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The transversal displacement at each step of the cascade remains finite:

The fastest possible growth of the effective radius 
of the projectile hadron could be achieved 
if successive parton decays were aligned: 

Froissart !

Alternatively, for random walk in the impact parameter space,

growing interaction radius

<latexit sha1_base64="YNz+zDS+65cdZXtPsakCxpT35oc=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GidtqdNd0Y3LCk5baIeSSTNtaJIZkoxQSr/BjQtF3PpB7vwb04egogcuHM65l3vviVLOtPG8Dye3tr6xuZXfLuzs7u0fFA+PWjrJFKEBSXiiOhHWlDNJA8MMp51UUSwiTtvR+Hrut++p0iyRd2aS0lDgoWQxI9hYKUAXPZH1iyXPRT6qVSrQEs+r18uW1FHVr/kQud4CJbBCs1987w0SkgkqDeFY6y7yUhNOsTKMcDor9DJNU0zGeEi7lkosqA6ni2Nn8MwqAxgnypY0cKF+n5hiofVERLZTYDPSv725+JfXzUzsh1Mm08xQSZaL4oxDk8D553DAFCWGTyzBRDF7KyQjrDAxNp+CDeHrU/g/aZVdVHOrt9VS42oVRx6cgFNwDhC4BA1wA5ogAAQw8ACewLMjnUfnxXldtuac1cwx+AHn7ROuuo6i</latexit>

1/µ

it is not the initial hadron itself but one of its virtual offspring that hits the target. 
Because it is profitable to have multiple peripheral interactions replacing a head-on collision

Let us see what happens in the impact parameter plane (x,y) transversal to the collision axis

lifetime of a parton xp

its transverse velocity

<latexit sha1_base64="05Wmigq1MrW20tA0q9ovzMAc1dg=">AAACA3icdVDLSsNAFJ34rPUVdaeb0SLUTUjaUtOFUHTjzgr2AU0Ik+m0HTp5MDMRSgi48VfcuFDErT/hzr9x+hBU9MCFwzn3cu89fsyokKb5oS0sLi2vrObW8usbm1vb+s5uS0QJx6SJIxbxjo8EYTQkTUklI52YExT4jLT90cXEb98SLmgU3shxTNwADULapxhJJXn6/shzYsJj6ByewdTBiKVXWVZ0guTE0wumYdlWtVyGiphmrVZSpGZV7KoNLcOcogDmaHj6u9OLcBKQUGKGhOhaZizdFHFJMSNZ3kkEiREeoQHpKhqigAg3nf6QwWOl9GA/4qpCCafq94kUBUKMA191BkgOxW9vIv7ldRPZt92UhnEiSYhni/oJgzKCk0Bgj3KCJRsrgjCn6laIh4gjLFVseRXC16fwf9IqGVbVqFxXCvXzeRw5cACOQBFY4BTUwSVogCbA4A48gCfwrN1rj9qL9jprXdDmM3vgB7S3Tx1Slzg=</latexit>

k?= O(µ)

The drift that the system accumulates after n(s) decays amounts to 

<latexit sha1_base64="mcFTPiPi0h4GO0pQsIHFoUV9tbQ="></latexit>
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The number of steps necessary to degrade the offspring energy down to the hadron mass scale can be estimated as 

(Brownian motion of a drunk sailor)

Gribov 



We could make exchange particles real (‘countable’) if we chose positive t above thresholds :

Until now we have been exploiting analyticity and unitarity in the s-channel.
We saw how the s-channel unitarity restricted the dynamics in the impact parameter plane and gave rise to the Froissart limit. 

Аnalyticity, as we learned, follows from causality.
Unitarity : the sum of probabilities of all possible channels of particle creation equals one.

There must be one more condition that is not so easy to formulate :  the probability 
that colliding particles exchange something also cannot be bigger than one. 

It is real (on-mass-shell) particles that one can measure and ‘count’.

  operates at positive t and s<0,  while we are interested in t<0 and positive (large) s ... t-channel unitarity

Need to analytically continue the t-channel unitarity relation to large unphysical angles, 
z>>1, to find ourselves not too far from the physical region of the s-channel scattering! 

t-channel unitarity

The 'comb' picture of a multi-particle state of a relativistic hadron leads us to the idea of an interaction radius growing with s.  

 Any scientific ground under our Fingerspitzengefühl ? 

This was the first serious prediction concerning high energy hadron physics after Froissart and Pomeranchuk theorems  
<latexit sha1_base64="J0JOiHL7DPOPD0W+2bFVTaKNiDY="></latexit>⇣
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⌘Actually, our much praised basic principles forbid hadron radii to stay constant!

<latexit sha1_base64="rANHpQixnCdgXRgMLEzlZPRKpeE="></latexit>⇢0= constWhat is wrong with                 ? This regime is viable only if 
But we know that the total strong cross sections do not fall with energy.   (They slowly increase instead.) 

<latexit sha1_base64="rANHpQixnCdgXRgMLEzlZPRKpeE="></latexit>⇢0= const clashes with the hidden knowledge bordered by the secret hyperbola - the Karplus curve.

Muddling through analytic continuation of t-unitarity would imply changing the theme from thriller to horror.

I will give you but the sketch of the path



To get singularity in z it is not enough to hit the point K=0.

Go to the physical region of the t-channel where the energy t is just above the first threshold where 2-particle unitarity applies

Integration over polar and azimuthal angles of the intermediate state momentum k can be traded for two cosines:

: simple trigonometry
<latexit sha1_base64="x1+RhadHd/0rUQkqbMfmvfiRUFA=">AAAB/HicbVBNS8NAEJ34WetXtEcvwSJ4sSSlqMeiF8FLBfsBTSib7aZdutnE3Y0QQvwrXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8zKpVtfxsrq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP7me+t1HIiSN+L1KY+KFaMRpQDFSWhqYFTcQCGf1PHPlg1DZ2W2eD8yqXbNnsJaJU5AqFGgNzC93GOEkJFxhhqTsO3asvAwJRTEjedlNJIkRnqAR6WvKUUikl82Oz60TrQytIBK6uLJm6u+JDIVSpqGvO0OkxnLRm4r/ef1EBZdeRnmcKMLxfFGQMEtF1jQJa0gFwYqlmiAsqL7VwmOk01A6r7IOwVl8eZl06jXnvNa4a1SbV0UcJTiCYzgFBy6gCTfQgjZgSOEZXuHNeDJejHfjY966YhQzFfgD4/MHMO+VIg==</latexit>
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<latexit sha1_base64="9R6Nk2AGgVQtHZphwUbAGnOP/OI=">AAACBnicbVDLSgMxFM3UV62vUZciBIsgSMvMUNSNUHQjuKlgH9BOh0yaaUMzD5KM0A5dufFX3LhQxK3f4M6/MZ3OQlsPJJyccy8397gRo0IaxreWW1peWV3Lrxc2Nre2d/TdvYYIY45JHYcs5C0XCcJoQOqSSkZaESfIdxlpusPrqd98IFzQMLiXo4jYPuoH1KMYSSU5+uHt5bhrnY4dM72trlWC1lg9FS+Zjl40ykYKuEjMjBRBhpqjf3V6IY59EkjMkBBt04iknSAuKWZkUujEgkQID1GftBUNkE+EnaRrTOCxUnrQC7k6gYSp+rsjQb4QI99VlT6SAzHvTcX/vHYsvQs7oUEUSxLg2SAvZlCGcJoJ7FFOsGQjRRDmVP0V4gHiCEuVXEGFYM6vvEgaVtk8K1fuKsXqVRZHHhyAI3ACTHAOquAG1EAdYPAInsEreNOetBftXfuYlea0rGcf/IH2+QMjYZZf</latexit>

K = z2 + z21 + z22 � 2zz1z2 � 1

What is not so simple is to determine where the following integral develops singularity in z (read: s).

The integration paths can be deformed as to avoid vanishing of the denominator. 

<latexit sha1_base64="yvdZfVnvrTi0WIKuTGaiWf6eJbQ=">AAAB/3icbVC7TsMwFHV4lvIKILGwWFRIDKWKqwoYK1gYi0QfUhNFjuu0Vh0nsh2kEjrwKywMIMTKb7DxNzhtB2g5kuXjc+7VvT5BwpnSjvNtLS2vrK6tFzaKm1vbO7v23n5LxakktEliHstOgBXlTNCmZprTTiIpjgJO28HwOvfb91QqFos7PUqoF+G+YCEjWBvJtw/PkMspfPBR2S2bqwrzJ/LtklNxJoCLBM1ICczQ8O0vtxeTNKJCE46V6iIn0V6GpWaE03HRTRVNMBniPu0aKnBElZdN9h/DE6P0YBhLc4SGE/V3R4YjpUZRYCojrAdq3svF/7xuqsNLL2MiSTUVZDooTDnUMczDgD0mKdF8ZAgmkpldIRlgiYk2kRVNCGj+y4ukVa2g80rttlaqX83iKIAjcAxOAQIXoA5uQAM0AQGP4Bm8gjfryXqx3q2PaemSNes5AH9gff4AWuKTwg==</latexit>�1  z1, z2  1

The singularity appears when such deformation is no longer possible. Namely, when             hit unitary cuts of their respective amplitudes!
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Evaluating  Ims A3 , we express the double spectral function Im Im via  Im parts as

The double spectral function - a specifically relativistic object - bears information about unitarity in both channels, and allow to “counting exchanges”. 

<latexit sha1_base64="Jy8dWm/nLbXkZNbn4r+5vjYds5g="></latexit>

ImsA3 = ImsImtA ⌘ ⇢st(s, t)

with integration running over the region                                                 ;
<latexit sha1_base64="TgrOItuyJP10G9FEsMgT4jqs8Oc=">AAACEXicbZC7TsMwFIadcivlFmBksaiQihBVElXAWMHCWCR6kZoQOa7bWnUu2A5SG/UVWHgVFgYQYmVj421w0gzQ8kuWPv/nHNnn9yJGhTSMb62wtLyyulZcL21sbm3v6Lt7LRHGHJMmDlnIOx4ShNGANCWVjHQiTpDvMdL2Rldpvf1AuKBhcCvHEXF8NAhon2IkleXqlYlrTlwLnkBb3HOZpPc769Q8VmBlMIU2I3Di6mWjamSCi2DmUAa5Gq7+ZfdCHPskkJghIbqmEUknQVxSzMi0ZMeCRAiP0IB0FQbIJ8JJso2m8Eg5PdgPuTqBhJn7eyJBvhBj31OdPpJDMV9Lzf9q3Vj2L5yEBlEsSYBnD/VjBmUI03hgj3KCJRsrQJhT9VeIh4gjLFWIJRWCOb/yIrSsqnlWrd3UyvXLPI4iOACHoAJMcA7q4Bo0QBNg8AiewSt40560F+1d+5i1FrR8Zh/8kfb5A5rNmlw=</latexit>

z1z2 +
q
(z21 � 1)(z22 � 1)  z

Knowing it, we can restore the amplitude itself using the Double Dispersion (Mandelstam) Representation
<latexit sha1_base64="rANHpQixnCdgXRgMLEzlZPRKpeE="></latexit>⇢0= const implies factorisation of s- and t- dependence: 

<latexit sha1_base64="QzRT8x/Fcr3WBV+wNJVgpFzNWww=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwbSFNpTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3H4IKvpg4PHeDDPzwpQzpR3nw1pb39jc2i7sFHf39g8OS0fHbZVkklCfJDyR3RArypmgvmaa024qKY5DTjvh5Hrud+6pVCwRd3qa0iDGI8EiRrA2kt/nAqlBqezYrufWq1VkiOM0GhVDGm7Nq3vItZ0FyrBCa1B67w8TksVUaMKxUj3XSXWQY6kZ4XRW7GeKpphM8Ij2DBU4pirIF8fO0LlRhihKpCmh0UL9PpHjWKlpHJrOGOux+u3Nxb+8XqYjL8iZSDNNBVkuijKOdILmn6Mhk5RoPjUEE8nMrYiMscREm3yKJoSvT9H/pF2x3bpdu62Vm1erOApwCmdwAS5cQhNuoAU+EGDwAE/wbAnr0XqxXpeta9Zq5gR+wHr7BPEgjs0=</latexit>

ln sSubstituting this ansatz into DDR results in the r.h.s. coming out         times larger than the l.h.s.!
<latexit sha1_base64="rANHpQixnCdgXRgMLEzlZPRKpeE="></latexit>⇢0= const hypothesis (prejudice) did not survive the Unitarity test!



<latexit sha1_base64="VVWCDWag3a0XwZj+FLI4E9xUSVI="></latexit>
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dq2
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2|, Bel = R2

proton

Proton radius can be measured by examining the shape of the forward pp elastic peak.

The differential spectrum falls exponentially with increasing momentum transfer,

whose falloff parameter translates into proton radius

<latexit sha1_base64="eLp/dno9VCf3gDw23HG9R/kCeKs=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiRtaOuu6MZlBfuAJpTJdNoOnUzizEQoob/hxoUibv0Zd/6N04egogcuHM65l3vvCRPOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdkOsKGeCtjTTnHYTSXEUctoJJ1dzv3NPpWKxuNXThAYRHgk2ZARrI/m+upM687lAatYvlhzbrbvVegUZ4rhOtWzIhevVPA+5trNACVZo9ovv/iAmaUSFJhwr1XOdRAcZlpoRTmcFP1U0wWSCR7RnqMARVUG2uHmGzowyQMNYmhIaLdTvExmOlJpGoemMsB6r395c/MvrpXpYDzImklRTQZaLhilHOkbzANCASUo0nxqCiWTmVkTGWGKiTUwFE8LXp+h/0i7bbtWu3HilxuUqjjycwCmcgws1aMA1NKEFBBJ4gCd4tlLr0XqxXpetOWs1cww/YL19ArK7kiM=</latexit>p
ln s

Experimental data from moderate energies all the way up to 
the LHC show a steady growth of proton radius as           .    

<latexit sha1_base64="VVWCDWag3a0XwZj+FLI4E9xUSVI="></latexit>
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proton

... or maybe a little faster (?)

proton swelling

Similar conclusions follow also from                        reactions. 

<latexit sha1_base64="0sV1mcfsL+2la4K68Z4Bq2EDz1g=">AAAB/HicdVDLSsNAFJ3UV62vaJduBotQNyFpS013RTcuK9gHNDFMptN26OThzKQQQv0VNy4UceuHuPNvnD4EFT1w4XDOvdx7jx8zKqRpfmi5tfWNza38dmFnd2//QD886ogo4Zi0ccQi3vORIIyGpC2pZKQXc4ICn5GuP7mc+90p4YJG4Y1MY+IGaBTSIcVIKsnTiw65S+gUOnwceeZtpSzOoKeXTMOyrXq1ChUxzUajokjDqtl1G1qGuUAJrNDy9HdnEOEkIKHEDAnRt8xYuhnikmJGZgUnESRGeIJGpK9oiAIi3Gxx/AyeKmUAhxFXFUq4UL9PZCgQIg181RkgORa/vbn4l9dP5NB2MxrGiSQhXi4aJgzKCM6TgAPKCZYsVQRhTtWtEI8RR1iqvAoqhK9P4f+kUzGsulG7rpWaF6s48uAYnIAysMA5aIIr0AJtgEEKHsATeNbutUftRXtdtua01UwR/ID29gmFI5QP</latexit>

⌘ ⇢20(s)

<latexit sha1_base64="ey+IhZQOkDyARbFM0BG8ojRqdtQ=">AAAB/3icdZDLSsNAFIYnXmu9RQU3bgaL4KKEpA1t3RXdCG4q2As0oUym03boJBlmJkKJXfgqblwo4tbXcOfbOGkrqOgPAx//OYdz5g84o1LZ9oextLyyurae28hvbm3v7Jp7+y0ZJwKTJo5ZLDoBkoTRiDQVVYx0uCAoDBhpB+OLrN6+JULSOLpRE078EA0jOqAYKW31zEPuBUikfFqEHqeQF+FVBj2zYFtOzanUylCD7diVkoYzx626LnQse6YCWKjRM9+9foyTkEQKMyRl17G58lMkFMWMTPNeIglHeIyGpKsxQiGRfjq7fwpPtNOHg1joFyk4c79PpCiUchIGujNEaiR/1zLzr1o3UYOan9KIJ4pEeL5okDCoYpiFAftUEKzYRAPCgupbIR4hgbDSkeV1CF8/hf9Dq2Q5Fat87Rbq54s4cuAIHINT4IAqqINL0ABNgMEdeABP4Nm4Nx6NF+N13rpkLGYOwA8Zb5+eCJU3</latexit>

pp̄,⇡p,K⇡

How about experiment (The last judgement)?



A remarkable thing about ladders:  they satisfy the t-channel unitarity!

Squaring the “comb” amplitude  we get a ladder graph for the cross section. 

This makes one wonder about possible role of t-channel resonances in the energy behaviour of s-channel amplitudes.

(recall:  Repetition= Unitarity)from t-channel point of view, ladder rungs make one think of potential interaction between 2 particles.

This expectation turns out to be true and constitutes the main discovery of the  Complex Angular Momenta  theory (TCAM).

There is one more hint:  

Write down the amplitude expansion in terms of t-channel partial waves f(s) rather than f(s) that we employed while deriving the Froissart bound:
For a finite t a limited number of partial waves contribute.   
Let boldly truncate the sum and look at behaviour at large (unphysical)                 .z �⇥

This is by no means proof.  But a good hint at a link worth exploring: characteristic t-channel angular momentum as exponent of the s-behaviour!

and would coincide with the partial waves in integer points,

<latexit sha1_base64="LYH6Gwmi+e9Ok81IoiEqvL9ZjJk="></latexit>
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Z
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d`P`(�z)

sin⇡`
f` = fn

Employing the Cauchy integral along a circle      surrounding an integer point             ,
<latexit sha1_base64="Dehr/n+ryk5KgRuhnwDnPeZfSO8=">AAAB7XicdVDLSsNAFL3xWeur6tLNYBFchaQtNV0IRTcuK9gHtKFMppN27GQSZiZCCf0HNy4Ucev/uPNvnD4EFT1w4XDOvdx7T5BwprTjfFgrq2vrG5u5rfz2zu7efuHgsKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHw189v3VCoWi1s9Sagf4aFgISNYG6nVo5xfiH6h6Niu51bLZWSI49RqJUNqbsWresi1nTmKsESjX3jvDWKSRlRowrFSXddJtJ9hqRnhdJrvpYommIzxkHYNFTiiys/m107RqVEGKIylKaHRXP0+keFIqUkUmM4I65H67c3Ev7xuqkPPz5hIUk0FWSwKU450jGavowGTlGg+MQQTycytiIywxESbgPImhK9P0f+kVbLdql25qRTrl8s4cnAMJ3AGLpxDHa6hAU0gcAcP8ATPVmw9Wi/W66J1xVrOHMEPWG+f0pCPUg==</latexit>

` = n
<latexit sha1_base64="X+bJhDJOlKAVXycblW2sYFwSEo4=">AAAB9XicdVDLSgNBEOyNrxhfUY9eBoPgadlNQkxuwVw8RjAPSGKYncwmQ2Znl5lZJSz7H148KOLVf/Hm3zh5CCpa0FBUddPd5UWcKe04H1ZmbX1jcyu7ndvZ3ds/yB8etVUYS0JbJOSh7HpYUc4EbWmmOe1GkuLA47TjTRtzv3NHpWKhuNGziA4CPBbMZwRrI90mSZ9gnjTSdChSNMwXHNutupVSCRniOLVa0ZCaW65Wqsi1nQUKsEJzmH/vj0ISB1RowrFSPdeJ9CDBUjPCaZrrx4pGmEzxmPYMFTigapAsrk7RmVFGyA+lKaHRQv0+keBAqVngmc4A64n67c3Fv7xerP3qIGEiijUVZLnIjznSIZpHgEZMUqL5zBBMJDO3IjLBEhNtgsqZEL4+Rf+TdtF2K3b5ulyoX67iyMIJnMI5uHABdbiCJrSAgIQHeIJn6956tF6s12VrxlrNHMMPWG+fONCTAg==</latexit>

Cn
one replaces the sum by a contour in the complex     plane, running along the imaginary axis

<latexit sha1_base64="ZXV72eRw1yIKNsd9KC0lsOLy3k8=">AAAB63icdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwX5AG8pmu2mXbjZhdyOU0L/gxYMiXv1D3vw3btoKKvpg4PHeDDPzgoQzpR3nw1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGCdSwPK+bBUdmzXc+vVKjLEcRqNiiENt+bVPeTazgJlWKE1LL0PRjFJIyo04Vipvusk2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLW+fo3CgjFMbSlNBooX6fyHCk1CwKTGeE9UT99nLxL6+f6tDzMyaSVFNBlovClCMdo/xxNGKSEs1nhmAimbkVkQmWmGgTT9GE8PUp+p90KrZbt2u3tXLzahVHAU7hDC7AhUtowg20oA0EJvAAT/BsRdaj9WK9LlvXrNXMCfyA9fYJghCOkw==</latexit>

`

We can move the contour to the left, strengthening the boundary
<latexit sha1_base64="N80TQtFjWPV3OxMmWudTN18rCRo="></latexit>

A(s, t) / |P`(z)|  zRe `

until a singularity of the p.w.           is hit at some 
<latexit sha1_base64="qmw3gORiccKpdEpSQxVssfcCLTw=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoMQL8vuGqM5CEEvHiOYRMiuoXcymwyZfTAzq4Ql/+HFgyJe/Rdv/o2Th6CiBQ1FVTfdXX7CmVSW9WHkFhaXllfyq4W19Y3NreL2TkvGqSC0SWIeixsfJOUsok3FFKc3iaAQ+py2/eHFxG/fUSFZHF2rUUK9EPoRCxgBpaVbl3J+5gJPBlBWh91iyTJrx1WnVsOWaU2hyZHjOBUb23OlhOZodIvvbi8maUgjRThI2bGtRHkZCMUIp+OCm0qaABlCn3Y0jSCk0sumV4/xgVZ6OIiFrkjhqfp9IoNQylHo684Q1ED+9ibiX14nVcGpl7EoSRWNyGxRkHKsYjyJAPeYoETxkSZABNO3YjIAAUTpoAo6hK9P8f+k5Zh21axcVUr183kcebSH9lEZ2egE1dElaqAmIkigB/SEno1749F4MV5nrTljPrOLfsB4+wQUv5JC</latexit>

` = ↵(t)
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f`(t)

( Sommerfeld–Watson integral )

f�(t)Suppose we knew how to construct a function           that would be analytic in   �
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z ⌘ zt = 1 +

s

t�4m2

�
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A(s, t) =
1X

n=0

(2n+ 1)fn(t)Pn(z)
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=

n0(t)X

n=0

(2n+ 1)fn(t)Pn(z) +
1X

n0(t)

· · ·
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⇠ zn0(t) / sn0(t).



�by increasing energy from E0 , we will determine at which     the energy level occurs. 

�When we kept    real,  above E=0 the energy of the level became complex. 

In the attractive potential, bound states and resonances in different partial waves can exist.

Imagine we took a shallow potential such that there is only    =0 bound state. �

�Let increase    continuously.  The repulsive centrifugal potential grows, the energy of the level goes up. 
E becomes complex and the level dives onto unphysical sheet . 

Now reverse the picture : 
If we want now to keep E real, it is    to becomes complex above             . � � = �1

It hits E=0 at some angular momentum             .� = �1

The pole (at integer value    =n) is nothing but a resonance with spin n�

 This curve -"Regge trajectory" - quantifies the characteristic angular momentum 
 that determines asymptotics of the scattering amplitude when                      .cos ��⇥

n < �(t)
fn

This tells us what is the maximum value of angular momentum at which the attraction is still stronger 
than the centrifugal repulsion, and the wave function is concentrated at small distances so that       with        
                 are large and contribute significantly to the partial-wave expansion.

Partial wave amplitude as an analytic function of angular momentum was first considered in NQM by T. Regge in 1959. 

For NQM this was no more than a mathematical curiosity.  

In Relativistic Theory the problem of analytic continuation to complex    is solved by two equations for the absorptive ("Im") part of the amplitude
<latexit sha1_base64="ZXV72eRw1yIKNsd9KC0lsOLy3k8=">AAAB63icdVBNS8NAEJ34WetX1aOXxSJ4CklbanorevFYwX5AG8pmu2mXbjZhdyOU0L/gxYMiXv1D3vw3btoKKvpg4PHeDDPzgoQzpR3nw1pb39jc2i7sFHf39g8OS0fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G0+vc795TqVgs7vQsoX6Ex4KFjGCdSwPK+bBUdmzXc+vVKjLEcRqNiiENt+bVPeTazgJlWKE1LL0PRjFJIyo04Vipvusk2s+w1IxwOi8OUkUTTKZ4TPuGChxR5WeLW+fo3CgjFMbSlNBooX6fyHCk1CwKTGeE9UT99nLxL6+f6tDzMyaSVFNBlovClCMdo/xxNGKSEs1nhmAimbkVkQmWmGgTT9GE8PUp+p90KrZbt2u3tXLzahVHAU7hDC7AhUtowg20oA0EJvAAT/BsRdaj9WK9LlvXrNXMCfyA9fYJghCOkw==</latexit>

`

"Gribov-Froissart projection"

There is a subtlety :  in RT one has to continue even and odd angular momenta independently. 
The reason - presence of the left cut, bringing in a non-continuable factor          .
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(�1)`

The cure - treat separately             symmetric and antisymmetric combinations
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s $ u
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A± = A(s)±A(u)
This property is called "signature" (positive, negative).

Singularities, as before, arise when analysing the unitarity relation of the t-channel 



                                                  We knew that resonances with different spins n live on the unphysical sheet. Now not only have 
we got the statement about the large-s behaviour,  but also about the resonances themselves :

A truly remarkable picture! 
they are analytically linked to each other!  

Two (generally speaking, different) analytic curves               that combine together t-channel resonances with even and odd spins 
at the same time determine asymptotic behaviour of the symmetric and anti-symmetric parts of the s-channel amplitude.

�±(t)

Without much ado, we dive under the unitary cut to get a Regge pole

Understanding this cross-channel relation constitutes the main achievement of the theory of complex angular momenta.

 Regge trajectory is characterised by its quantum numbers (I, B, S, ...), plus “signature”.

Substituting the pole into the Sommerfeld–Watson integral results in

Near an integer point (of proper signature) the reggeon amplitude reproduces particle exchange

The Reggeon propagator differs essentially from the particle propagator:  it contains a non-trivial complexity

The residue factorises,                    as it did before in the case of resonances - follows from unitarity ! II

I

III

signature factor

Near those integers where ξα  has poles (α+ =2n, α− =2n+1) it is almost real (as it should be for particle exchange). 
In physical points of  ‘alien signature’ , (α+=2n+1, α−=2n),  the amplitude is purely imaginary, ξα = i  (classical diffraction off a black disc).

 Reggeon akin particle with varying spin J(t)
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Reggeon
which relation holds for arbitrary complex    . �



 Take                    scattering as example. 
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⇡N ! ⇡N

The two-pion system in the physical region of the t-channel has resonances.

Look at the famous vector meson     (J=1) and its known "excitations" with spins J=3, 5, ...
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Plot their spin vs squared masses (t). This is the Chew-Frautschi diagram.

Since the Regge trajectory looks well linear, continue drawing to t=0 and further into t<0.
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⇠ s�1

We expect that the differential cross section of the change-exchange reaction 
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⇡+p ! ⇡0n
in the near-to-forward direction should fall with energy. As it does indeed.
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strangeness  S -1+0 = 1-2

to better see strangeness balance, here is the quark content of participants

baryon charge  B 0+1 = 0+1

Quantum numbers in the t-channel here are  B=0, S=2.

So, we would need to exchange a double-strange meson that cannot be assembled from a quark and an antiquark (as all known mesons are). 
We stumble upon an "exotic" state - tetra-quark ... As long as such animal (and its Regge intercept) is not found, 
we can expect the corresponding cross section to fall extremely fast with energy. Which is does. 

Another example or Regge phenomenology - of the opposite kind

Chew-Frautschi plot



Not only mesons but also baryons fall onto Regge trajectories.

Two Lambda-trajectories display degeneracy in signature.

All trajectories happen to be approximately linear  ( ? )
This phenomenological finding has ignited the development of the 
String theory 

baryon trajectories

(quantum spectrum of a rotating stick - linear in J).
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⇡N ! ⇡N
By continuing the N trajectory down to t=0, we conclude
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that the differential Xsection of 
in the backward direction
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�t ' s ! 1, |u|=const
should falls with s much faster:
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⇠ s�3

scattering

(The same degeneracy manifests itself in the        family.)
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K⇤

�⇥
R ⇥ 0.9� 1.0 GeV�2

All Reggeons (but one, t.b.c.) have approximately the same slope
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↵R(t) ' ↵R(0) + ↵0
R · t

�⇥
P � 0.25 GeV�2

The trajectory apart bears the name "Pomeron".  

It has quantum numbers of the vacuum and positive signature, 
and has to have the maximally allowed intercept

Its  t- slope is much smaller:
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↵P(0) = 1
Pomeron is responsible for the behaviour of total cross sections.

NB:

trajectories



The whole bunch of  “natural parity” trajectories happen to be degenerate :

� s0.55

  rho(IGsgn=1--)     omega(0+-)      f2(0++)      a2(1-+) 

“unnatural parity” trajectories               are poorly known; (�, a1) �(0) � 0

what is  “natural parity” ?

Pr = P · (�1)�

scalar, vector, tensor mesons

pseudoscalar, axial vector,..

Pr = +1 (“natural”)

Pr = -1 (“unnatural”)

degeneracy



In the interval 0 ≤ t ≤ 4μ2 (of which t = 0 is the point of the most interest to us) 
the rightmost pole in the j-plane has to have positive signature, Pj = +1, 

and all the quantum numbers = those of the vacuum.

Which singularity is the rightmost ?

It is straightforward to prove that

�P (0) = 1To assure non-falling         ,  it has to have the maximal intercept �tot

Moreover, from s-channel unitarity follows that it has to have positive signature 

Otherwise, the cross section in the u channel would turn negative.

A similar story with other quantum numbers like isospin (any irreducible tensor has a negative diagonal element ...)

 Hypothesis of the leading pole = “Pomeron”  (Gell-Mann’s name for Gribov’s vacuum pole)

A weird thing about the Pomeron trajectory: no known mesons are ascribed to! ( all info comes from t<0 )

Pomeron



How does this work it practice ? Total cross sections :

Donnachie & Landshoff  fit

s0.0808

nucleon-nucleon scattering

A few things to notice :

hardly distinguishable from     log(s) + log2(s)

interplay between positive ( f2, a2 ) and 
negative signature  (         ) reggeons�, ⇥

pion-nucleon scattering Kaon-nucleon scattering

� : p � 2 : 3 quark counting !

Pheno



Differential cross sections
A miraculous simplicity :  suppose that P couples to hadrons as the photon does 

and that its coupling is proportional to the number of valence quarks.

Then for the cross section of elastic 
nucleon-nucleon scattering we expect

Stepping away from the Coulomb peak (smallest t)
we determine the slope of the P trajectory 

( F1 the e.m. Dirac proton form factor )

pion-nucleon scattering
measure e.m. pion form factor

replace

and obtain a parameter-free prediction for

d��p(s, t)
dt

And it works !

Pheno



Elastic scattering angular distribution at (relatively) large |t| is poorly described. 

Apparent linearity of Regge trajectories remains unexplained (if not mysterious).
Absence of predicted parity degeneracy among baryons.

The latter “difficulty” is not accidental.  

As we will see, Pomeron pole is not alone on the angular momentum plane.  
As particles/resonances were creating threshold cuts,  in the very same manner a Regge pole gives rise to branch singularities.  

P is special in this respect : on the a.m. plane Pomeron branchings are not separated from the pole but are sitting “on top of it”  ... 

From the s-channel point of view, Pomeron branchings are intimately related with the pattern of multiplicity fluctuations in multi-particle production.  
They are also responsible for important phenomenon of “shadowing”,  typical for strong interaction dynamics 

s-channel structure of the Pomeron exchange & physics of Reggeon branchings

Power energy decrease of two-particle “charge exchange” cross sections.
Steep falloff of cross sections with “exotic” quantum numbers in the t channel.

The goods and bads of the Regge pole picture. 

High energy factorisation of cross sections of various processes. 

Universal high energy behaviour of total scattering cross sections. (Pomeron, P)

(Reggeons, R)

Energy growth of the hadron interaction radii. 
Fragmentation scaling and universality of the Feynman plateau.
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n

The Reggeon exchange amplitude

Regge pole contribution bears essential complexity : - the signature factor

We observe that the Im part is large: 

 Moreover, if                   , (Pomeron) the forward amplitude is purely imaginary (cf. black disk)�P (0) = 1

Imaginary Pomeron exchange means that the elastic amplitude "contains inside"  lot of  inelastic processes.
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P↵(t)(�z)± P↵(t)(z)

sin⇡↵(t)
replaces that of usual particle exchange
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P�(z)

m2
� � t
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z ⌘ cos⇥t = 1 +

2s

t�4m2

�

These are our ladders (squared "combs").

a

b

a

b

a

b
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ImAfwd
ab!ab

= d2k� d�

target (t)
fragmentation

projectile (p)
fragmentation

central
[Feynman] 
plateau

Nice thing about this variable is its friendliness towards 
Lorentz boosts in the direction of collision (z).

The absolute value of rapidity depends on the frame,
but                      stays boost invariant. 
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�⌘ = ⌘1�⌘2
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⌘t = 0, ⌘p = ln s
<latexit sha1_base64="JsscJJM3LFXKfFXM6uJmGZG44h0="></latexit>

⌘t = �1

2
ln s, ⌘p = +

1

2
ln s

in the lab. turns into

in c.m.s., etc 

With s increasing, the plateau widens while the fragmentation regions stay intact while parting.

Hadrons in the “comb” have limited transverse momenta and distributed uniformly in rapidity



We established a link between long living "comb" fluctuation and the Pomeron. 

What if our projectile fluctuates more than once?  

If only one parton hits the target,  the adjacent comb - the virtual fluctuation 
that did not loose coherence - collapses back

Meanwhile, if  both branches interact with the target, 
we get an amplitude with double parton content. 

Squaring this amplitude one arrives 
at the picture of two parallel ladders: 

What sort of final states this amplitude contains? The double-Reggeon amplitude can be cut in three different ways: 
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= �2

quasi-elastic process correction to plateau double particle density Small and large density fluctuations plus correction 
to average events combine into suppression of 
the total cross section - shadowing effect. General formula has been derived (AGK cutting rules) that determines relative weights 

of various particle density fluctuations due to an arbitrary number of Pomeron exchanges. 

without affecting the interaction. 



The study of small multiplicities                 provides a crucial test of the Pomeron pole hypothesis. 
TCAM would have been self-consistent if multiplicity fluctuations were rare and the Pomeron ‘resistant’ to the s-channel unitarity.

<latexit sha1_base64="FvbhO4ucFL8odDcXCsLKc81c9jI=">AAACBnicdVDLSsNAFJ3UV62vqEsRBotQNyVpS013RTcuK9gHNKFMppN26GQSZiZCCV258VfcuFDErd/gzr9x0lZQ0QMDh3PPvXPv8WNGpbKsDyO3srq2vpHfLGxt7+zumfsHHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen6k8us3r0lQtKI36hpTLwQjTgNKEZKSwPz2A2RGvtByl3GoBtpbzYq5bOSPJsNzKJVth27Xq1CTSyr0aho0rBrTt2BdtmaowiWaA3Md3cY4SQkXGGGpOzbVqy8FAlFMSOzgptIEiM8QSPS15SjkEgvnZ8xg6daGcIgEvpxBefq944UhVJOQ187s6Xl71om/lXrJypwvJTyOFGE48VHQcKgimCWCRxSQbBiU00QFlTvCvEYCYSVTq6gQ/i6FP5POpWyXS/XrmvF5sUyjjw4AiegBGxwDprgCrRAG2BwBx7AE3g27o1H48V4XVhzxrLnEPyA8fYJJnqZlw==</latexit>

n ⌧ n(s)

In reality fluctuations happen to be omnipresent and contribute ‘too much’ to σtot .

P shares an honourable role of the rightmost singularity in the j plane with branch cuts due to multiple P exchange.
Pomeron collides with all its branching  and is no longer an isolated leading singularity... 

Position in the j plane of the n-Reggeon exchange branch cut singularity reads (Mandelstam)
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jn(0) = 1 + n(↵(0)� 1)
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= 1 = ↵P (0)

Specifically for the Pomeron case, at the point responsible for σtott = 0

Moreover, at  branchings dominate over the pole!t < 0 (Hence problems predicting diff. distribution of elastic scattering.) 

one obtains

Attempts at solving the problem of  'interacting Pomerons' triggered a breakthrough in theory of second order phase transitions. 
(similar physics of systems with untameable long-range fluctuations, near the “boiling point”)

Exchanging multiple Pomerons we get various fluctuations in high energy multi-particle production pattern.

basic plateau large central rapidity gap (quasi)elastic diffraction

high-mass inelastic diffraction

double central density

This one in particular (known as 3-Pomeron limit) proved catastrophic: 
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Looking at high energy behaviour of total, inelastic, diffractive hadron cross sections we are facing an intrinsically unstable dynamics difficult to handle.

QCD has only added insult to injury :  another infrared instability - that of colour confinement.



Talking about physics of hadrons we practically did not mention quarks neither referred to QCD.

I did this on purpose. 

I have tried to convince you that when it comes to high-energy processes, the knowledge of microscopic dynamics is not obligatory. 
It goes without saying that having that knowledge would be helpful.

However, we are still hurting: QCD as we know it does not apply to the physics of soft hadron interactions.  
All the beauty of the quark-gluon dynamics fades away when it comes to processes characterised by large cross sections.

Meantime, it is worth keeping in mind that the concept of quarks + gluons + colour confinement goes along.

cross sections not falling with energy vector gluon as interaction mediator
vanishing cross sections with exotic quantum number exchange quark model
uniform rapidity distribution (Feynman plateau) accompanying gluon radiation (bremsstrahglung)
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k?rare appearance of large dimensionless coupling + asymptotic freedom

So, there is well harmony

Perturbative approach is inapplicable here. 

How complete the failure was is for you to judge.

As far as general principles are concerned, in 50 years there has been no understanding or tools developed 
that allow unitarity (and even causality) to be formulated in the language of INFO (Identified but Non-Flying Objects).

The basic features of high-energy hadron phenomena vs. QCD :

To give an example, a pQCD shot at Pomeron has earned widespread fame but lacks relevance.

hadrons belong to Regge families
the vacuum channel

quarks and gluons reggeize too

[ Scared (and/or) Bored (and/or) Curious ]

t-channel two-gluon exchange - a perfect sketch for Pomeron 

Remind you of the announced SBC options

wrap-up

, it's more about deception than progress.  On a quantitative level

on a qualitative level.  


