpFNYhsz6k3GhVD0KXruQ50jJWjDFZoDUvvg1FM0ogKTThWqu+gRPsZlpoRTufFQapogskUj2nfUIEjqvxsce4cnhtlBMNYmhIaLtTvExmOlJpFgemMsJ6o314u/uX1Ux3W/YyJJNVUkOWiMOVQxzD/HY6YpETzmSGYSGZuhWSCJSbaJFQ0IXx9Cv8nnYrteLZ765abV6s4CuAUnIEL4IAaaIIb0AJtQMAUPIAn8Gwl1qP1Yr0uW9es1cwJ+AHr7RMpoI97</latexit>s567

<latexit sha1_base64="6BMUDIlN702A+NMyBvONWbARX2g=">AAAB7nicdVBNS8NAEJ34WetX1aOXxSJ4Ckkaq70VvXisYD+gDWWz3bZLN5uwuxFK6I/w4kERr/4eb/4bt20EFX0w8Hhvhpl5YcKZ0o7zYa2srq1vbBa2its7u3v7pYPDlopTSWiTxDyWnRArypmgTc00p51EUhyFnLbDyfXcb99TqVgs7vQ0oUGER4INGcHaSG3Vz9yKP+uXyo5dO696tRpybGcBQyqe5/kucnOlDDka/dJ7bxCTNKJCE46V6rpOooMMS80Ip7NiL1U0wWSCR7RrqMARVUG2OHeGTo0yQMNYmhIaLdTvExmOlJpGoemMsB6r395c/Mvrpnp4GWRMJKmmgiwXDVOOdIzmv6MBk5RoPjUEE8nMrYiMscREm4SKJoSvT9H/pOXZbtX2b/1y/SqPowDHcAJn4MIF1OEGGtAEAhN4gCd4thLr0XqxXpetK1Y+cwQ/YL19AgRFj2E=</latexit>s134

<latexit sha1_base64="Kn4HV6iF1MU3d0mAE0vsWnf0ynw=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgKiS1pOmu6MZlBfuANpTJdNqOnUzCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vvCRPOlHacDyu3tr6xuZXfLuzs7u0fFA+PWipOJaFNEvNYdkKsKGeCNjXTnHYSSXEUctoOJ1dzv31PpWKxuNXThAYRHgk2ZARrI7VUP/Oqs36x5Niu73oXF8gQx6nVyobU3Irv+ci1nQVKsEKjX3zvDWKSRlRowrFSXddJdJBhqRnhdFbopYommEzwiHYNFTiiKsgW187QmVEGaBhLU0Kjhfp9IsORUtMoNJ0R1mP125uLf3ndVA/9IGMiSTUVZLlomHKkYzR/HQ2YpETzqSGYSGZuRWSMJSbaBFQwIXx9iv4nrbLtenblplKqX67iyMMJnMI5uFCFOlxDA5pA4A4e4Amerdh6tF6s12VrzlrNHMMPWG+fvvKPRQ==</latexit>s67

pole in the 
Mandelstam 

"invariant mass"

What happens when more than one particle is exchanged?

resembles Kirchhoff current law equations for electric circuits, 
with momentum ki playing the role of the current, and αi that of resistance.

showing that each internal line either has to have the on-mass-shell momentum 
or should be dropped from consideration (short-circuited).

In each loop, ascribe to each internal line i  a real number                .
<latexit sha1_base64="pZ3kNsdaiIFvbL+KUH0FhknV9yU=">AAAB9XicdVDLSsNAFJ34rPVVdelmsAiuQtKWmu6KblxWsA9oYrmZTtuhk0mYmSgl9D/cuFDErf/izr9x+hBU9MCFwzn3cu89YcKZ0o7zYa2srq1vbOa28ts7u3v7hYPDlopTSWiTxDyWnRAU5UzQpmaa004iKUQhp+1wfDnz23dUKhaLGz1JaBDBULABI6CNdOsDT0bQY/6QYuz0CkXHdj23Wi5jQxynVisZUnMrXtXDru3MUURLNHqFd78fkzSiQhMOSnVdJ9FBBlIzwuk076eKJkDGMKRdQwVEVAXZ/OopPjVKHw9iaUpoPFe/T2QQKTWJQtMZgR6p395M/MvrpnrgBRkTSaqpIItFg5RjHeNZBLjPJCWaTwwBIpm5FZMRSCDaBJU3IXx9iv8nrZLtVu3KdaVYv1jGkUPH6ASdIRedozq6Qg3URARJ9ICe0LN1bz1aL9bronXFWs4coR+w3j4B3rSSIA==</latexit>

↵i � 0

singularities 



Poles (at particle/bound state masses) and branch cuts (starting at n-particle thresholds) on the real axis (!)

singularities (character)
The character of the singularity is determined by the critical number

<latexit sha1_base64="1YxKCuKcqV6XDMgEGK319EWG1gA=">AAACAHicdVDLSgMxFM34rPU16sKFm2AR3LRM2qFOF0JRBJcV7APaUjJp2oZmMkOSEcowG3/FjQtF3PoZ7vwb04egogcuHM65l3vv8SPOlHacD2tpeWV1bT2zkd3c2t7Ztff2GyqMJaF1EvJQtnysKGeC1jXTnLYiSXHgc9r0x5dTv3lHpWKhuNWTiHYDPBRswAjWRurZh0mHYA6vUngO3Q7lHOahgHnUs3NOAXmoXCpBQxynUikaUkGuV/YgKjgz5MACtZ793umHJA6o0IRjpdrIiXQ3wVIzwmma7cSKRpiM8ZC2DRU4oKqbzB5I4YlR+nAQSlNCw5n6fSLBgVKTwDedAdYj9dubin957VgPvG7CRBRrKsh80SDmUIdwmgbsM0mJ5hNDMJHM3ArJCEtMtMksa0L4+hT+TxrFAioX3Bs3V71YxJEBR+AYnAIEzkAVXIMaqAMCUvAAnsCzdW89Wi/W67x1yVrMHIAfsN4+AYhmlHU=</latexit>

E = 4`� n� 1

<latexit sha1_base64="qLVI0IRIGkDtDX15j1NCLiCvkzw="></latexit>

A(s) / (s0 � s)E/2

<latexit sha1_base64="BfgGnINYJPkET58ow/1FwyEPC+E="></latexit>

/ (s0 � s)E/2 ln(s0 � s)

for      odd or negative
<latexit sha1_base64="QwFWfEAWn2WH3QGS4FN8u+HjvX4=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0jaUtNbUQSPFawttKFstpt26WYTdzdCCf0TXjwo4tW/481/4/ZDUNEHA4/3ZpiZFyScKe04H1ZuZXVtfSO/Wdja3tndK+4f3Ko4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwGk7GF/M/PY9lYrF4kZPEupHeChYyAjWRupkPYI5upz2iyXHdj23VqkgQxynXi8bUnerXs1Dru3MUYIlmv3ie28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nr93ik6MMkBhLE0Jjebq94kMR0pNosB0RliP1G9vJv7ldVMden7GRJJqKshiUZhypGM0ex4NmKRE84khmEhmbkVkhCUm2kRUMCF8fYr+J7dl263Z1etqqXG+jCMPR3AMp+DCGTTgCprQAgIcHuAJnq0769F6sV4XrTlrOXMIP2C9fQIbqJAL</latexit>

E

when     is even and positive
<latexit sha1_base64="QwFWfEAWn2WH3QGS4FN8u+HjvX4=">AAAB73icdVBNS8NAEJ3Ur1q/qh69LBbBU0jaUtNbUQSPFawttKFstpt26WYTdzdCCf0TXjwo4tW/481/4/ZDUNEHA4/3ZpiZFyScKe04H1ZuZXVtfSO/Wdja3tndK+4f3Ko4lYS2SMxj2QmwopwJ2tJMc9pJJMVRwGk7GF/M/PY9lYrF4kZPEupHeChYyAjWRupkPYI5upz2iyXHdj23VqkgQxynXi8bUnerXs1Dru3MUYIlmv3ie28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nr93ik6MMkBhLE0Jjebq94kMR0pNosB0RliP1G9vJv7ldVMden7GRJJqKshiUZhypGM0ex4NmKRE84khmEhmbkVkhCUm2kRUMCF8fYr+J7dl263Z1etqqXG+jCMPR3AMp+DCGTTgCprQAgIcHuAJnq0769F6sV4XrTlrOXMIP2C9fQIbqJAL</latexit>

E

Simplest example: one loop, two lines

<latexit sha1_base64="5RWYenLCbyBUwMpKO8vXFrA/mgo="></latexit>

E = 4 · 1� 2� 1 = 1

<latexit sha1_base64="NhiDhgk40okq4O0y7pR9pjejK24=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWAR6sKQtKWmu6oblxVsLTQhTKaTdujk4cxEKKFu/BU3LhRx61+482+cPgQVPTBwOOde7pzjJ4wKaZofWm5hcWl5Jb9aWFvf2NzSt3faIk45Ji0cs5h3fCQIoxFpSSoZ6SScoNBn5Nofnk/861vCBY2jKzlKiBuifkQDipFUkqfvnZbEkZPwOJExdMQNl5nwzGMx9vSiaVi2VatUoCKmWa+XFalbVbtmQ8swpyiCOZqe/u70YpyGJJKYISG6lplIN0NcUszIuOCkgiQID1GfdBWNUEiEm00TjOGhUnowiLl6kYRT9ftGhkIhRqGvJkMkB+K3NxH/8rqpDGw3o1GSShLh2aEgZVClndQBe5QTLNlIEYQ5VX+FeIA4wlKVVlAlfCWF/5N22bBqRvWyWmyczevIg31wAErAAiegAS5AE7QABnfgATyBZ+1ee9RetNfZaE6b7+yCH9DePgFOs5bY</latexit>

A(s) /
p
s0 � s

<latexit sha1_base64="GmGq0XqVRhIZRFZedMhcX8iY9Hg=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GjJtqdOFUHTjsoJ9QDuUTJppQ5PMkGSEUvoLblwo4tYfcuffmGkrqOiBC4dz7uXee8KEM20Q+nBya+sbm1v57cLO7t7+QfHwqK3jVBHaIjGPVTfEmnImacsww2k3URSLkNNOOLnO/M49VZrF8s5MExoIPJIsYgSbTNIDdDkolpDr+V6tUoGWIFSvly2pe1W/5kPPRQuUwArNQfG9P4xJKqg0hGOtex5KTDDDyjDC6bzQTzVNMJngEe1ZKrGgOpgtbp3DM6sMYRQrW9LAhfp9YoaF1lMR2k6BzVj/9jLxL6+XmsgPZkwmqaGSLBdFKYcmhtnjcMgUJYZPLcFEMXsrJGOsMDE2noIN4etT+D9pl12v5lZvq6XG1SqOPDgBp+AceOACNMANaIIWIGAMHsATeHaE8+i8OK/L1pyzmjkGP+C8fQL5lo45</latexit>s0 =
According to Landau rules, this applies to any amplitude that has a 2-particle division, 
that is, can have 2 real particles in the intermediate state (Feynman diagrams be damned)

We see that the interaction amplitude in the physical region 
is always complex and is actually sitting on the branch cut

<latexit sha1_base64="rzl5qiTDei0cBxvqRv4PRKdvt/k="></latexit>

(mN+m⇡)
2

<latexit sha1_base64="sFl6ZjXsGYH66/9cVmWdZgKqUMw="></latexit>

m2
N

<latexit sha1_base64="ISfF8yI7PAb+FPZtiKd/9iv/dzI=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKiRtqemu6MZlBfuAJpTJdNIOnUzCzERaQn7FjQtF3Poj7vwbpw9BRQ9cOJxz78y9J0gYlcq2P4zCxubW9k5xt7S3f3B4ZB6XuzJOBSYdHLNY9AMkCaOcdBRVjPQTQVAUMNILptcLv3dPhKQxv1PzhPgRGnMaUoyUloZm2YuCeJZ5mArMSOZU83xoVmzLcZ1GrQY1se1ms6pJ06m7DRc6lr1EBazRHprv3ijGaUS4wgxJOXDsRPkZEorqN/OSl0qSIDxFYzLQlKOISD9b7p7Dc62MYBgLXVzBpfp9IkORlPMo0J0RUhP521uIf3mDVIWun1GepIpwvPooTBlUMVwEAUdUEKzYXBOEBdW7QjxBAmGl4yrpEL4uhf+TbtVyGlb9tl5pXa3jKIJTcAYugAMuQQvcgDboAAxm4AE8gWcjNx6NF+N11Vow1jMn4AeMt0+5qJTq</latexit> ks
physical region

pole branch cut
So, the answer to the question "what sort of singularities the amplitude may have in the complex energy plane"  is as follows: 

-  two-particle threshold

 Landau rules produce more sophisticated singularities too. 

So-called "anomalous singularities" appear near the physical region 
and are typical for loosely bound systems (see, e.g., deuteron scattering).  

Anomalous singularities are plentiful in the physics of nuclei in general.  

the box graph
<latexit sha1_base64="g4uxy3ixQM07sliWY4Z1nG6264Q=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69rBbBU0jaUlPwUPTisQXbCm0sm+2mXbrZhN2NUEp/hBcPinj193jz37j9EFT0wcDjvRlm5gUJZ0o7zoeVWVldW9/Ibua2tnd29/L7By0Vp5LQJol5LG8DrChngjY105zeJpLiKOC0HYyuZn77nkrFYnGjxwn1IzwQLGQEayO1G3fF7vGF08sXHNv13EqphAxxnGq1aEjVLXsVD7m2M0cBlqj38u/dfkzSiApNOFaq4zqJ9idYakY4nea6qaIJJiM8oB1DBY6o8ifzc6fo1Ch9FMbSlNBorn6fmOBIqXEUmM4I66H67c3Ev7xOqkPPnzCRpJoKslgUphzpGM1+R30mKdF8bAgmkplbERliiYk2CeVMCF+fov9Jq2i7FbvcKBdql8s4snAEJ3AGLpxDDa6hDk0gMIIHeIJnK7EerRfrddGasZYzh/AD1tsnPvOO4g==</latexit>

Q2< 0
<latexit sha1_base64="8nt4cTKEbp+SYZOAjmHxslethCM=">AAACHHicbVBNSwMxFMzW7/pV9ejlYREUseyqqBdF1IMXQcGq0C1LNn1tQ5PsmmSFUvwhXvwrXjwo4sWD4L8xrT2odSAwzMzj5U2cCm6s7396uaHhkdGx8Yn85NT0zGxhbv7SJJlmWGaJSPR1TA0KrrBsuRV4nWqkMhZ4FbeOuv7VLWrDE3Vh2ylWJW0oXueMWidFhU0ZpWsyUrAOp9Ex7EGIqeEiURAKARLCfViRey4UGi7xBlx0NSoU/ZLfAwySoE+KpI+zqPAe1hKWSVSWCWpMJfBTW+1QbTkTeJcPM4MpZS3awIqjiko01U7vuDtYdkoN6ol2T1noqT8nOlQa05axS0pqm+av1xX/8yqZre9WO1ylmUXFvhfVMwE2gW5TUOMamRVtRyjT3P0VWJNqyqzrM+9KCP6ePEguN0rBdmnrfKt4cNivY5wskiWyQgKyQw7ICTkjZcLIPXkkz+TFe/CevFfv7Tua8/ozC+QXvI8vquOfSg==</latexit>

mp +mn �MD = ✏ ⌧ m (m = mp ' mn)



In 1952 the first pion beam experiment by the Enrico Fermi group demonstrated 
a rapid growth of the pion-proton cross section with pion beam energy. 

Discovery of the first baryon resonance         (1230). 

Modern compilation of the         cross section shows multiple bumps and wiggles.<latexit sha1_base64="IYTf/8Vnv6Z4SLHTPYzlDX0iDlM=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3H4IKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hrud+6pVCwRd3qa0iDGI8EiRrA2kt9PGUoHpbJju55br1aRIY7TaFQMabg1r+4h13YWKMMKrUHpvT9MSBZToQnHSvVcJ9VBjqVmhNNZsZ8pmmIywSPaM1TgmKogXxw7Q+dGGaIokaaERgv1+0SOY6WmcWg6Y6zH6rc3F//yepmOvCBnIs00FWS5KMo40gmaf46GTFKi+dQQTCQztyIyxhITbfIpmhC+PkX/k3bFdut27bZWbl6t4ijAKZzBBbhwCU24gRb4QIDBAzzBsyWsR+vFel22rlmrmRP4AevtE+sSjsk=</latexit>⇡p

<latexit sha1_base64="VztewSaFf0cUT1zrSWPhS07w8pE=">AAACEnicdZDLSgMxFIYz9VbrbdSlm2ARlGqZaUud7oq6cFnBXqAdSybNtKGZC0lGKEOfwY2v4saFIm5dufNtTNuxqOgPgY//nMPJ+Z2QUSEN40NLLSwuLa+kVzNr6xubW/r2TkMEEcekjgMW8JaDBGHUJ3VJJSOtkBPkOYw0neH5pN68JVzQwL+Wo5DYHur71KUYSWV19aPOBWES3Zwcw4SMOeXmFOdy466eNfKmZZaLRajAMCqVgoKKWbLKFjTzxlRZkKjW1d87vQBHHvElZkiItmmE0o4RlxQzMs50IkFChIeoT9oKfeQRYcfTk8bwQDk96AZcPV/Cqft9IkaeECPPUZ0ekgPxuzYx/6q1I+ladkz9MJLEx7NFbsSgDOAkH9ijnGDJRgoQ5lT9FeIB4ghLlWJGhfB1KfwfGoW8Wc6XrkrZ6lkSRxrsgX1wCExwCqrgEtRAHWBwBx7AE3jW7rVH7UV7nbWmtGRmF/yQ9vYJF/yb5w==</latexit>

��,�0,�+,�++

This was not expected by Fermi & Co (neither by anyone else).

Apparently, we are missing something. 

<latexit sha1_base64="IYTf/8Vnv6Z4SLHTPYzlDX0iDlM=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3H4IKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hrud+6pVCwRd3qa0iDGI8EiRrA2kt9PGUoHpbJju55br1aRIY7TaFQMabg1r+4h13YWKMMKrUHpvT9MSBZToQnHSvVcJ9VBjqVmhNNZsZ8pmmIywSPaM1TgmKogXxw7Q+dGGaIokaaERgv1+0SOY6WmcWg6Y6zH6rc3F//yepmOvCBnIs00FWS5KMo40gmaf46GTFKi+dQQTCQztyIyxhITbfIpmhC+PkX/k3bFdut27bZWbl6t4ijAKZzBBbhwCU24gRb4QIDBAzzBsyWsR+vFel22rlmrmRP4AevtE+sSjsk=</latexit>⇡p interaction amplitude being an analytic function 
in the complex energy plane, it was expected to
change smoothly at the scales of the order of

on the real axis of the energy variable.
masses that determine position of singularities

There has to be a hidden reason for 
interaction amplitudes to behave furiously. 

Threshold singularities are pretty mild.
If they were the only driver of the behaviour
of strong interaction amplitudes, the physics 
of hadrons would have been boring ...

And here our dive into analytic functions will start paying back



<latexit sha1_base64="IrCb28EwWjRu4UIHDUS+42G93so=">AAACF3icbVDLTgIxFO3gC/E16tJNkZhAiGQGiY8d0Y1LTOSRMAPplA40dB5pOwYy4S/c+CtuXGiMW935NxaYhYInaXLuOffm9h4nZFRIw/jWUiura+sb6c3M1vbO7p6+f9AQQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd4M/WbD4QLGvj3chwS20N9n7oUI6mkrl6yXI5wPOpUJnE+P7Kyp1b2rNApF83CrCxa2fK0hEbJuCpMunpOkRngMjETkgMJal39y+oFOPKILzFDQrRNI5R2jLikmJFJxooECREeoj5pK+ojjwg7nt01gSdK6UE34Or5Es7U3xMx8oQYe47q9JAciEVvKv7ntSPpXtox9cNIEh/PF7kRgzKA05Bgj3KCJRsrgjCn6q8QD5AKSqooMyoEc/HkZdIol8zzUuWukqteJ3GkwRE4BnlgggtQBbegBuoAg0fwDF7Bm/akvWjv2se8NaUlM4fgD7TPHzcXmuU=</latexit>

x4

((x�3)2 + 1)((x+2)2 + 0.09)

<latexit sha1_base64="m3g8Z6+/BLHE1zhC/J5IzMRK+j8=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgadlNQtwchKAXjxHMA5IlzE5mkyGzs+vMrBhCfsKLB0W8+jve/BsnD0FFCxqKqm66u4KEM6Ud58PKrKyurW9kN3Nb2zu7e/n9g6aKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gtHlzG/dUalYLG70OKF+hAeChYxgbaT2/Xmpm0SI9fIFx3Y9t1IqIUMcp1otGlJ1y17FQ67tzFGAJeq9/Hu3H5M0okITjpXquE6i/QmWmhFOp7luqmiCyQgPaMdQgSOq/Mn83ik6MUofhbE0JTSaq98nJjhSahwFpjPCeqh+ezPxL6+T6tDzJ0wkqaaCLBaFKUc6RrPnUZ9JSjQfG4KJZOZWRIZYYqJNRDkTwten6H/SLNpuxS5flwu1i2UcWTiCYzgFF86gBldQhwYQ4PAAT/Bs3VqP1ov1umjNWMuZQ/gB6+0TusuPzA==</latexit>

x = 3± i
<latexit sha1_base64="hqOjepIr1VWni/Ag7d9CwX2+fdU=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4cci0pU4XQtGNywr2Ae1QMmmmDc1kxiRTLEO/w40LRdz6Me78G9OHoKIHLpyccy+59/gxZ0oj9GFlVlbX1jeym7mt7Z3dvfz+QVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uhq5rfGVCoWiVs9iakX4oFgASNYG8m7vzgrduMQQmSXWC9fQLbjOpVSybwdhKrVoiFVp+xWXOjYaI4CWKLey793+xFJQio04VipjoNi7aVYakY4nea6iaIxJiM8oB1DBQ6p8tL50lN4YpQ+DCJpSmg4V79PpDhUahL6pjPEeqh+ezPxL6+T6MD1UibiRFNBFh8FCYc6grMEYJ9JSjSfGIKJZGZXSIZYYqJNTjkTwtel8H/SLNpOxS7flAu1y2UcWXAEjsEpcMA5qIFrUAcNQMAdeABP4NkaW4/Wi/W6aM1Yy5lD8APW2yfPvJDb</latexit>

x = �2± 0.3i

How to force a function to change fast? 

Take as an example of a respectable function of a real argument x

What is the origin of the "bumps" near x=-2 and x=3 ?
Our function is regular on the real axis,  but has poles in the complex points

and

These complex poles affect the behaviour of the function
the more, the closer to the real axis they are located. 

However,  it is clear that such a construction does not solve our trouble :

the fundamental principle  of  causality forbids interaction amplitudes to have any singularities (poles included) at complex energy values. 

Looks quite similar to "       wiggles" and tempting. <latexit sha1_base64="IYTf/8Vnv6Z4SLHTPYzlDX0iDlM=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3H4IKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hrud+6pVCwRd3qa0iDGI8EiRrA2kt9PGUoHpbJju55br1aRIY7TaFQMabg1r+4h13YWKMMKrUHpvT9MSBZToQnHSvVcJ9VBjqVmhNNZsZ8pmmIywSPaM1TgmKogXxw7Q+dGGaIokaaERgv1+0SOY6WmcWg6Y6zH6rc3F//yepmOvCBnIs00FWS5KMo40gmaf46GTFKi+dQQTCQztyIyxhITbfIpmhC+PkX/k3bFdut27bZWbl6t4ijAKZzBBbhwCU24gRb4QIDBAzzBsyWsR+vFel22rlmrmRP4AevtE+sSjsk=</latexit>⇡p
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Recall that, having branch cuts,  the amplitude lives not on the complex plane 
but instead on a Riemann surface which consists of more than one "sheet".

A pole at complex energy will not violate causality if it sits on the unphysical sheet !

This is exactly what resonances do.
Resonance is an unstable particle that corresponds to a pole in the interaction 
amplitude having "complex mass" and sitting on the unphysical sheet (under the cut). 

Difference between resonances and stable particles is rather elusive. 

It is another fundamental principle -  unitarity - that takes care of it. 


