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In terms of the "reaction matrix" T,                                whose elements are transition amplitudes from the initial state a to a final state b,

Yesterday we deduced the implications that causality imposes on interaction amplitudes.

Another basic principle of quantum physics worth exploring is called unitarity.

The name derives from the fact that the matrix S that relates distant future of a process with its remote past, 
It simply states that the sum of the probabilities of all possible outcomes of any event must equal one. 

<latexit sha1_base64="mrdd2j/2rszacd5GQr2Ru2cGQOE="></latexit>

 out = S in ,

must be unitary :  from conservation of probability,                              ,  follows                              .  
<latexit sha1_base64="lo2DVhOP4iTJAPqGUws9o+IIjTo="></latexit>

| out|2 = | in|2
<latexit sha1_base64="3jb81iNrdU41zQDuLkgGAk8Mq9Q="></latexit>

S†S = 1
<latexit sha1_base64="W5uWrvjQFha6azZfhJAMIZybTgA="></latexit>X

c

S⇤
a0cSca = �a0a

<latexit sha1_base64="7ADacEOu/prUifaSxfmSCCGUM3M=">AAAB+XicdVDNSsNAGNzUv1r/oh69LBbBU0jaUtODUPTisaJthTaWzXbTLt1swu6mUNK+iRcPinj1Tbz5Nm7aCio6sDDMfB/f7Pgxo1LZ9oeRW1ldW9/Ibxa2tnd298z9g5aMEoFJE0csEnc+koRRTpqKKkbuYkFQ6DPS9keXmd8eEyFpxG/VJCZeiAacBhQjpaWeaU67IVJDP0hvZtP70jnsmUXbclynWi5DTWy7VitpUnMqbtWFjmXPUQRLNHrme7cf4SQkXGGGpOw4dqy8FAlFMSOzQjeRJEZ4hAakoylHIZFeOk8+gyda6cMgEvpxBefq940UhVJOQl9PZjHlby8T//I6iQpcL6U8ThTheHEoSBhUEcxqgH0qCFZsognCguqsEA+RQFjpsgq6hK+fwv9Jq2Q5VatyXSnWL5Z15MEROAanwAFnoA6uQAM0AQZj8ACewLORGo/Gi/G6GM0Zy51D8APG2yeOK5Oh</latexit>

|S|2 =
<latexit sha1_base64="j1BAPzY54PVSJLVNte5nh/1Adyw=">AAACD3icdVDLSgMxFM34rPU16tJNsCiCUGbaUqcLoehGdxX7gnYomTTThmYeJBmhDPMHbvwVNy4UcevWnX9jpg9R0QOBc8+5l9x7nJBRIQ3jQ1tYXFpeWc2sZdc3Nre29Z3dpggijkkDByzgbQcJwqhPGpJKRtohJ8hzGGk5o4vUb90SLmjg1+U4JLaHBj51KUZSST39qOshOXTc+CaBZ3BeXCXwBNKvsp709JyRNy2zXCxCRQyjUikoUjFLVtmCZt6YIAdmqPX0924/wJFHfIkZEqJjGqG0Y8QlxYwk2W4kSIjwCA1IR1EfeUTY8eSeBB4qpQ/dgKvnSzhRv0/EyBNi7DmqM91Q/PZS8S+vE0nXsmPqh5EkPp5+5EYMygCm4cA+5QRLNlYEYU7VrhAPEUdYqgizKoT5pfB/0izkzXK+dF3KVc9ncWTAPjgAx8AEp6AKLkENNAAGd+ABPIFn7V571F6012nrgjab2QM/oL19Ajw7nDI=</latexit>

S = I+ iT
<latexit sha1_base64="zLpCkk2336UorIBoNvOyqyLpNQo="></latexit>

Tba �T†
ba ⌘ Tba �T⇤

ab = i
�
T†T

�
ba

In a time-invariant theory (                   ) this results in the unitarity relation
<latexit sha1_base64="U9jvFfjhzKBjlR7mND0SLRo7DFs=">AAACDXicdVDLSsNAFJ3UV62vqEs3g7XgqiRtqelCKLpxWaEvaEOYTCft0MmDmYlQQn7Ajb/ixoUibt2782+ctBWq6IGBwzlzueceN2JUSMP41HJr6xubW/ntws7u3v6BfnjUFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13ep35vTvCBQ2DtpxFxPbROKAexUgqydHPhj6SE9dL2qmTIDeFlxCuSi5KYcHRi0bZtMx6tQoVMYxGo6JIw6xZdQuaZWOOIlii5egfw1GIY58EEjMkxMA0ImkniEuKGUkLw1iQCOEpGpOBogHyibCT+TUpLCllBL2QqxdIOFdXJxLkCzHzVdZSFlT89jLxL28QS8+yExpEsSQBXizyYgZlCLNq4IhygiWbKYIwpyorxBPEEZaqwKyE70vh/6RbKZv1cu22VmxeLevIgxNwCs6BCS5AE9yAFugADO7BI3gGL9qD9qS9am+LrzltOXMMfkB7/wIbXpua</latexit>

Tab = Tba

Lorentz invariant matrix element

z-boost-invariant flux factor The flux and the phase space  
factors depend on which particles collide  
(initial), and which are produced (final).

The matrix element is universal !  

Lorentz invariant phase space

<latexit sha1_base64="0BkTEkXdpg8IqcT3HM557q38xn4="></latexit>

2ImTba =
X

c

T⇤
bcTca

The Unitarity relation becomes
<latexit sha1_base64="wIvBVSWjPxlgrR44EPvh13YTkrk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GTZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbnO/+0SVZlI8mGlC/RiPBIsYwcZKnXDQYkMxrNbcujsHWiVeQWpQoDWsfg1CSdKYCkM41rrvuYnxM6wMI5zOKoNU0wSTCR7RvqUCx1T72fzaGTqzSogiqWwJg+bq74kMx1pP48B2xtiM9bKXi/95/dRE137GRJIaKshiUZRyZCTKX0chU5QYPrUEE8XsrYiMscLE2IAqNgRv+eVV0rmoe5f1xn2j1rwp4ijDCZzCOXhwBU24gxa0gcAjPMMrvDnSeXHenY9Fa8kpZo7hD5zPH2OojwU=</latexit>

d⇧n

of  the intermediate state c 

<latexit sha1_base64="B+j++uf8D/pS44h9DWxp6ZHuLV0="></latexit>

J ⌘ 4|EApB � EBpA|

SIC!

Choosing b=a - scattering forward - yields the "Optical Theorem"

unitarity

The same matrix element and the same phase space differential are present in the Differential Cross Section  A+B -> 1,2,..n       

{<latexit sha1_base64="3cJjNpVJnrqc2dk1DNbwlcvOJJg=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKWmu6KblxWsA9pQ5lMb9qhM0mcmQgl9CvcuFDErZ/jzr9x+hBU9MCFwzn3cu89QcKZ0o7zYa2srq1vbOa28ts7u3v7hYPDlopTSaFJYx7LTkAUcBZBUzPNoZNIICLg0A7GlzO/fQ9SsTi60ZMEfEGGEQsZJdpItz3FBNzhkuoXio7tem61XMaGOE6tVjKk5la8qodd25mjiJZo9AvvvUFMUwGRppwo1XWdRPsZkZpRDtN8L1WQEDomQ+gaGhEBys/mB0/xqVEGOIylqUjjufp9IiNCqYkITKcgeqR+ezPxL6+b6tDzMxYlqYaILhaFKcc6xrPv8YBJoJpPDCFUMnMrpiMiCdUmo7wJ4etT/D9plWy3aleuK8X6xTKOHDpGJ+gMuegc1dEVaqAmokigB/SEni1pPVov1uuidcVazhyhH7DePgHHqpBs</latexit>' 2s
<latexit sha1_base64="b9Ow0nBzm2lpakI+8LPt3wfugsE="></latexit>

2 ImMaa = J · �a
tot



Above the threshold the grey blocks are complex themselves ...

We saw that amplitudes have threshold singularities and become complex above the threshold.

For example, the first threshold singularity of the 2 -> 2 scattering amplitude

Branch cut is characterised by discontinuity of the function around it :

<latexit sha1_base64="QZLSLOZfvcsNXAiFzjUhknzfyZ8="></latexit>

�A(z) =
1

2i


A(z + i0)�A(z � i0)

�

appears when the colliding energy becomes large enough as to allow for 
production of two real (on-mass-shell) particles in the intermediate state 

If a function is real before the cut (as               is), then its values above and below the cut become complex conjugate ,
<latexit sha1_base64="g2D6EhDd0qk3J8CX9cviEi2N+Ww=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4cci0pU53RTcuK1hb6Awlk2ba0ExmTDJCO/Q33LhQxK0/486/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7V9w/uFVxKgltkZjHshNgRTkTtKWZ5rSTSIqjgNN2MLqc+e17KhWLxY0eJ9SP8ECwkBGsjeR56k7qbNJDZ5Npr1hCtuM6tUoFGoJQvV42pO5U3ZoLHRvNUQJLNHvFd68fkzSiQhOOleo6KNF+hqVmhNNpwUsVTTAZ4QHtGipwRJWfzW+ewhOj9GEYS1NCw7n6fSLDkVLjKDCdEdZD9dubiX953VSHrp8xkaSaCrJYFKYc6hjOAoB9JinRfGwIJpKZWyEZYomJNjEVTAhfn8L/yW3Zdmp29bpaalws48iDI3AMToEDzkEDXIEmaAECEvAAnsCzlVqP1ov1umjNWcuZQ/AD1tsnn0eSGA==</latexit>p
z0 � z

and discontinuity of the function coincides with its imaginary part .

Imagine a graph with n (virtual) lines in the intermediate state.

we can put all but one propagators on-mass-shell
Integrating over      components of n−1 loop momenta

<latexit sha1_base64="/VrlyWuBuoNWBCqLRXJmFX6wBKE=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3H4IKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hrud+6pVCwRd3qa0iDGI8EiRrA2kj8Z5M5sUCo7tuu59WoVGeI4jUbFkIZb8+oecm1ngTKs0BqU3vvDhGQxFZpwrFTPdVId5FhqRjidFfuZoikmEzyiPUMFjqkK8sWxM3RulCGKEmlKaLRQv0/kOFZqGoemM8Z6rH57c/Evr5fpyAtyJtJMU0GWi6KMI52g+edoyCQlmk8NwUQycysiYywx0Safognh61P0P2lXbLdu125r5ebVKo4CnMIZXIALl9CEG2iBDwQYPMATPFvCerRerNdl65q1mjmBH7DePgEvko72</latexit>

k0

The last remaining propagator makes the amplitude singular and provides its discontinuity :

=
2⇥i�+(m2

n � k2
n)

2i

how to deal with overlaying singularities ?

Have we solved the quest ? Almost ...



Then, using the algebraic relation 

unitarity 
means 

repetition 

To analyse the structure of discontinuity, we separate 2-particle irreducible blocks:

Summing together the discontinuities across n-particle threshold branchings, we obtain

This is nothing but the unitarity relation !

Our (Landau) analysis of singularities automatically yields unitarity. 

Unitarity assures that position and the nature of singularities 
is determined by the physical spectrum of the theory.

arrive, by induction, at

, 



We may look upon it as an inhomogeneous integral equation for A+ .

Or, in terms of invariants,

Have we forgotten about resonances?

How to examine content of unphysical sheets? Turn to the unitarity condition.

Consider, for simplicity, moderate energy below 3-particle threshold where 2-particle unitarity holds (4m2 < s < 9m2)

Then, by giving s a negative imaginary part, we will have A- staying on 
the physical sheet while the argument of A+ dives under cut and starts 

walking over the first unphysical sheet related to the 2-particle threshold !

Not at all. Actually, it is unitarity that will help us to understand their origin and properties.

Written in full,

Imagine we have solved it (which we will, shortly) and derived

unitarity and singularities  
on unphysical sheets

1

2

3

4

5

6

<latexit sha1_base64="vP5vnSI+757fx97lRiK4fJpoNAc=">AAACC3icdZDLSsNAFIYn9VbrLerSzWARXIWkLTXdFd24rGAv0IQymU7aoZOLM5NCCdm78VXcuFDErS/gzrdx0lZR0R8Gfr5zDnPO78WMCmma71phZXVtfaO4Wdra3tnd0/cPOiJKOCZtHLGI9zwkCKMhaUsqGenFnKDAY6TrTS7yendKuKBReC1nMXEDNAqpTzGSCg3049QJkBx7fhpn2aAKHXKT0Cn8ohNF9bJpWLZVr1ahMqbZaFSUaVg1u25DyzDnKoOlWgP9zRlGOAlIKDFDQvQtM5ZuirikmJGs5CSCxAhP0Ij0lQ1RQISbzm/J4IkiQ+hHXL1Qwjn9PpGiQIhZ4KnOfEXxu5bDv2r9RPq2m9IwTiQJ8eIjP2FQRjAPBg4pJ1iymTIIc6p2hXiMOMJSxVdSIXxeCv83nYph1Y3aVa3cPF/GUQRH4BicAgucgSa4BC3QBhjcgnvwCJ60O+1Be9ZeFq0FbTlzCH5Ie/0AgxOcBg==</latexit>

p3 ⌘ k
<latexit sha1_base64="51O4NACKKpPejppQYBbD54CMLmc="></latexit>

p4 = p1+p2 � k

<latexit sha1_base64="F1YkgrYo5ByEAtgN6VueJSlqUy4=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWTq9LUrunFZwT6gHYZMmmlDMw+SjFCHfokbF4q49VPc+Tdm2goqeiBwOOde7snxE86kQujDWFvf2NzaLuwUd/f2D0rm4VFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzpVe737qiQLI5u1SyhbojHEQsYwUpLnlnKhiFWEz/I1Hzu2dAzy8hCqFpFdYismt1oNiuaoAun5tjQ1laOMlih7Znvw1FM0pBGinAs5cBGiXIzLBQjnM6Lw1TSBJMpHtOBphEOqXSzRfA5PNPKCAax0C9ScKF+38hwKOUs9PVknlL+9nLxL2+QqqDhZixKUkUjsjwUpByqGOYtwBETlCg+0wQTwXRWSCZYYKJ0V0VdwtdP4f+kW7HsmuXcOOXW5aqOAjgBp+Ac2KAOWuAatEEHEJCCB/AEno1749F4MV6Xo2vGaucY/IDx9gksypNy</latexit>

t1
<latexit sha1_base64="zzQfUkdF78LHSZGs6s7E6la5Uu8=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNWTq9LUrunFZwT6gHYZMmmlDMw+SjFCHfokbF4q49VPc+Tdm2goqeiBwOOde7snxE86kQujDWFvf2NzaLuwUd/f2D0rm4VFXxqkgtENiHou+jyXlLKIdxRSn/URQHPqc9vzpVe737qiQLI5u1SyhbojHEQsYwUpLnlnKhiFWEz/I1HzuVaBnlpGFULWK6hBZNbvRbFY0QRdOzbGhra0cZbBC2zPfh6OYpCGNFOFYyoGNEuVmWChGOJ0Xh6mkCSZTPKYDTSMcUulmi+BzeKaVEQxioV+k4EL9vpHhUMpZ6OvJPKX87eXiX94gVUHDzViUpIpGZHkoSDlUMcxbgCMmKFF8pgkmgumskEywwETproq6hK+fwv9Jt2LZNcu5ccqty1UdBXACTsE5sEEdtMA1aIMOICAFD+AJPBv3xqPxYrwuR9eM1c4x+AHj7RMuT5Nz</latexit>

t2

<latexit sha1_base64="NBiEYPNUs817YaNFgigeBIC/4Ls=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6ZOX7uiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2goqeiBwOOde7skJEs6URujDWlvf2NzaLuwUd/f2Dw5LR8ddFaeS0A6JeSz7AVaUM0E7mmlO+4mkOAo47QXT69zv3VOpWCzu9CyhfoTHgoWMYG0kL/MirCdBmKn5fFgqIxuhahXVIbJrTqPZrBiCLt2a60DHWDnKYIX2sPTujWKSRlRowrFSAwcl2s+w1IxwOi96qaIJJlM8pgNDBY6o8rNF5jk8N8oIhrE0T2i4UL9vZDhSahYFZjKPqH57ufiXN0h12PAzJpJUU0GWh8KUQx3DvAA4YpISzWeGYCKZyQrJBEtMtKmpaEr4+in8n3QrtlOz3Vu33Lpa1VEAp+AMXAAH1EEL3IA26AACEvAAnsCzlVqP1ov1uhxds1Y7J+AHrLdPKTiScg==</latexit>s

<latexit sha1_base64="5UKoTEdr3oSfAkPs+Mty1Osc44E=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6ZOX7uiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2goqeiBwOOde7skJEs6URujDWlvf2NzaLuwUd/f2Dw5LR8ddFaeS0A6JeSz7AVaUM0E7mmlO+4mkOAo47QXT69zv3VOpWCzu9CyhfoTHgoWMYG0kL/MirCdBmOn5fFgqIxuhahXVIbJrTqPZrBiCLt2a60DHWDnKYIX2sPTujWKSRlRowrFSAwcl2s+w1IxwOi96qaIJJlM8pgNDBY6o8rNF5jk8N8oIhrE0T2i4UL9vZDhSahYFZjKPqH57ufiXN0h12PAzJpJUU0GWh8KUQx3DvAA4YpISzWeGYCKZyQrJBEtMtKmpaEr4+in8n3QrtlOz3Vu33Lpa1VEAp+AMXAAH1EEL3IA26AACEvAAnsCzlVqP1ov1uhxds1Y7J+AHrLdPKr6Scw==</latexit>

t



Cast the amplitude in terms of partial wave expansion

Unitarity condition is  diagonal  in conserved quantum numbers.  

In particular, in Angular Momentum.

and substitute it into the 2-particle unitarity condition,

Therefore, the r.h.s. becomes

Legendre polynomials are orthogonal to one another, 

Comparing with the l.h.s., we arrive at the algebraic relation for partial wave amplitudes replacing the integral equation for A:

For equal masses,

with

partial waves and two-particle unitarity

<latexit sha1_base64="X5EtzqUaA287cDEGJIILeWOJueM=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiTia1l047KCfUATwmQ6aYdOJmFmUiwhv+LGhSJu/RF3/o2TNgttPTBwOOde7pkTJIxKZdvfRmVtfWNzq7pd29nd2z8wD+tdGacCkw6OWSz6AZKEUU46iipG+okgKAoY6QWTu8LvTYmQNOaPapYQL0IjTkOKkdKSb9bdKcGZGyE1DsIsyXP/0jcbdtOew1olTkkaUKLtm1/uMMZpRLjCDEk5cOxEeRkSimJG8pqbSpIgPEEjMtCUo4hIL5tnz61TrQytMBb6cWXN1d8bGYqknEWBnixCymWvEP/zBqkKb7yM8iRVhOPFoTBlloqtoghrSAXBis00QVhQndXCYyQQVrqumi7BWf7yKumeN52r5sXDRaN1W9ZRhWM4gTNw4BpacA9t6ACGJ3iGV3gzcuPFeDc+FqMVo9w5gj8wPn8AhwWUxA==</latexit>

~p5
<latexit sha1_base64="9Kq6k1MVCcvxICJfFWyXyHZu5l4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS1GXRjcsK9gFNCJPppB06mYSZSbGE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkDAqlW1/G5WNza3tnepubW//4PDIPK73ZJwKTLo4ZrEYBEgSRjnpKqoYGSSCoChgpB9M7wq/PyNC0pg/qnlCvAiNOQ0pRkpLvll3ZwRnboTUJAizJM99xzcbdtNewFonTkkaUKLjm1/uKMZpRLjCDEk5dOxEeRkSimJG8pqbSpIgPEVjMtSUo4hIL1tkz61zrYysMBb6cWUt1N8bGYqknEeBnixCylWvEP/zhqkKb7yM8iRVhOPloTBlloqtoghrRAXBis01QVhQndXCEyQQVrqumi7BWf3yOuldNp2rZuuh1WjflnVU4RTO4AIcuIY23EMHuoDhCZ7hFd6M3Hgx3o2P5WjFKHdO4A+Mzx+A9ZTA</latexit>

~p1
<latexit sha1_base64="zui7b7pDYghHbuSzJGLO1lP7dz4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRS1GXRjcsK9gFNKJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3hd+b0alYrF40vOE+hEeCxYygrWRhrbtzSjJvAjrSRBm0zwf2nWn4SyA1olbkjqUaA/tL28UkzSiQhOOlRq4TqL9DEvNCKd5zUsVTTCZ4jEdGCpwRJWfLZLn6MIoIxTG0jyh0UL9vZHhSKl5FJjJIqJa9QrxP2+Q6vDWz5hIUk0FWR4KU450jIoa0IhJSjSfG4KJZCYrIhMsMdGmrJopwV398jrpXjXc60bzsVlv3ZV1VOEMzuESXLiBFjxAGzpAYAbP8ApvVma9WO/Wx3K0YpU7p/AH1ucPRtWUFw==</latexit>

~k

c.m.s. momentum

For bookkeeping sake:



An inverse transformation

The partial wave is real  inside the grey triangle, below  s=4m2

The partial wave is complex above the threshold,
(as well as below s=0, due to t- and u-thresholds)

Therefore, its Im part coincides with discontinuity, 

and we obtain

When/if the partial wave amplitude on the physical sheet hit a finite value

Threshold singularities make hadron scattering amplitude vary, Resonances make it rock and roll

On the Mandelstam plane the integral runs along a line s   const=

a pole on the 1st unphysical sheet (related to 2-particle unitarity) 
appears, which corresponds to a resonance with spin

<latexit sha1_base64="VB6MNuxR83TuI2yMvJ8tx+acLhk=">AAAB9HicdVDLSsNAFL2pr1pfVZduBovgqiSxVrsrunFZwT6gCWUynbRDJw9nJoUS+h1uXCji1o9x5984aSOo6IGBwzn3cs8cL+ZMKtP8MAorq2vrG8XN0tb2zu5eef+gI6NEENomEY9Ez8OSchbStmKK014sKA48Trve5Drzu1MqJIvCOzWLqRvgUch8RrDSkusEWI09P3Uo5/NBuWJWG+d1u9FAZtVcQJMz27ZrFrJypQI5WoPyuzOMSBLQUBGOpexbZqzcFAvFCKfzkpNIGmMywSPa1zTEAZVuugg9RydaGSI/EvqFCi3U7xspDqScBZ6ezELK314m/uX1E+VfuikL40TRkCwP+QlHKkJZA2jIBCWKzzTBRDCdFZExFpgo3VNJl/D1U/Q/6dhVq16t3dYqzau8jiIcwTGcggUX0IQbaEEbCNzDAzzBszE1Ho0X43U5WjDynUP4AePtE4GVkpo=</latexit>

`



In the case of resonance exchange, it is unitarity that takes care of it !

An important property of particle exchange is factorisation

Resonances are much like ordinary (stable) particles.

Contribution to the scattering amplitude :
resonanceparticle

ga gb

r = ga � gb

Solution of the elastic unitarity : Generalisation to a multi-channel problem:

Will the residue of the resonance pole factorise into the product of  “coupling constants” ?

Diagonalise the scattering matrix:

In the pole approximation,

Let one matrix element       have a resonance pole atS1

The pole contribution to the full scattering matrix becomes

resembles the Born amplitude of the s-channel exchange of a particle with spin σ =     (!)�



The coupling constants can be redefined as real (as long as                   )

The resonance contribution is similar to the Born diagram for spin-    particle exchange:�

Relation between ImM2 and the coupling constants also follows from unitarity :

Partial decay widths sum up into the total width of the resonance.

conservation of probability !

Some of the decay modes may happen to be "invisible" - undetectable experimentally.  

Nevertheless, they contribute to the total width 
and therefore affect the production cross section - the "line shape". 

Famous example - extraction of the number of light neutrinos
from the shape of Z-boson production at LEP :

<latexit sha1_base64="rmrbixC+HxtT4FHMZYdFWIl3Y9U=">AAAB+3icdZDLSsNAFIYn9VbrLdalm8EiuApJW2q6K7pxWcFesAllMp20QyeTMDMRS8iruHGhiFtfxJ1v4/QiqOgPAx//OYc55w8SRqWy7Q+jsLa+sblV3C7t7O7tH5iH5a6MU4FJB8csFv0AScIoJx1FFSP9RBAUBYz0gunlvN67I0LSmN+oWUL8CI05DSlGSltDs3zrqRh6PIVegESmIR+aFdtyXKdRq0ENtt1sVjU0nbrbcKFj2QtVwErtofnujWKcRoQrzJCUA8dOlJ8hoShmJC95qSQJwlM0JgONHEVE+tli9xyeamcEw1joxxVcuN8nMhRJOYsC3RkhNZG/a3Pzr9ogVaHrZ5QnqSIcLz8KUwb1ufMg4IgKghWbaUBYUL0rxBMkEFY6rpIO4etS+D90q5bTsOrX9UrrYhVHERyDE3AGHHAOWuAKtEEHYHAPHsATeDZy49F4MV6XrQVjNXMEfsh4+wQ07pSX</latexit>

Z ! ⌫⌫̄

NB: we call  Z (W, H), n,    (K, D, B),     ,    stable particles.<latexit sha1_base64="uudaZ30blu2YR0R4QOTFXAVmuZc=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtqemu6MZlRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJldzv3NPpWKxuNPThPoRHgkWMoK1kW77CRsUS47tem6tUkGGOE69Xjak7la9modc21mgBCs0B8X3/jAmaUSFJhwr1XOdRPsZlpoRTmeFfqpogskEj2jPUIEjqvxsceoMnRlliMJYmhIaLdTvExmOlJpGgemMsB6r395c/MvrpTr0/IyJJNVUkOWiMOVIx2j+NxoySYnmU0MwkczcisgYS0y0SadgQvj6FP1P2mXbrdnVm2qpcbmKIw8ncArn4MIFNOAamtACAiN4gCd4trj1aL1Yr8vWnLWaOYYfsN4+AcRnjiU=</latexit>⇡ <latexit sha1_base64="IcnRU6x1P1z4xJY2KsShlU6Rvd0=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiRtqemu6MZlRfuANpTJdNIOnUnCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJJldzv3NPpWJxdKenCfUFHkUsZARrI932RToolhzb9dxapYIMcZx6vWxI3a16NQ+5trNACVZoDorv/WFMUkEjTThWquc6ifYzLDUjnM4K/VTRBJMJHtGeoREWVPnZ4tQZOjPKEIWxNBVptFC/T2RYKDUVgekUWI/Vb28u/uX1Uh16fsaiJNU0IstFYcqRjtH8bzRkkhLNp4ZgIpm5FZExlphok07BhPD1KfqftMu2W7OrN9VS43IVRx5O4BTOwYULaMA1NKEFBEbwAE/wbHHr0XqxXpetOWs1cww/YL19AtIIji4=</latexit>µ <latexit sha1_base64="HLFkDHfczilo/MNB2f0SH3gR56U=">AAAB63icdVBNS8NAEN34WetX1aOXxSJ4CklbanorevFYwX5AG8pmu2mXbjZhdyKU0L/gxYMiXv1D3vw3btoKKvpg4PHeDDPzgkRwDY7zYa2tb2xubRd2irt7+weHpaPjjo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gep373XumNI/lHcwS5kdkLHnIKYFcGgBJh6WyY7ueW69WsSGO02hUDGm4Na/uYdd2FiijFVrD0vtgFNM0YhKoIFr3XScBPyMKOBVsXhykmiWETsmY9Q2VJGLazxa3zvG5UUY4jJUpCXihfp/ISKT1LApMZ0Rgon97ufiX108h9PyMyyQFJulyUZgKDDHOH8cjrhgFMTOEUMXNrZhOiCIUTDxFE8LXp/h/0qnYbt2u3dbKzatVHAV0is7QBXLRJWqiG9RCbUTRBD2gJ/RsRdaj9WK9LlvXrNXMCfoB6+0TldeOoA==</latexit>⌧
In fact, all of them are resonances. Stable w.r.t. strong interactions!

One day proton may well become a resonance too. It better does...



We have obtained resonances from 2-particle unitarity. 

The answer, however, turns out to be physically transparent.

Schematically, 

The new ingredient, the amplitude ,  satisfies its proper unitarity relation:

irreducible singular

The first - irreducible - term gives rise to new 3-particle resonance poles.

Schematically, Schematically, 

The second - singular - term generates non-pole singularities on the second unphysical sheet...
Namely, branch-points corresponding to resonance-particle 

           and (at still higher energies) resonance-resonance threshold cuts.

The full analyticity image of the amplitude :
 poles - particles and resonances - 

with all other singularities being generated from them via unitarity.

Continuation of multi-particle unitarity conditions is technically much more difficult.



Therefore, the source of increase - large number of “large” terms O(1)

Hunting for resonances, we have introduced partial wave expansion (small energies)
It turns out to be extremely useful for the analysis of high energy processes as well.

At high energies many inelastic channels open up :

For t=0 we have sum of positive contributions, yielding 

Partial waves are limited from above :How to get an amplitude increasing like s ?

To estimate the characteristic number of large partial waves, , 
we introduce the impact parameter :

with - the c.m.s. momentum,

and define the  interaction radius  through the relation

Imf�(s) = O(1)

Imf�(s)� 1

for 0 � ⇥ < ⇥0{ (“saturated” partial waves)

�� �0

partial waves and high energies

<latexit sha1_base64="YBfE7JH/8yLwUPExAfuwghZOLIk=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GmbaUqfgoujGZQX7gHYomTTThmaSMckUytDvcONCEbd+jDv/xkxbQUUPXO7hnHvJzQliRpV2nA8rt7a+sbmV3y7s7O7tHxQPj9pKJBKTFhZMyG6AFGGUk5ammpFuLAmKAkY6weQ68ztTIhUV/E7PYuJHaMRpSDHSRvL7cizgJczawBkUS47tem6tUoGGOE69Xjak7la9mgdd21mgBFZoDorv/aHASUS4xgwp1XOdWPspkppiRuaFfqJIjPAEjUjPUI4iovx0cfQcnhllCEMhTXENF+r3jRRFSs2iwExGSI/Vby8T//J6iQ49P6U8TjThePlQmDCoBcwSgEMqCdZsZgjCkppbIR4jibA2ORVMCF8/hf+Tdtl2a3b1tlpqXK3iyIMTcArOgQsuQAPcgCZoAQzuwQN4As/W1Hq0XqzX5WjOWu0cgx+w3j4BDCyRqQ==</latexit>

⇢ < ⇢0

classical analogy:

projectile hits the target
<latexit sha1_base64="THtoyQk/vCvHupUtEBmTWS1nOc8=">AAAB+HicdZDLSsNAFIYnXmu9NOrSzWARXIWkLTXdFd24rGAv0IQwmU7SoZNMmJkINfRJ3LhQxK2P4s63cXoRVPSHgY//nMM584cZo1LZ9oextr6xubVd2inv7u0fVMzDo57kucCkiznjYhAiSRhNSVdRxcggEwQlISP9cHI1r/fviJCUp7dqmhE/QXFKI4qR0lZgVjwx5tCLYziHwA7Mqm05rtOs16EG2261ahpaTsNtutCx7IWqYKVOYL57I47zhKQKMyTl0LEz5RdIKIoZmZW9XJIM4QmKyVBjihIi/WJx+AyeaWcEIy70SxVcuN8nCpRIOU1C3ZkgNZa/a3Pzr9owV5HrFzTNckVSvFwU5QwqDucpwBEVBCs21YCwoPpWiMdIIKx0VmUdwtdP4f/Qq1lO02rcNKrty1UcJXACTsE5cMAFaINr0AFdgEEOHsATeDbujUfjxXhdtq4Zq5lj8EPG2ydB3JLc</latexit>

⇢ � ⇢0 projectile misses it



( at  t = 0  we have     (1) = 1 )P�

ImA(s, 0) =
��

�=0

(2⇤ + 1) Imf�(s) ⇥ ⇥20 ⇤ s · �2
0 ⇥tot � �2

0

In relativistic theory (in marked contrast with NQM) the hadron radius may vary with energy,
Moreover, it has to (as we shall see shortly).

 But before we have to discuss qualitative picture of elastic high energy scattering

Forward scattering
Large angular momenta � � �0 translate into small scattering angles � � 1/⇤0 = 1/kc�0

Typical momentum transfer stays finite while energy increases :
�t ⇥ (kc�)2 = ��2

0 forward (diffractive) cone� µ2

by simply truncating the partial wave expansion :
elastic scattering

Hence

Backward scattering

-  a bizarre phenomenon specific for relativistic theory and unimaginable in NQM .

To see that such an unintuitive thing indeed happens in nature,
we have to exploit analytic properties of the interaction amplitudes.

One can estimate the forward scattering amplitude
<latexit sha1_base64="i1qI/5iN7GD2qojhvJNH6zinnFs="></latexit>

ImA(s, t) =
1X

`=0

(2`+ 1) Imf`(s)P`(z)

<latexit sha1_base64="1KKNbzDQI9HIx9zDTAis7HAFR1M=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSLUTZmRom6EohuXFewD2mHIpGkbmkmGJFMoQ//EjQtF3Pon7vwb03YW2nrgcg/n3EtuTpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NQyVYQ2iORStSOsKWeCNgwznLYTRXEccdqKRvczvzWmSjMpnswkoUGMB4L1GcHGSqHrdtVQht7topX1ReiWvIo3B1olfk5KkKMeul/dniRpTIUhHGvd8b3EBBlWhhFOp8VuqmmCyQgPaMdSgWOqg2x++RSdW6WH+lLZEgbN1d8bGY61nsSRnYyxGeplbyb+53VS078JMiaS1FBBFg/1U46MRLMYUI8pSgyfWIKJYvZWRIZYYWJsWEUbgr/85VXSvKz4V5XqY7VUu8vjKMApnEEZfLiGGjxAHRpAYAzP8ApvTua8OO/Ox2J0zcl3TuAPnM8fNLCSvQ==</latexit>

⇢0 = ⇢0(s)

<latexit sha1_base64="W/UyWYy4N6Bj+tfu5eqn9MGark8=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hirfZW9OKxgm2FNpTNdtOu3WTD7kYoof/BiwdFvPp/vPlv3LYRVPTBwOO9GWbmBQlnSjvOh1VYWl5ZXSuulzY2t7Z3yrt7bSVSSWiLCC7kbYAV5SymLc00p7eJpDgKOO0E48uZ37mnUjER3+hJQv0ID2MWMoK1kdo9ynnf6Zcrjl0/rXn1OnJsZw5DTjzPq7rIzZUK5Gj2y++9gSBpRGNNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hMY6o8rP5tVN0ZJQBCoU0FWs0V79PZDhSahIFpjPCeqR+ezPxL6+b6vDcz1icpJrGZLEoTDnSAs1eRwMmKdF8YggmkplbERlhiYk2AZVMCF+fov9J27Pdml29rlYaF3kcRTiAQzgGF86gAVfQhBYQuIMHeIJnS1iP1ov1umgtWPnMPvyA9fYJhZWPHQ==</latexit>

`0



Angular momentum enters NQM Hamiltonian analytically via the centrifugal potential

As a result partial waves      turn out to be smooth functions of   .f� �

In relativistic theory there is a reason for       to oscillate...f�
To single out this oscillating behaviour, we should look into analytic properties of  A(s, t).

P� =
i

⇥
[Q�(z + i�)�Q�(z � i�)]

Integration over real interval -1<z<1 gets replaced by the contour integral

Backward scattering

Partial wave is given by the integral over 
<latexit sha1_base64="TIxnt4dQFTKLRFItJUHi6HPU8ck=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GmbaUqcLoejGZYW+oDOUTJppQzPJkGSEOvQ33LhQxK0/486/MX0IKnrgwuGce7n3njBhVGnH+bBya+sbm1v57cLO7t7+QfHwqKNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbTq7nfveOSEUFb+lpQoIYjTiNKEbaSP79pY+F8ltjotGgWHJs13NrlQo0xHHq9bIhdbfq1Tzo2s4CJbBCc1B894cCpzHhGjOkVN91Eh1kSGqKGZkV/FSRBOEJGpG+oRzFRAXZ4uYZPDPKEEZCmuIaLtTvExmKlZrGoemMkR6r395c/MvrpzrygozyJNWE4+WiKGVQCzgPAA6pJFizqSEIS2puhXiMJMLaxFQwIXx9Cv8nnbLt1uzqbbXUuFrFkQcn4BScAxdcgAa4AU3QBhgk4AE8gWcrtR6tF+t12ZqzVjPH4Aest09mrZH0</latexit>

z = cos⇥ from -1 to +1

Complex analysis in full swing.

The first step - to replace integration over real interval by a contour integral in z-plane. 
Introduce a cousin of Legendre polynomials - "Legendre function of the second kind" as
(The cousins are the two solutions of the same 2nd order differential equation.)

<latexit sha1_base64="NR71qFOMLcE7k5arAL32EHyXyAo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSLUzTDTljrdFd24bME+pB1KJs20oUlmSDJCHfoVblwo4tbPceffmD4EFT1w4XDOvdx7TxAzqrTjfFiZtfWNza3sdm5nd2//IH941FZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnmFzN/c4dkYpG4kZPY+JzNBI0pBhpI902B33CWPH+fJAvOLbrudVyGRriOLVayZCaW/GqHnRtZ4ECWKExyL/3hxFOOBEaM6RUz3Vi7adIaooZmeX6iSIxwhM0Ij1DBeJE+eni4Bk8M8oQhpE0JTRcqN8nUsSVmvLAdHKkx+q3Nxf/8nqJDj0/pSJONBF4uShMGNQRnH8Ph1QSrNnUEIQlNbdCPEYSYW0yypkQvj6F/5N2yXardqVZKdQvV3FkwQk4BUXgggtQB9egAVoAAw4ewBN4tqT1aL1Yr8vWjLWaOQY/YL19AoQFkEA=</latexit>

Q`(z)
<latexit sha1_base64="ejVgJcjnnE1pFpEyNSSd8BV8uI0=">AAAB7HicdVDLSgMxFM34rPVVdekmWARXw6QtdbqRohuXFZy20A4lk2ba0ExmSDJCnfYb3LhQxK0f5M6/MX0IKnrgwuGce7n3niDhTGnH+bBWVtfWNzZzW/ntnd29/cLBYVPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLqa+a07KhWLxa0eJ9SP8ECwkBGsjeRN7icXqFcoOjZyUbVchoY4Tq1WMqSGKm7Vhch25iiCJRq9wnu3H5M0okITjpXqICfRfoalZoTTab6bKppgMsID2jFU4IgqP5sfO4WnRunDMJamhIZz9ftEhiOlxlFgOiOsh+q3NxP/8jqpDl0/YyJJNRVksShMOdQxnH0O+0xSovnYEEwkM7dCMsQSE23yyZsQvj6F/5NmyUZVu3JTKdYvl3HkwDE4AWcAgXNQB9egATxAAAMP4Ak8W8J6tF6s10XrirWcOQI/YL19AhZzjuU=</latexit>

|z| > 1is regular for and has a branch cut 
<latexit sha1_base64="a7IrK1qyCZ6+IbdPX3n6ljEi66U=">AAAB9HicdVDLTgIxFO3gC/GFunTTSEzcOJkCwWFHdOMSExESmJBO6UBDpzO2HRKc8B1uXGiMWz/GnX9jBzBRoye5Nyfn3JveHj/mTGnH+bByK6tr6xv5zcLW9s7uXnH/4FZFiSS0RSIeyY6PFeVM0JZmmtNOLCkOfU7b/vgy89sTKhWLxI2extQL8VCwgBGsjeSdoR6n8B5mHfWLJcdGLqpVKtAQx6nXy4bUUdWtuRDZzhwlsESzX3zvDSKShFRowrFSXeTE2kux1IxwOiv0EkVjTMZ4SLuGChxS5aXzo2fwxCgDGETSlNBwrn7fSHGo1DT0zWSI9Uj99jLxL6+b6MD1UibiRFNBFg8FCYc6glkCcMAkJZpPDcFEMnMrJCMsMdEmp4IJ4eun8H9yW7ZRza5eV0uNi2UceXAEjsEpQOAcNMAVaIIWIOAOPIAn8GxNrEfrxXpdjOas5c4h+AHr7RMq+JEX</latexit>�1  z  1 with discontinuity across the cut

Take a deep breath. 
<latexit sha1_base64="HsvBEj9FbwF1EPw90O1VO4lpVo0=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1iEilCSttR0V3TjsoJ9QBPLZDpph04ezEyEEoIbf8WNC0Xc+hXu/BsnbQUVPXAvh3PuZeYeN2JUSMP40HJLyyura/n1wsbm1vaOvrvXEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpH53VvCBQ2DazmNiOOjUUA9ipFU0kA/sD2OcGITxmAp66fmSZrwm0o60ItG2bTMerUKFTGMRqOiSMOsWXULmmVjhiJYoDXQ3+1hiGOfBBIzJETfNCLpJIhLihlJC3YsSITwBI1IX9EA+UQ4yeyEFB4rZQi9kKsKJJyp3zcS5Asx9V016SM5Fr+9TPzL68fSs5yEBlEsSYDnD3kxgzKEWR5wSDnBkk0VQZhT9VeIx0hlIlVqBRXC16Xwf9KplM16uXZVKzbPF3HkwSE4AiVggjPQBJegBdoAgzvwAJ7As3avPWov2ut8NKctdvbBD2hvn4UKluY=</latexit>

`(`+ 1)

r2

The amplitude as a function of t (z) has unitarity cuts 
t-channel cut at t>tmin 

in our toy model 

  since              falls on a large circle,Q�(z)u-channel cut at u>umin &

we can "inflate" the contour       and
replace it by a sum of integrals around

<latexit sha1_base64="/lAqvFPcF4/IPCEDiHMyBtzhJ3U=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegBz1GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdm+xELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrn9+eV2nUeRxGO4BhOIYBLqMEd1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AFjZjv4=</latexit>

�
<latexit sha1_base64="Mw5P5lLY8LI6zQvaAHO/n1gPVnM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ6KokU9Vj0oMcK9gPaUCbbTbt0Nwm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkesYbgRrJ0ohjIQrBWMbqd+64kpzePo0YwT5kscRDzkFI2VWt07lBLPeqWyW3FnIMvEy0kZctR7pa9uP6apZJGhArXueG5i/AyV4VSwSbGbapYgHeGAdSyNUDLtZ7NzJ+TUKn0SxspWZMhM/T2RodR6LAPbKdEM9aI3Ff/zOqkJr/2MR0lqWETni8JUEBOT6e+kzxWjRowtQaq4vZXQISqkxiZUtCF4iy8vk+ZFxbusVB+q5dpNHkcBjuEEzsGDK6jBPdShARRG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AG7Io8v</latexit>

�0the t- and u-channel cuts



with
<latexit sha1_base64="j5nsgN/u7vEZi+JQFezXmYc4RfY="></latexit>

A3= ImtA, A2= ImuA the discontinuities 
of the amplitude  A(s,t)  in the t and u channels. 

replacing negative integration variable in the second term by
<latexit sha1_base64="L4muVFm3yTYa/yKszyyq5R+YcF8=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCG0PSlpoulKIblxVsLbQhTKbTduhkEmYmQhP6JW5cKOLWT3Hn3zh9CCp64MLhnHu5954gZlQq2/4wciura+sb+c3C1vbObtHc22/LKBGYtHDEItEJkCSMctJSVDHSiQVBYcDIXTC+mvl390RIGvFbNYmJF6IhpwOKkdKSbxZTPzk/TXtDAlO/fGH7Zsm2HNepVSpQE9uu18ua1J2qW3OhY9lzlMASTd987/UjnISEK8yQlF3HjpWXIaEoZmRa6CWSxAiP0ZB0NeUoJNLL5odP4bFW+nAQCV1cwbn6fSJDoZSTMNCdIVIj+dubiX953UQNXC+jPE4U4XixaJAwqCI4SwH2qSBYsYkmCAuqb4V4hATCSmdV0CF8fQr/J+2y5dSs6k211LhcxpEHh+AInAAHnIEGuAZN0AIYJOABPIFnIzUejRfjddGaM5YzB+AHjLdPyMSSjA==</latexit>

zu = �z � z2 > 0 and using the relation

We are interested in the size of the cross section. Since
<latexit sha1_base64="3V95DgZsNxY3v0N9eJr2zj7RxHY="></latexit>

�tot / ImsA/s let's evaluate the “imaginary part” (discontinuity in s) of the p.w.:

forward scattering :

A1 � s

large angles ( 90o ) : P2n+1(0) = 0 P2n(0) ⇤ (�1)n · 2/
⌅

�n

A1 = O(1)
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Pn(1) = 1

backward (180o)    :

A1 � s
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Pn(�1) = (�1)n

again left cut !

where

recall the box graph

Karplus curve



Finite momentum transfer from the incident electron to the final photon,                 ,
��u

�� � m2
e

instead of exchanging large momentum, colliding particles can swap their identities !
In relativistic theory there is an alternative to large momentum transfer :

In NQM backward (large momentum transfer) scattering process implies head-on collision :  

Example of such a phenomenon - QED Compton scattering. head-on

peripheral

The second is peripheral interaction (many partial waves), ⇥0 �
�⇥

s/2
⇥
/me

The first amplitude in the               limit is negligible (one partial wave).s�⇥

Compton
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d�

d cos⇥c
/ ↵2

m2 � u
' ↵2

s(⇡�⇥c)2 +m2

the differential cross section peaks in a tiny angular cone of the size 
<latexit sha1_base64="IKP9FWK/8vPPsO9EBf1kRG71vhc=">AAACAnicdVDLSgNBEJyNrxhfq57Ey2AQvBh3kxCTW9CLxwhJDGTDMjvpJENmdpeZWSGE4MVf8eJBEa9+hTf/xslDUNGChqKqm+6uIOZMacf5sFJLyyura+n1zMbm1vaOvbvXVFEiKTRoxCPZCogCzkJoaKY5tGIJRAQcboLh5dS/uQWpWBTW9SiGjiD9kPUYJdpIvn3gxezUqw9AE59iTzGBhQ9nQ5/6dtbJuWW3VChgQxynUskbUnGL5VIZuzlnhixaoObb7143oomAUFNOlGq7Tqw7YyI1oxwmGS9REBM6JH1oGxoSAaoznr0wwcdG6eJeJE2FGs/U7xNjIpQaicB0CqIH6rc3Ff/y2onulTtjFsaJhpDOF/USjnWEp3ngLpNANR8ZQqhk5lZMB0QSqk1qGRPC16f4f9LM59xSrnhdzFYvFnGk0SE6QifIReeoiq5QDTUQRXfoAT2hZ+veerRerNd5a8pazOyjH7DePgGBzpbl</latexit>

⇡ �⇥c ⇠ me/kcIn the high energy limit

By shooting energetic electrons on ionised gas, one can convert Coulomb 
photons into a well collimated monochromatic photon beam! 

Practical application

and vice versa: photons hitting electron gas produce collimated monochromatic electrons! 

 Please mark and keep in mind the word                     which will become the key slogan of the discussion to followperipheral

means that at high energies Compton scattering occurs predominantly backward.



and the fall-off parameter       !
warning:  not to confuse the hadron radius

Therefore, the partial wave expansion series must be absolutely convergent :
In the physical region of the s-channel  A(s, t)  has no singularities in t .

Moreover, this should be true for  t>0  too

t0 = mπ2 t0 = 4mπ2For example, 

for nucleon scattering; for scattering of pions:

,  up to the first singularity !

Up to  t ≤ t0  this increase has to be damped by an exponential fall-off of partial waves:

�0
r0

Analyticity and interaction radius
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Return to the profile of p.w. amplitudes in the impact parameter space
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(⇢ = `/kc)

position of the first 
t-channel singularity



 A forward wave is necessary to form shade behind the target

elastic scattering corresponds to
“very” inelastic                   -  to

Solution :

General unitarity relation for the elastic scattering partial wave amplitude reads

with accounting for inelastic channels.��(s)

One has little to say about partial waves corresponding to impact parameters � < �0(s)
However, it is straightforward to limit them from above, from the first principles.

Total cross section :

elastic : inelastic :

 QM scattering off a “black disc”

upper limit :

black disk
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�el + �in = �tot

Maximal inelasticity hypothesis               : 
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(⌘` = 0)

Hadron interactions 
("soft", "minimum bias") 
are close to this regime 

And for a good reason: diffraction !
The total cross section is twice bigger than the transverse area of the target.



Total cross sections  cannot grow as a power of energy.

To guarantee causality,  we have to have amplitude to be polynomially bounded :  

Take a rough model with p.w.              saturated,  and              - negligible :⇥ < ⇥0 ⇥ > ⇥0

When t > 0, Legendre polynomials increase, and the sum is dominated by the last term.

� sN1 (                   )

Hence the estimate

A rigorous mathematical proof of the Froissart theorem (1961) follows from

We see that the interaction radius is allowed to logarithmically grow with energy... will it ?..

Froissart theorem 



When collision energy increases, the flight-through (=interaction) time goes to zero.  Interaction becomes actually instantaneous. 

 Complexity of the problem does not evaporate, but gets rerouted into internal structure of the projectile !

One can talk about a snapshot of a dynamically frozen incident proton,  taken by interaction with the target.  

The point is that long before hitting the target, a relativistic projectile acquires plenty of time to “breathe”
-  to fluctuate into a system of virtual particles - and thus develops quite a complex multi-particle content.

relativistic projectile

target at rest

colliding beams

Because of the Lorentz effect, a “ball” gets squeezed into a “pancake” in the z direction (with transverse directions (x,y) unaffected)

The time “freezes”.  It does.

 Let us examine why and how this happens

<latexit sha1_base64="9pFWV9n8mu+d+EZk7Z+NdMFBMQo="></latexit>

s = (Pa + Pb)
2 = m2

a +m2
b + 2(PaPb)
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' 2(EaEb �Pa·Pb)
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' 2E(lab)
a mb
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' 4E2
(c.m.)
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� (ma +mb)
2
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Pb=0laboratory frame: centre-of-mass frame:
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Pb=�Pa

Invariant "collision energy" :

a b

fast  but  furious

This, however, does not result in the physics of the process becoming automatically simpler.



How to estimate lifetime of a virtual state?

a
2

1

Look at the energy mismatch btw intermediate and initial states

time-ordered cascades.

<latexit sha1_base64="R7b1XleQmLx4lb8Rq0DOUeco3Y0="></latexit>
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E

µ2

long-living

When momenta are moderate, energy mismatch is of the order of the hadron scale 
<latexit sha1_base64="3uJu7598cXyjQIbPsyuLHQUt88o="></latexit>

�t ⇠ µ�1 = O(1 fm/c)

(                             )

However, if momentum of the projectile a grows, 

the energy defect becomes extremely small : 

The lifetime of the virtual state is then large and grows with energy as

<latexit sha1_base64="x3pRgsOIVaiM5xom1n99i54oTzQ="></latexit>p
k2 + µ2 =

q
k2z + k2

?+µ2

<latexit sha1_base64="Nc60HuN1WRFdvNHXBDishlEn990="></latexit>

= kz +
k2
?+µ2

2kz
+ . . .

The same consideration applies to multi-step processes giving rise to 

  Due to Lorentz time-dilation, a relativistic hadron acquires rich internal structure.

Lifetime of a proton fluctuation into n pieces ("partons") with momenta
<latexit sha1_base64="30OJD+uPykS4L4nYqP7KUObXngc="></latexit>

ki = (ziPz,k?i), i = 1, . . . n

can be estimated, analogously, as
<latexit sha1_base64="GI0lvLU+6RImNNgPhEOvz5Gew0Q="></latexit>
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<latexit sha1_base64="Ssb/tO7HTtNpTP9YEsXZW0zE+Zo="></latexit>

m2
?i = m2

i + k2?i

with

Imagine space-time picture of particle exchange 
between a projectile a and a target b

long live Hadron!



x1

x2

x3

t2 t1 t 3< ,

At very high energy vacuum fluctuations become

<latexit sha1_base64="j3gLfzGw8rl0A+2zV5xD1OobCuw="></latexit>
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1

E

vanishingly rare

 seems anti-causal ?..

However, QFT does permit "unnatural" ordering of events in the configuration space (t,r) 

[ no trouble: Causality of the S-matrix gets 
restored upon integration over coordinates. ]

The physical picture simplifies significantly.

Have a look at the lifetime of such an "anti-causal" configuration:

F O
 R 

G E
 T

projectile

target

vacuum 
fluctuation

t1

t2

t 3

t1 t2< t 3<

and can be disregarded.
Effectively,  QFT scenario reduces to a much simpler QM one!

Another interesting thing happening with dynamics of high energy interactions is that 

our beloved 4-dimensional world effectively splits into two sub-spaces:

4 = 2 + 2
xμ = (ct, x, y, z) ⟹ (ct, z) ⊗ (x, y)

when particles collide along the z axis,

simpler: from QFT to QM

So drawn, the splitting process looks natural. 

cascading

SOFT physics

HARD physics simple serious
 complexity of dynamics gets halved :

More than just arithmetics

curiously, it is the other way around for the



EXTRAS



 Relativistic hadron has neither definite matter content nor definite geometrical profile in the impact parameter (transverse) plane.

Hadron is a quantum superposition of various components.

• H. Miettinen and J. Pumplin, Phys. Rev. D 18 (1978) 1696 

• M. Good and W. Walker, Phys. Rev. D 120 (1960) 1857 

Certain because during infinitesimal interaction time neither longitudinal momenta nor transverse coordinates of the constituents change.

 High-energy interaction makes a momentary snapshot of the hadron. 

What you see in this "photo" is a frozen configuration of one the virtual states belonging to the wave function of the relativistic hadron projectile. 

Due to the relativistic suppression of vacuum fluctuations with a time disorder the hadronic state can be described in terms of a multiparticle ("light-cone") wave function. 

It is clear that each state, given its specific content and configuration, interacts with the target with its proper intensity - cross section. 

So what do we mean then when we refer to,  say,  pp cross section being 60 mb at ISR energy? (or about 100 mb at LHC)

 Hadron cross sections that we measure and talk about are average characteristics of strong interactions.  

An incident proton, or pion, interacts with larger or smaller cross section on event-by-event basis. 

Each component has a certain number of constituents, each of which carries a certain fraction of the longitudinal momentum and has certain transverse position (     ). 
<latexit sha1_base64="iVZyatOlE2lRY3y43kgwE+98TzM=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQtNd0V3bisYB/QhjKZTtohk2SYmQgl9CPcuFDErd/jzr9x+hBU9MCFwzn3cu89geBMacf5sNbWNza3tgs7xd29/YPD0tFxR6WZJLRNUp7KXoAV5Syhbc00pz0hKY4DTrtBdD33u/dUKpYmd3oqqB/jccJCRrA2UjcaDgSVYlgqO7brufVqFRniOI1GxZCGW/PqHnJtZ4EyrNAalt4Ho5RkMU004VipvusI7edYakY4nRUHmaICkwiPad/QBMdU+fni3Bk6N8oIhak0lWi0UL9P5DhWahoHpjPGeqJ+e3PxL6+f6dDzc5aITNOELBeFGUc6RfPf0YhJSjSfGoKJZOZWRCZYYqJNQkUTwten6H/Sqdhu3a7d1srNq1UcBTiFM7gAFy6hCTfQgjYQiOABnuDZEtaj9WK9LlvXrNXMCfyA9fYJ4hGP9Q==</latexit>

k?

What one has to have in mind is a distribution over cross sections, specific for a given projectile hadron. 

Such distributions can indeed be drawn. We do not know them with certainty. 

At the same time, some global features can be firmly established.  

<latexit sha1_base64="FzfA5BI/otAVv+TYGLw7uii0tuQ="></latexit>Z 1

0
d� � Ph(�) = h�i ⌘ �tot

1.

2.

dispersion of the distribution is related to forward inelastic diffraction

small-sigma limit can be estimated by means of pQCD.

<latexit sha1_base64="QEarkwQEmTgP/es+V6dfEQDXJDs="></latexit>

X

h0 6=h

d�h!h0

di↵r.

dt

������
t=0

=
h�2i � h�i2

16⇡

Quarks sitting close together form a colourless weakly interacting configuration. 

Hadron matter becomes transparent w.r.t. to such fluctuations. 

Colour Transparency
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+ |qq̄gi
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+ . . .
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It would normally break up the target

Should we want the target nucleus to stay intact (diffraction),

All configurations that interact strongly get filtered out by the big nucleus. Only penetrating pion survives:  squeezed quark pair = small colour dipole.

Its interaction being small, the scattering amplitude becomes coherent :
<latexit sha1_base64="ip2MytvsbMax4PkbIt4H2aDxL2A="></latexit>
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d�coh =

Z

|t|⇠R�2
A

dt
d�coh
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/ A2

A2/3
= A4/3

Expected

Observed (Fermilab E791)
<latexit sha1_base64="/4uThlqcoOVQUmZzoDWiO0tveqg="></latexit>
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A

= =

Low-Nussinov model 
of the Pomeron

Take a pion. 
Its light-cone wave function contains various quark-gluon states

Gluon component is important:  it is "internal" gluons that make hadrons interact with large (not falling with energy) cross section :

(I promised not to refer to QCD but I could not possibly hide from you that hadrons do contain quarks and gluons) 

(briefly, this is the picture of how colour exchange mediated by 
t-channel gluon results in formation of multi-hadron final states)

Let energetic pion hit a heavy nucleus. 

that the probability of such eventuality decays exponentially with increasing nucleus size :textbooks would teach us 

However we are now aware that the notion of the total pion-nucleon Xsection is dubious (to say the least)

There are different configurations of constituents in the pion,  and some may have considerable penetrating power.
A quark and an antiquark sitting close have a good chance to be the one: their colour fields cancel!mean free path nucleon density in nucleus

<latexit sha1_base64="LAG+yaR4SQsqu9tSdBBvIHsrtFw=">AAAB8XicdVDLSgMxFL3js9ZX1aWbYBFclZm21Omu6MZlBfvAdiiZNNOGZjJjkhHK0L9w40IRt/6NO//GTFtBRQ8EDufcS849fsyZ0rb9Ya2srq1vbOa28ts7u3v7hYPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yWXmd+6pVCwSN3oaUy/EI8ECRrA20m0/xHrsB+ndbFAo2iXHdWqVCjLEtuv1siF1p+rWXOSU7DmKsERzUHjvDyOShFRowrFSPceOtZdiqRnhdJbvJ4rGmEzwiPYMFTikykvniWfo1ChDFETSPKHRXP2+keJQqWnom8ksofrtZeJfXi/RgeulTMSJpoIsPgoSjnSEsvPRkElKNJ8agolkJisiYywx0aakvCnh61L0P2mXS06tVL2uFhsXyzpycAwncAYOnEMDrqAJLSAg4AGe4NlS1qP1Yr0uRles5c4R/ID19glnT5Ft</latexit>q -jet

<latexit sha1_base64="0bfODfFXt++5B6mmsOmr2Bh5Dwc=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgqiRtqemu6MZlBfuAJpTJdNIOnUzizEQsIb/ixoUibv0Rd/6Nk7aCih4YOJxzL/fM8WNGpbKsD6Owtr6xuVXcLu3s7u0fmIflnowSgUkXRywSAx9JwignXUUVI4NYEBT6jPT92WXu9++IkDTiN2oeEy9EE04DipHS0sgsp26I1NQPUtdHIr3NsmxkVqyq7djNeh1qYlmtVk2Tlt1wmg60q9YCFbBCZ2S+u+MIJyHhCjMk5dC2YuWlSCiKGclKbiJJjPAMTchQU45CIr10kT2Dp1oZwyAS+nEFF+r3jRSFUs5DX0/mQeVvLxf/8oaJChwvpTxOFOF4eShIGFQRzIuAYyoIVmyuCcKC6qwQT5FAWOm6SrqEr5/C/0mvVrWb1cZ1o9K+WNVRBMfgBJwBG5yDNrgCHdAFGNyDB/AEno3MeDRejNflaMFY7RyBHzDePgGEs5Vv</latexit>

q̄ -jet

<latexit sha1_base64="sceBJKCMVliLqU+Uz4KkhnBQ/d4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GiZtqdNd0Y3LCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//G9CGo6IELh3Pu5d57woQzbTzvw8mtrW9sbuW3Czu7e/sHxcOjtpapIrRFJJeqG2JNORO0ZZjhtJsoiuOQ0044uZr7nXuqNJPi1kwTGsR4JFjECDZWak8GmUGzQbHkuchHtUoFWuJ59XrZkjqq+jUfItdboARWaA6K7/2hJGlMhSEca91DXmKCDCvDCKezQj/VNMFkgke0Z6nAMdVBtrh2Bs+sMoSRVLaEgQv1+0SGY62ncWg7Y2zG+rc3F//yeqmJ/CBjIkkNFWS5KEo5NBLOX4dDpigxfGoJJorZWyEZY4WJsQEVbAhfn8L/SbvsoppbvamWGperOPLgBJyCc4DABWiAa9AELUDAHXgAT+DZkc6j8+K8LltzzmrmGPyA8/YJCA+PdQ==</latexit>

kt1
<latexit sha1_base64="H8tGJfB3XrdOBBb4izW7OeFE9Fo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZK21HRXdOOygn1AG8pkOmnHTiZh5kYoof/gxoUibv0fd/6N04egogcuHM65l3vvCRLBNTjOh5VbW9/Y3MpvF3Z29/YPiodHbR2nirIWjUWsugHRTHDJWsBBsG6iGIkCwTrB5Grud+6Z0jyWtzBNmB+RkeQhpwSM1J4MMijPBsWSY7ueW6tUsCGOU6+XDam7Va/mYdd2FiihFZqD4nt/GNM0YhKoIFr3XCcBPyMKOBVsVuinmiWETsiI9QyVJGLazxbXzvCZUYY4jJUpCXihfp/ISKT1NApMZ0RgrH97c/Evr5dC6PkZl0kKTNLlojAVGGI8fx0PuWIUxNQQQhU3t2I6JopQMAEVTAhfn+L/SbtsuzW7elMtNS5XceTRCTpF58hFF6iBrlETtRBFd+gBPaFnK7YerRfrddmas1Yzx+gHrLdPCZSPdg==</latexit>

kt2

<latexit sha1_base64="DeOqjx8+2Tu408PVF8Ho7TNXY8k=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadlNQtzcgl48JmAekCxhdjKbjJmdXWZmhRjyBV48KOLVT/Lm3zh5CCpa0FBUddPdFSScKe04H1ZmbX1jcyu7ndvZ3ds/yB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjK/mfvuOSsVicaMnCfUjPBQsZARrIzXu+/mCY7ueWymVkCGOU60WDam6Za/iIdd2FijACvV+/r03iEkaUaEJx0p1XSfR/hRLzQins1wvVTTBZIyHtGuowBFV/nRx6AydGWWAwliaEhot1O8TUxwpNYkC0xlhPVK/vbn4l9dNdej5UyaSVFNBlovClCMdo/nXaMAkJZpPDMFEMnMrIiMsMdEmm5wJ4etT9D9pFW23Ypcb5ULtchVHFk7gFM7BhQuowTXUoQkEKDzAEzxbt9aj9WK9Llsz1mrmGH7AevsEXfqNVg==</latexit>z

<latexit sha1_base64="2ScFg0GyncYvSabUcxP8qg6LSGw=">AAAB7nicdVDLSgMxFM34rPVVdekmtQhuHCZtqdNd0Y3LCvYBnaFk0kwbmskMSUaoQz/CjQtF3Po97vwb04egogcuHM65l3vvCRLOlHacD2tldW19YzO3ld/e2d3bLxwctlWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTjK9mfueOSsVicasnCfUjPBQsZARrI3WQVzz3ivf9QsmxkYtqlQo0xHHq9bIhdVR1ay5EtjNHCSzR7BfevUFM0ogKTThWqoecRPsZlpoRTqd5L1U0wWSMh7RnqMARVX42P3cKT40ygGEsTQkN5+r3iQxHSk2iwHRGWI/Ub28m/uX1Uh26fsZEkmoqyGJRmHKoYzj7HQ6YpETziSGYSGZuhWSEJSbaJJQ3IXx9Cv8n7bKNanb1plpqXC7jyIFjcALOAAIXoAGuQRO0AAFj8ACewLOVWI/Wi/W6aF2xljNH4Aest09J047q</latexit>

1�z <latexit sha1_base64="XaAqoStSLoEUBQ51o/IjCpD1NSo="></latexit>

d�

dz
' c z2(1�z)2 / | ⇡!qq̄(z)|2

<latexit sha1_base64="M+n6Ky1B9PD3WDis3AcWaGxO8GU="></latexit>

kt > 1.5GeVSelection of final state jets with 
guaranteed that the squeezed pion propagated as a compact dipole all the way through the nucleus.

 Will one see a pion on the backside of the target?

Hardly. Admixture of a small-dipole component in a normal pion is tiny. 

The most probable outcome - production of two hadron jets emanating from the quark and the antiquark.

Size of the dipole                .
<latexit sha1_base64="0IP84Ilv4QEIGVsOiSQBAyrHx8Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARX46QtdborunFZwT6gHUsmTdvQJDMmGaUM/Q83LhRx67+4829MH4KKHrhwOOde7r0njDnTxvM+nKXlldW19cxGdnNre2c3t7ff0FGiCK2TiEeqFWJNOZO0bpjhtBUrikXIaTMcXUz95h1VmkXy2oxjGgg8kKzPCDZWuuloJugtRKejbmom3Vzec5GPysUitMTzKpWCJRVU8ss+RK43Qx4sUOvm3ju9iCSCSkM41rqNvNgEKVaGEU4n2U6iaYzJCA9o21KJBdVBOrt6Ao+t0oP9SNmSBs7U7xMpFlqPRWg7BTZD/dubin957cT0/SBlMk4MlWS+qJ9waCI4jQD2mKLE8LElmChmb4VkiBUmxgaVtSF8fQr/J42Ci8pu6aqUr54v4siAQ3AETgACZ6AKLkEN1AEBCjyAJ/Ds3DuPzovzOm9dchYzB+AHnLdPhRuSjw==</latexit>

' 1/kt

One of many a bright manifestation of Colour Transparency

!
Experimental "measurement" of the pion w. f.


