
IMCC Annual Meeting 2023 - 20/06/2023

David Marzocca

1

Trieste

Standard Model PDFs 
for High-Energy Lepton Colliders

Francesco Garosi, D.M., Sokratis Trifinopoulos [2303.16964]

LePDF
Available form:

- https://github.com/DavidMarzocca/LePDF

- https://lepdf.hepforge.org/  (still empty)

Based on several previous works, most notably:

P. Ciafaloni, Comelli [hep-ph/0007096, hep-ph/0001142, hep-ph/0505047], 
Bauer, Webber [1703.08562, 1808.08831],

Chen, Han, Tweedie [1611.00788], Han, Ma, Xie [2007.14300, 2103.09844]

Azatov, Garosi, Greljo, DM, Salko, Trifinopoulos [2205.13552]

https://arxiv.org/abs/2303.16964
https://github.com/DavidMarzocca/LePDF
https://lepdf.hepforge.org/
https://arxiv.org/abs/2103.09844


2

MuC is a VBC
H

HZ

[Costantini et al. 2005.10289]

dashed:

annihilation

solid: VBFto
ta

l c
ro

ss
 s

ec
tio

n 
[fb

]

MuC energy [TeV] [see also Costantini et al. 2005.10289]



2

MuC is a VBC
H

HZ

[Costantini et al. 2005.10289]

dashed:

annihilation

solid: VBFto
ta

l c
ro

ss
 s

ec
tio

n 
[fb

]

MuC energy [TeV] [see also Costantini et al. 2005.10289]

At muon colliders above ~1 - 5 TeV,

the VBF process is always dominating over annihilation, 
mostly collinear emission.

A high-energy Muon Collider 
is a Vector Boson Collider!

This is what allows a MuC to reach

exquisite precision in Higgs and EW physics.
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The emission of collinear radiation (photon, W, Z, etc..) off a muon 
can be factorised from the hard scattering. [Cuomo, Vecchi, Wulzer 1911.12366]

pT, mW ≪ E
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The emission of collinear radiation (photon, W, Z, etc..) off a muon 
can be factorised from the hard scattering.

This can be described in terms of

generalised Parton Distribution Functions, like for proton colliders:

[Cuomo, Vecchi, Wulzer 1911.12366]

The case of collinear photon emission from an electron gives the Equilvalent Photon Approximation

Fermi (’24) Weizsacker, Williams (’34) Landau, Lifschitz (’34)

LO Splitting function:

pT, mW ≪ E
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At energies above the EW scale, similarly one can obtain the Effective Vector Approximation 
for EW gauge boson PDFs

Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).

for the muon PDF. Taking the DGLAP equations for the transverse and longitudinal W�

boson, Eqs. (D.33,D.34,D.38) one gets the leading order results
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and analogously for the Z and Z/� PDFs
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For Q ≫ mW: This one is now implemented in 
MadGraph5_aMC@NLO

[Ruiz, Costantini, Maltoni, Mattelaer 2111.02442]

Kane, Repko, Rolnik; Dawson; Chanowitz, Gaillard ’84,

See also Borel et al. [1202.1904], Costantini et al. [2005.10289] Ruiz et al. [2111.02442], etc…
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For Q ≫ mW: This one is now implemented in 
MadGraph5_aMC@NLO

[Ruiz, Costantini, Maltoni, Mattelaer 2111.02442]

Kane, Repko, Rolnik; Dawson; Chanowitz, Gaillard ’84,

See also Borel et al. [1202.1904], Costantini et al. [2005.10289] Ruiz et al. [2111.02442], etc…

Is this sufficient?
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At energies above the EW scale, similarly one can obtain the Effective Vector Approximation 
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Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).

for the muon PDF. Taking the DGLAP equations for the transverse and longitudinal W�
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For Q ≫ mW: This one is now implemented in 
MadGraph5_aMC@NLO

[Ruiz, Costantini, Maltoni, Mattelaer 2111.02442]

Kane, Repko, Rolnik; Dawson; Chanowitz, Gaillard ’84,

See also Borel et al. [1202.1904], Costantini et al. [2005.10289] Ruiz et al. [2111.02442], etc…

Is this sufficient?
The expected relative corrections to the LO EVA 
result are proportional to (Sudakov double logs)

~ 1    for Q ~ 1.5 TeV.

For precise vector boson PDFs at the TeV scale it is important to re-sum the EW double logs.

Furthermore, if we are also interested in the QCD (gluon and 
quarks) PDFs, then resummation is required 

since αs is large at small scales.



4

At energies above the EW scale, similarly one can obtain the Effective Vector Approximation 
for EW gauge boson PDFs

Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).
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Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).
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For Q ≫ mW: This one is now implemented in 
MadGraph5_aMC@NLO

[Ruiz, Costantini, Maltoni, Mattelaer 2111.02442]

Kane, Repko, Rolnik; Dawson; Chanowitz, Gaillard ’84,

See also Borel et al. [1202.1904], Costantini et al. [2005.10289] Ruiz et al. [2111.02442], etc…

Is this sufficient?
The expected relative corrections to the LO EVA 
result are proportional to (Sudakov double logs)

~ 1    for Q ~ 1.5 TeV.

For precise vector boson PDFs at the TeV scale it is important to re-sum the EW double logs.

Furthermore, if we are also interested in the QCD (gluon and 
quarks) PDFs, then resummation is required 

since αs is large at small scales.

Mass effects remain relevant up to several TeV of energy. The Q ≫ mW approx. is not sufficient for good precision.
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Collinear Radiation and PDFs
Strongly ordered emission from multiple splittings can be resummed by solving the DGLAP equations

A
C

B Virtual corrections

They cancel the IR divergence (z→1) 
of real soft emissions.

Unlike for protons, since the muon is elementary this can be done from first principles.

The boundary condition is set by    fµ(x, mµ) = δ(1-x) + O(α),     fi≠µ(x, mµ) = 0 + O(α)
NLO corrections in Frixione [1909.03886]

Real emission
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DGLAP equations below EW scale

- mµ

- QQCD = mρ

- QEW = mW

- mb

QED

γ, e, μ, τ, u, d, s, c

QED + QCD

γ, g, e, μ, τ, u, d, s, c

QED + QCD

γ, g, e, μ, τ, u, d, s, c, b

Below the EW scale only QED + QCD interactions are relevant.


QCD is introduced at the rho meson scale (we vary it for uncertainty),

and we add the threshold for the b quark.

Drees, Godbole [hep-ph/9403229], Schuler and Sjostrand [hep-ph/9503384,9601282]
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- QEW = mW

- mb

QED

γ, e, μ, τ, u, d, s, c

QED + QCD

γ, g, e, μ, τ, u, d, s, c

QED + QCD

γ, g, e, μ, τ, u, d, s, c, b

Below the EW scale only QED + QCD interactions are relevant.


QCD is introduced at the rho meson scale (we vary it for uncertainty),

and we add the threshold for the b quark.

Drees, Godbole [hep-ph/9403229], Schuler and Sjostrand [hep-ph/9503384,9601282]

The band width represents 
uncertainty due to choice of QQCD

PDFs of a muon at the EW scale:

We checked for 
agreement with

Han, Ma, Xie [2103.09844]

LePDF
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Uncertainty due to choice of QQCD
QQCD =  [0.5 - 1] GeVChanging the scale in the interval

Relative variation in the PDFs, evaluated at the mW scale.

For leptons and the photon, relative variations are smaller than 10-5.

gluon

LePDF

quarks

LePDF
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Above the EW scale
All SM interactions and fields must be considered and  

several new effects must be taken into account:

• PDFs become polarised, since EW interactions are chiral. 

• At high energies EW Sudakov double logarithms are generated.


• Neutral bosons interfere with each other: Z/γ and h/ZL PDFs mix. 

• Mass effects of partons with EW masses (W, Z, h, t) become relevant 
and remain so even at multi-TeV scale. 

• EW symmetry is broken. Another set of splitting functions, proportional to v2 instead of pT2, arise: 
ultra-collinear splitting functions.

Bauer, Webber [1808.08831]

Chen, Han, Tweedie [1611.00788]

P. Ciafaloni, Comelli [hep-ph/0007096, hep-ph/0505047]

Chen, Han, Tweedie [1611.00788]

P. Ciafaloni, Comelli [hep-ph/0007096, hep-ph/0001142, hep-
ph/0505047], Bauer, Webber [1703.08562, 1808.08831], 
Chen, Han, Tweedie [1611.00788], Han, Ma, Xie 
[2103.09844], F. Garosi, D.M., S. Trifinopoulos [2303.16964]
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Implementation
We work in the mass eigenstate basis, 


same numerical method used below the EW scale.

After identifying PDFs which are identical because of flavour symmetry, we remain with 42 independent PDFs:

Starting from QEW = mW , heavy states are added at the corresponding mass threshold.



9

Implementation
We work in the mass eigenstate basis, 


same numerical method used below the EW scale.

After identifying PDFs which are identical because of flavour symmetry, we remain with 42 independent PDFs:

DGLAP equations:

Ultra-collinear splittings

Starting from QEW = mW , heavy states are added at the corresponding mass threshold.
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Polarisation Splitting functions depend on 
the helicity of the states, e.g. :Since EW interactions are chiral, 

PDFs become polarised.

E.g. in case of W- PDF, coupled to µL, 
the PDF for RH W’s goes to zero for x→ 1  faster than LH W’s, 
since  PV+fL(z) = (1-z)/z  while  PV-fL(z) = 1/z. z̅ = 1 - z

Bauer, Webber [1808.08831]
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Polarisation Splitting functions depend on 
the helicity of the states, e.g. :Since EW interactions are chiral, 

PDFs become polarised.

E.g. in case of W- PDF, coupled to µL, 
the PDF for RH W’s goes to zero for x→ 1  faster than LH W’s, 
since  PV+fL(z) = (1-z)/z  while  PV-fL(z) = 1/z. z̅ = 1 - z

Bauer, Webber [1808.08831]

Q = 3 TeV

LePDF

Q = 3 TeV

LePDF

Vectors polarisation:  V+ / V- Fermions polarisation:  ψL / ψR

The muon itself becomes 
polarised!
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EW Sudakov double logs from ISR

The EW Sudakov double logs arises as a non-cancellation of the IR soft divergences (z → 1) 
between real emission and virtual corrections.

The Bloch-Nordsieck theorem is violated for non-abelian gauge theories 
→ IR divergencies are not cancelled in inclusive processes, since the initial state is EW non-singlet

→ We are often interested in exclusive processes, since we measure the SU(2) charge (W vs Z, t vs b, etc…)

P. Ciafaloni, Comelli [hep-ph/9809321], Fadin et al. [hep-ph/9910338], M. Ciafaloni, P. Ciafaloni, Comelli [hep-ph/0001142, hep-ph/0103315]

see also Denner, Pozzorini [hep-ph/0010201], Pozzorini [hep-ph/0201077], Manohar [1409.1918 ], Pagani, Zaro [2110.03714], …

Manohar, Waalewijn [1802.08687], Chen, Glioti, Rattazzi, Ricci, Wulzer [2202.10509]
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[1802.08687]

P. Ciafaloni, Comelli [hep-ph/9809321], Fadin et al. [hep-ph/9910338], M. Ciafaloni, P. Ciafaloni, Comelli [hep-ph/0001142, hep-ph/0103315]

see also Denner, Pozzorini [hep-ph/0010201], Pozzorini [hep-ph/0201077], Manohar [1409.1918 ], Pagani, Zaro [2110.03714], …

Manohar, Waalewijn [1802.08687], Chen, Glioti, Rattazzi, Ricci, Wulzer [2202.10509]

In case of collinear W emission they can be implemented (and resummed) 
at the Leading Log level by putting an explicit IR cutof zmax = 1 - QEW / Q
M. Ciafaloni, P. Ciafaloni, Comelli [hep-ph/0111109]

Bauer, Ferland, Webber [1703.08562]
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Results

LePDF
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PDFs of a muon
LePDF

At high scales and well above threshold (small x) 
a muon has large EW boson PDFs,

but also gluons and quarks.
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PDFs of a muon
LePDF

At high scales and well above threshold (small x) 
a muon has large EW boson PDFs,

but also gluons and quarks.

LePDF

Longitudinal gauge bosons PDFs are dominated by 
ultra-collinear contributions from the muon 
(and muon neutrino, for the W+), which do not scale.


The Higgs instead has no coupling to massless 
fermions, so its PDF has no large u.c. contributions.

Scalars
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MuC 10 TeV luminosities
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MuC 3 TeV luminosities
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Some examples of parton luminosities for muon colliders.

- large µµ̅ and µLν̅µ lumi at small √ŝ: possible sizeable impact on VBF studies from annihilation channel?

- The very large γγ lumi could dominate over Z contributions.

- gluon and quark luminosities are very small: small impact from QCD-induced backgrounds.

Some comments:
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large µµ̅ and µLν̅µ lumi at small √ŝ: possible sizeable impact on VBF studies from annihilation channel?
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large µµ̅ and µLν̅µ lumi at small √ŝ: possible sizeable impact on VBF studies from annihilation channel?
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σ̂µµ̅→ HZ(ŝ) ~ σ̂WW→ HZ(ŝ)  ~ α2/ŝ

The effect of realistic rapidity cuts on the final state should 
be considered, the µµ̅ channel is clearly unbalanced in rapidity 
(PDF larger at x~1 and x≪1): very forward final state.

VBF
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LePDF vs. EVA

~ 1    for Q ~ 1.5 TeV.We can expect large deviations from EVA, since

Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).

for the muon PDF. Taking the DGLAP equations for the transverse and longitudinal W�

boson, Eqs. (D.33,D.34,D.38) one gets the leading order results
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and analogously for the Z and Z/� PDFs
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LePDF vs. EVA

~ 1    for Q ~ 1.5 TeV.We can expect large deviations from EVA, since

The EVA Z/γ PDF is off by ~102, due to the 
fact that in EVA the muon is taken unpolarised 
and

Instead, the muon gains a O(1) polarisation, 
so the Z/γ PDF is much larger.

We can also see a sizeable deviation 
(in this log-log plot) for the WT and ZT PDF.

LePDF

Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).
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The deviation becomes larger at small x and at large scales 
(Sudakov double logs are absent in EVA).
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LePDF vs. EVA
The deviation becomes larger at small x and at large scales 
(Sudakov double logs are absent in EVA).

We improve EVA by computing iteratively the W-+ PDF at O(α2). *

Several double logs appear at this order,

we find a much improved agreement with the LePDF resummation.

* for simplicity, in the NLO 
part we take the Q ≫ mW 
and x ≪ 1 limit 
in the LO EVA expression.
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LePDF vs. EVA: WW Luminosity

EVALO

Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).
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where P
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(x) = P
f
V�fR

(x) = (1�x)2/x and P
f
V�fL

(x) = P
f
V+fR

(x) = 1/x. The muon mass
here serves as an IR cutoff for the logarithm in the transverse case to cure the x ! 1 limit,
while we neglect it in the other terms. Notably, the W

+ has no contribution at this order.
In Fig. 3 we show the dependence in

q
p
2
T of the integrands (left), and the resulting

PDFs (right), fixing a value x = 0.3 and showing separately the two polarisation of the
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Figure 3. Integrand functions (left) and resulting PDFs (right) for the computation of the EW
PDFs for transverse and longitudinal W boson of Eqs. (3.9,3.10).

for the muon PDF. Taking the DGLAP equations for the transverse and longitudinal W�

boson, Eqs. (D.33,D.34,D.38) one gets the leading order results
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and analogously for the Z and Z/� PDFs
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where P
f
V+fL

(x) = P
f
V�fR

(x) = (1�x)2/x and P
f
V�fL

(x) = P
f
V+fR

(x) = 1/x. The muon mass
here serves as an IR cutoff for the logarithm in the transverse case to cure the x ! 1 limit,
while we neglect it in the other terms. Notably, the W

+ has no contribution at this order.
In Fig. 3 we show the dependence in

q
p
2
T of the integrands (left), and the resulting

PDFs (right), fixing a value x = 0.3 and showing separately the two polarisation of the
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Implemented in MadGraph5_aMC@NLO

Ruiz, Costantini, Maltoni, Mattelaer [2111.02442]EVALOmV→0

At the level of parton luminosity:


- for WTWT: EVALO is accurate to ~15% 
- for WLWL: EVALO is accurate to ~5%

- The Q≫mV approximation does not 

reproduce well the complete result, with 
O(1) differences up to large scales 
(particularly for transverse modes).
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We derived resummed SM PDFs for lepton colliders at the leading-log level: LePDF.

 
The results are made public in a LHAPDF6-type format: extended to include helicity dependence.


https://github.com/DavidMarzocca/LePDF

Some work is required to allow an interface with MadGraph5, anybody interested?


The large muon PDF at small x (an O(α2) effect) could be relevant for all VBF studies.

We show that the implementation of EVA with the Q≫mW approximation is not sufficient, even at TeV scales.

When mass terms are included, EVA @ LO deviates by:


- up to O(30-40%) for ZT and WT at small x and large Q (few TeV) ,

- ~102 for the Z/γ PDF.


At the level of WTWT luminosities the deviation is ~15% for MuC10.

This should be much improved by using EVA @ NLO (ongoing work).


We hope this tool can allow more comprehensive studies of physics potential at Muon Colliders!

Thank you!

https://github.com/DavidMarzocca/LePDF


Backup
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DGLAP equations below the EW scale: Thanks to flavour symmetry 
and C and P invariance of 
QED+QCD we can identify:

IR poles in z=1 are regulated using the +-distribution

- Discretize the equations in a grid in “x”

- Perform the integrals with the rectangles method

- Solve numerically the coupled set of differential equations 

using the Runge-Kutta algorithm 
(we implemented both in c++ and Mathematica, for cross-check).


- Momentum conservation is imposed at each step.

Numerical procedure:

Evolution below the EW scale
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Photon - Z mixing

In the collinear limit this can be described by a 
mixed Z/γ PDF.

Similarly for ZL and H.
P. Ciafaloni, Comelli [hep-ph/0007096, hep-ph/0505047]

Chen, Han, Tweedie [1611.00788]

The splitting function must be generalised to a splitting matrix. 
The rate is computed by tracing against the matrix of 
the hard scattering process

up to O(kT2/E2, m2/E2)

Photon and Z bosons can interfere

μ

γ

Z
Zγ

0.001 0.005 0.010 0.050 0.100 0.500 1
0.001
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0.100

1

10

x
f i(
x,
Q
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µ = 3 TeV
_____ h+ 

- - -  h- 

LePDF
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Photon - Z mixing

Matrix splitting function:

The propagators are diagonal in the mass basis:

One can go from the mass to the gauge basis 
via a Weinberg angle rotation, e.g.:

Photon and Z bosons can interfere.

The interference term is described by a 
mixed Z/γ PDF.

Similarly for ZL and H.
P. Ciafaloni, Comelli [hep-ph/0007096, hep-ph/0505047]

Chen, Han, Tweedie [1611.00788]
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EW Sudakov double logs from ISR
In case of collinear W emission they can be implemented 
(and resummed) at he  Double Log level equations by putting an 
explicit IR cutof zmax = 1 - QEW / Q

This modifies also the virtual corrections as:

M. Ciafaloni, P. Ciafaloni, Comelli [hep-ph/0111109]

Bauer, Ferland, Webber [1703.08562] 
see Manohar, Waalewijn [1802.08687] for a different approach

The non-cancellation of the zmax dependence between emission and 
virtual corrections generates the double logs.

This happens if otherwise we set zmax=1  and use the +-distribution.

(QEW = mW)
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For illustration, let us consider the μL and νμ DGLAP equations 
and only interactions with transverse W±

 IR-finite terms

 IR-finite terms

Upon integration in log Q2 one gets the double log: it is negative for μL and positive for νμ,

tends to restore SU(2)L invariance at high scales and vanishes when the two become equal. 

We are interested in the IR divergent terms, take z → 1 for all regular terms inside the integrand:

It is not present for Z and γ interactions with fermions, since in the RHS the same fermion PDF enters.

EW Sudakov double logs from ISR
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Mass effects
1) Kinematical effects of emitted real radiation

The particle C is emitted on-shell: its energy is bounded to be EC = (z-x) E > mC

In the limit where collinear factorisation is valid, E ≫ pT, m, we can neglect this effect.

2) Propagator effects

The mass modifies the propagator of the off-shell parton which then enters the hard scattering:

This can be implemented by a rescaling of the massless splitting functions:

Chen, Han, Tweedie [1611.00788]

A
C

B
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with masses
p̃T2 = pT2

Mass effects A
C

B2) Propagator effects
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Ultracollinear splittings
In the unbroken phase, splitting matrix elements are proportional to pT2

Upon EWSB, further splittings proportional to v2 are generated.

They generalise the EWA splitting f → WL f'

Ultra-collinear splitting function Chen, Han, Tweedie [1611.00788]

A
C

B

The DGLAP equations are generalised as:

The missing pT2 factor removes the log enhancement at high scales, 
making the u.c. terms approach a constant value.

For example:
coupling of massless fermions to WL, 
with no chirality flip 
(via coupling to remainder gauge field Wn in GEG)



29

Effective W approximation
Solving the DGLAP equations iteratively at LO we recover the EWA:

ultra-collinear term, 
vanishes for v → 0

mW
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-
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)

Kane, Repko, Rolnik; Dawson; Chanowitz, Gaillard ’84,

They receive a substantial contribution from scales µ < mW, 
particularly the longitudinal polarization.

To recover this, at the EW matching scale we use the 
EWA as boundary condition for the EW gauge bosons:

See also Borel et al. [1202.1904], Costantini et al. [2005.10289] Ruiz et al. [2111.02442], etc…
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Effective W approximation

In case of WL , the effect is purely an EWSB one, so we can take the 
massless limit only at the end of the computation.

In case of WT I do the integral with massless propagator from mW up to μ.

dashed: massless Looking at the effect of the mass in the propagator.

IntegrandmW
For the WT a correct treatment of the mass is important 
also at very high scales.
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large µµ̅ and µLν̅µ lumi at small √ŝ: possible sizeable impact on VBF studies from annihilation channel?

MuC 3 TeV luminosities

LePDF

γγ
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No PDF+ + …

(this dominates at small x)
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Top quark PDF
For hard scattering energies E ≫ mt, terms with log E/mt due to collinear emission of top quarks can arise. 
These can be resummed by including the top quark PDF within the DGLAP evolution, in a 6FS.
Barnett, Haber, Soper ’88; Olness, Tung ‘88

Dawson, Ismail, Low [1405.6211] 
Han, Sayre, Westhoff [1411.2588] Whether or not this is useful depends on the process under consideration.

We provide two version of the codes: 5FS and 6FS.

In the 6FS we keep finite top quark mass effects,

 like we do for other heavy SM states.
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LHAPDF6: Buckley et al. [1412.7420]
Extended to include helicity & 
Zγ and ZLh PDFsLePDF - LHAPDF6

LePDF_mu_6FS.info LePDF_mu_6FS_0000.dat

( x Grid )

( Q Grid )

x fi(x,Q) Grid:
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LePDF: Numerical Implementation
We solve the DGLAP numerically in x space. Due to the sharp behaviour of the muon PDF near x=1, the 
typical interpolation techniques used for PDFs of proton do not work.

We discretise x interval [xmin=10-6,1] in Nx small intervals, denser for x ≈ 1:

For the splitting functions divergent in z → 1 we us the “+” distribution

The differential evolution is done in t = log Q2/mµ2 with 4th order Runge-Kutta.

At x=1 we fix
where L(t) is fixed imposing momentum conservation:

Han, Ma, Xie [2103.09844]

The uncertainties due to x and t discretisation are estimated to be of ~1% and ~0.1%, respectively, for Nx=1000.
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5σ discovery sensitivity

S3 = (3,̅ 3, 1/3)

assume an exact U(1)µ�LQ symmetry under which L
2

L
and the leptoquark are oppositely

charged. This can be achieved by gauging one out of many possible anomaly-free lepton
flavour non-universal U(1) extensions of the SM, see [21]. In this case, the only allowed
coupling will be to Q

3

L
and L

2

L
. In the second scenario, we aim at addressing the bsµµ

anomalies by minimally adding a direct leptoquark coupling to Q
2

L
.

Relaxing our assumptions, it is conceivable to formulate scenarios with dominant
couplings to taus or even to new exotic fermions consistent with the low-energy flavour
bounds and proton decay. A famous example is the U(2)L flavour structure in the leptonic
sector, advocated for a combined explanation of the bsµµ anomalies and R

D(⇤) , see e.g.
Ref. [157]. These scenarios would require a different strategy since LQ ! µj would be a
subdominant decay mode. In addition, the interesting leptoquark mass range would also
be more restricted by the perturbative unitarity, implying lighter states. For the future
prospects on leptoquarks decaying to third generation leptons see [57, 58]. In what follows,
we analyze the minimal scenarios where such additional structures are neglected.

6.1 Scalar leptoquark S3

We start with the leptoquark S3 ⇠ (3̄,3, 1/3) [19]. The interaction Lagrangian reads

L
int

S3
= �iµQ

i c

L
✏ �

I
L
2

LS
I

3 + h.c. , (6.1)

where ✏ = i�2. We assume a real coupling matrix for simplicity. The leptoquark triplet can
be written as

�
S
I

3�
I
�
⌘

 
S
(1/3)

3

p
2S(4/3)

3
p
2S(�2/3)

3
�S

(1/3)

3

!
, (6.2)

where the superscript indicates the electric charge of each S3 component. We assume a
degenerate mass spectrum for the components, as expected from the SU(2)L gauge symmetry.
In the mass basis of SM fermions, the interaction Lagrangian (6.1) becomes

L
int

S3
= ��iµS

(1/3)

3
(V ⇤

jiu
j c

L
µL+d

i c

L
⌫µ)+

p
2�iµ

⇣
V

⇤
jiS

(�2/3)

3
u
j c

L
⌫µ � S

(4/3)

3
d
i c

L
µL

⌘
+h.c. . (6.3)

The total decay width of S3, in the limit of vanishing fermion masses, is given by

�S3 =
|�bµ|

2 + |�sµ|
2

8⇡
MS3 , (6.4)

assuming only �bµ (i = 3) and �sµ (i = 2) different from zero. The perturbativity limit
�S3/MS3 < 0.25 is considered, as previously.

U(2)3 symmetric case

Imposing an unbroken U(2)3 quark flavour symmetry, and assuming S3 to be charged under
the muon number, only the �bµ coupling is allowed. This symmetry is broken in the SM
by light quark masses and by the mixing of third-generation quarks with the first two via
the CKM matrix. This is an approximate symmetry of the SM Yukawa sector, where the
largest symmetry-breaking term is |Vts| ⇡ 0.04. Assuming the minimal U(2)3 breaking and
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s-channel LQ: 
quarks inside the PDF of muon

S3: M=1.5TeV, �b�=0.3

MC 3TeV
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Figure 4. Differential cross sections for inclusive µ
+
µ
�
! jj (left) and µ

�
q ! µ

�
j (right) for a 3

TeV MuC. The SM cross section is shown in orange, while the prediction for the S3 resonance with
mS3 = 2 TeV and coupling �bµ = 0.3 is shown in blue.

light of the result shown in Fig. 3 for µ
+
µ
�
! jj. Furthermore, we assume conservatively

the efficiency for the di-tau detection to be 70%, see [50].

2.3 Di-muon: µµ̄! µ
+
µ
�

The partonic-level process which by far dominates the di-muon production cross section is
the Bhabha scattering µ

+
µ
�
! µ

+
µ
�, see Fig. 1. This signature is employed in the context

of our U(1)Lµ�L⌧ detailed in Section 5.2. The SM differential cross section (orange) as well
as a benchmark Z

0 contribution (blue) are shown in Fig. 2 (right). We impose a cut on the
lab-frame rapidity |yµ± | < 2 by integrating numerically the triple differential cross section
from Eq. (B.1). The di-muon invariant mass bins are constructed following the muon pT

resolution described in App. D.
As in the IDY channel, the SM cross section first decreases and then increases again when

approaching the collider energy. Similarly to the exchange of the SM neutral electroweak
bosons, a Z

0 can be exchanged both in the s and t channels, inducing the typical interference
pattern exhibited in Fig. 2. For masses M <

p
s0, the sensitivity is obtained by a combination

of the resonance peak and the precise measurement of the cross section in the last bin,
similarly to what seen in the di-jet channel. We note that, if the Z

0 mass is sufficiently small
(M ⌧

p
s0), the cross section measurement in the last bin depends only on the resonance

coupling gZ0 . On the other hand, if M �
p
s0 then the NP effect can be described as a

four-muon contact interaction and the sensitivity is dominated by the precision measurement
of the cross section in the highest invariant mass bins.

This final state, as well as the ⌧
+
⌧
� one, have been already studied in Refs. [50, 53, 67]

in the context of a U(1)Lµ�L⌧ model. However, the previous literature does not employ muon
PDFs. Instead, the PDF effect is approximated by the real soft photon emission process
µ
+
µ
�

! `
+
`
�
�, where the photon is not detected. On the other hand, the production

process of a Z
0 in association with a hard photon improves the sensitivity for low masses and

could offer additional handles to detect the resonance. Since, as we will see, µµ ! µµ covers
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2.2 Di-tau: µµ̄! ⌧+⌧�

This process is sensitive to the s-channel exchange of a Z 0 vector boson coupled to both
muon and tau leptons. It is particularly relevant for U(1)Lµ�L⌧ models such as the one we
study in Section 4.2. The discussion of the physics in di-jet applies also to this case.

2.3 Di-muon: µµ̄! µ+µ�

The partonic process that dominates by far this cross section is Bhabha scattering µ+µ�
!

µ+µ�. We consider this final state in the context of Z 0 models that, if responsible of the
B-anomalies, must necessarily couple to muons. The SM cross differential section (orange)
as well as an example of a Z 0 contribution (blue) are shown in Fig. 1 (right). We impose
a cut on the lab-frame rapidity |yµ± | < 2 by integrating numerically the triple differential
cross section as in Eq. (C.1).

Exactly like the SM Z boson, also such a Z 0 can be exchanged both in the s and t

channels, inducing the typical interference pattern exhibited in the plot. As in the DY
channel, also in this case the SM cross section first decreases and then increases again
approaching the collider energy.

Furthermore, as in DY, for masses M <
p
s the sensitivity is obtained by a combination

of the resonance peak and the precise measurement of the cross section in the last bin. We
note that this last measurement depends only on the resonance coupling gZ0 if the mass is
sufficiently small that the bin is not affected by the resonance, M + (few)� ⌧

p
s.

On the other hand, if M �
p
s then the NP effect can be described as a four-muon

contact interaction and the sensitivity is dominated by the precision measurement of the
cross section in the highest few invariant mass bins.

2.4 Mono-lepton plus jet: µµ̄! µ�j

For the muon collider, independently on its center-of-mass energy for simplicity, we
assume that the hadronic calorimeter and muon system performances are the same as those
of FCC-hh but, when relevant, we limit the maximum rapidity to |⌘|max = 2, due to the the
rapid degradation of tracking efficiency closer to the beamline [12].

B Muon PDFs

C Partonic cross-sections
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In a scattering process where partons of type 1 collide with partons of type 2 to produce
partons of type 3 and 4, the differential cross section defined in the lab frame is given by

d3�

dy3dy4dm
= f(x1)f(x2)

m3

2s

1

cosh y⇤

d�

dt̂
(1 + 2 ! 3 + 4) (C.1)

where m is the invariant mass of the products, yi is the rapidity of parton i, f(xi) is the
PDF and

y⇤ =
1

2
(y3 � y4) , t̂ =

ŝ

2
(1� cos ✓⇤) , ✓⇤ = arcsin

✓
1

cosh y⇤

◆
. (C.2)

In case of a t-channel mediated by a photon, we observe that we cannot in integrate over the
whole phase space due to the pole in the propagator (see diagrams in Fig. ??) Instead we
employ numerically a fiducial cross-section by integrating over the physical region |yi| . 2.
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This channel offers the unique possibility of producing a s-channel resonance that
couples directly to quarks and leptons. In case that the mass of the NP resonance is lower

– 6 –

MC 
μμ → jj

Figure 2. Differential cross sections for inclusive µµ̄! µ�j for a 3 TeV Muon Collider. The SM
cross section is shown in orange, while the prediction for a S3 resonance with mS3 = 1.5 TeV and
coupling �bµ = 0.3 is shown in blue.[Move the labels inside the plot]

than
p
s the MC, the dominant signal would appear as a peak in the invariant mass mµj

distribution. As an example, we show in Fig. 2 the S3 leptoquark resonance (blue) over
the SM background for a 3 TeV MC (orange). Analogous peak features the U1 leptoquark
s-channel exchange (for more details about the leptoquark models see Sec. 5).

Notice that the PDF luminosities involving a muon and a quark are rapidly decreasing
for higher mµj (see Fig. 11), because the quark content of the lepton vanishes in the limit
x ! 1. As a result, the sensitivity to the resonance peak is much stronger at lower mµj

and thus the discovery potential of heavier NP states via this channel may also require an
increase of the collider energy

p
s.

Lastly, if the mass of a NP mediator is larger than the collider energy, we observe also
in this channel a contribution to the contact interaction mostly manifest in the last few bins.
Yet, the NP effect here is considerably weaker than in the case of the t-channel exchange, as
it can be seen from the derived limits in the next section.

2.5 Leptoquark pair production: µµ̄! LQLQ
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This is dominated by µ+µ�
! LQLQ, particularly close to threshold M . p

s0/2, where
all the PDFs except the ones of muons (and neutrinos, to a lesser extent) are completely
negligible. [To Do: describe briefly]
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