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Abstract: We present an extraction of unpolarized transverse-momentum-dependent par-
ton distribution and fragmentation functions based on more than two thousand data points
from several experiments for two different processes: semi-inclusive deep-inelastic scatter-
ing and Drell-Yan production. The baseline analysis is performed using the Monte Carlo
replica method and resumming large logarithms at N3LL accuracy. The resulting descrip-
tion of the data is very good (χ2/Ndat = 1.06). For semi-inclusive deep-inelastic scattering,
predictions for multiplicities are normalized by factors that cure the discrepancy with data
introduced by higher-order perturbative corrections.
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Extraction of pion transverse momentum distributions from Drell-Yan data
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We map the distribution of unpolarized quarks inside a unpolarized pion as a function of the quark’s
transverse momentum, encoded in unpolarized transverse momentum distributions (TMDs). We extract the
pion TMDs from available data of unpolarized pion-nucleus Drell–Yan processes, where the cross section
is differential in the lepton-pair transverse momentum. In the cross section, pion TMDs are convoluted with
nucleon TMDs that we consistently take from our previous studies. We obtain a fairly good agreement with
data. We present also predictions for pion-nucleus scattering that is being measured by the COMPASS
Collaboration.

DOI: 10.1103/PhysRevD.107.014014

I. INTRODUCTION

The pion is the simplest of all hadrons and together with
the nucleon constitutes one of the most fundamental entities
in the visible Universe. In the Standard Model, both
particles are built as bound states of the quark and gluon
degrees of freedom of quantum chromodynamics (QCD).
However, in this context the pion plays a unique role since
it is the Goldstone boson of chiral symmetry breaking.
Therefore, it is extremely important to investigate its
internal structure and understand how the latter is respon-
sible of the macroscopic differences between the bound
state of a pion and of a nucleon (see, e.g., Ref. [1] for a
review).

The internal structure of the pion can be described in
terms of parton distribution functions (PDFs). Starting from
the 1990s, PDFs have been extracted from data in various
papers [2–12]. In spite of this extensive literature, the
structure of the pion is known to a much less extent than
that of the proton, due to the scarcity of data on high-energy
scattering processes involving pions.
While PDFs describe the distribution of quarks and gluons

as a function of only their momentum component longi-
tudinal to the parent hadron, transverse momentum distribu-
tions (TMDs) describe the distribution in three-dimensional
momentum space. If the knowledge of the one-dimensional
structure of the pion is limited, almost nothing is known about
its three-dimensional structure. Model calculations of pion
TMDs have been discussed in Refs. [13–20].
The extraction of TMDs from data is based on TMD

factorization theorems and is more challenging than that of
collinear PDFs. For proton TMDs, factorization theorems
have been proven for semi-inclusive deep-inelastic scatter-
ing (SIDIS), for Drell-Yan (DY) lepton-pair production in
hadronic collisions, and for semi-inclusive electron-posi-
tron annihilations (see Ref. [21] and references therein).
Recently, very accurate studies of proton unpolarized
TMDs have been released [22–28], some of which are
based on a global analysis of such processes. For pion
TMDs, data are available only for the DY process and only
two analyses have been published [29,30].
In this paper, we present an extraction of unpolarized

pion quark TMDs by analyzing for the first time the whole
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TMD factorization (W) to be valid?

W-term

our analysis is in this regime 
where W-term dominates.  
Y-term is not included



TMD factorization:  Drell-Yan
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TMD factorization:  SIDIS
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Normalization problem in  SIDIS

increasing perturbative accuracy

 Mh(x̄, z̄, Q̄, PhT) NLL NNLL N3LL

tensions observed also at larger qT

and also in Drell-Yan at low Q  

and also in e+e- annihilations

Gonzalez et al., P.R. D98 (18) 114005

Bacchetta et al., P.R. D100 (19) 014018

Moffat et al., P.R. D100 (19) 094014

worsens agreement with SIDIS ! increases agreement with Drell-YanCOMPARISON OF DIFFERENT ORDER SIDIS

13

Prelim
inary

COMPASS multiplicities (one of many bins)

The description considerably worsens at higher orders

but not in SV 2019 fit
Scimemi & Vladimirov, 

arXiv:1912.06532

discrepancy is PhT-independent:  MNLL/MNNLL ∼ 2 MNLL/MN3LL ∼ 1.5

No normalization problems for 
collinear SIDIS  :dσ / dxdzdQ

MAPFF1.0 (Map Collaboration)
Abdul Khalek et al., arXiv:2105.08725
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Normalization problem in  SIDIS

at higher orders,   ℋSIDIS = 1 + c1αS + … c1 < 0

De Florian et al.,  P.R. D75 (07) 114010

We define the normalization factor

ω(x, z, Q) =
dσnomix

dxdzdQ / ∫ dqT W

includes all NLO terms where 

x- and z-dependence can be factorized 


 includes W + part of the Y term…→
Does not depend on fit parameters,

precomputed
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which reasonably describes data

spoils agreement 

=
dσ
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the integrated W-term contains

only some terms of the SIDIS 
collinear dσ

∫ dqT W
NNLL

≠
dσ
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= 1   at NLL

Y-term   → 0



Scale dependence of TMD

f q
1 (x, b2

T; μf , ζf ) = ∑
i

[Cq→i(x, b2
T; μb*

) ⊗ f i
1(x, μb*

)]

perturbative

matching collinear PDF 
at small bT

accuracy       and C K and γF γK PDF and αS evol. FF

LL 0 - 1 - -
NLL 0 1 2 LO LO
NLL’ 1 1 2 NLO NLO
NNLL 1 2 3 NLO NLO
NNLL’ 2 2 3 NNLO NNLO
N3LL 2 3 4 NNLO NNLO
N3LL’ 3 3 4 N3LO N3LO

perturbative

NLO

Borsa et al., 

P.R.L. 129 (22) 012002 
arXiv:2202.05060
Abdul Khalek et al., 

P.L. B834 (22) 137456 
arXiv:2204.10331

FF at NNLO

not yet
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Most recent extractions of unpolarized TMD f1 

Accuracy HERMES COMPASS DY Z production N of points χ2/Npoints

PV 2017

arXiv:1703.10157 NLL ✔ ✔ ✔ ✔ 8059 1.5

SV 2017

arXiv:1706.01473 NNLLʹ ✘ ✘ ✔ ✔ 309 1.23

BSV 2019

arXiv:1902.08474 NNLL’ ✘ ✘ ✔ ✔ 457 1.17

SV 2019

arXiv:1912.06532 N3LL ✔ ✔ ✔ ✔ 1039 1.06

PV 2019

arXiv:1912.07550 N3LL ✘ ✘ ✔ ✔ 353 1.07

SV19 + flavor dep.

arXiv:2201.07114 N3LL ✘ ✘ ✔ ✔ 309 <1.08>

MAPTMD 2022

arXiv:2206.07598 N3LL ✔ ✔ ✔ ✔ 2031 1.06

ART23

arXiv:2305.07473 N4LL ✘ ✘ ✔ ✔ 627 0.96

SIDIS

increasing precision & accuracy

http://arxiv.org/abs/arXiv:1703.10157
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Main features of MAPTMD22 fit  

• global fit of Drell-Yan and SIDIS data with

     - largest number of data points:  2031 

     - highest perturbative accuracy:  N3LL  

         (with FF currently only at NLO)

• prescription to fix SIDIS normalization problem beyond NLL 
(effectively introducing part of Y-term)

• number of fitted parameters: 21

• extremely good description: χ2 / Ndata = 1.06

• account of correlated (exp. and th.) errors with nuisance 
parameters, including PDF & FF uncertainties

MMHT2014 DSS14 (π), DSS17 (K)



The  MAPTMD22  data sets
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Data-driven nonperturbative TMD
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if we model nonperturbative TMDs 
with Gaussians, we need 

x- and z-dependent widths!



Parametrization of non-perturbative TMD

= F . T . (e−k2
⊥/g1A(x) + λB k2

⊥e−k2
⊥/g1B(x) + λCe−k2

⊥/g1C(x))
g1X(x) = N1X

(1 − x)α2
X xσX

(1 − ̂x)α2
X ̂xσX

̂x = 0.1with 

nonperturbative TMD PDF 
Fourier Transform of sum 
of 3 Gaussians with 

x-dependent widths

fNP(x, bT; Q0)

11 param.



Parametrization of non-perturbative TMD

= F . T . (e−k2
⊥/g1A(x) + λB k2

⊥e−k2
⊥/g1B(x) + λCe−k2

⊥/g1C(x))
g1X(x) = N1X

(1 − x)α2
X xσX

(1 − ̂x)α2
X ̂xσX

̂x = 0.1with 

= F . T . (e−P2
⊥/g3A(z) + λF P2

⊥e−P2
⊥/g3B(z))

g3X(z) = N3X
(1 − z)γ2

X (zβX + δ2
X)

(1 − ̂z)γ2
X ( ̂zβX + δ2

X)
̂z = 0.5with 

nonperturbative TMD PDF 
Fourier Transform of sum 
of 3 Gaussians with 

x-dependent widths

fNP(x, bT; Q0)

11 param.

nonperturbative TMD FF 
Fourier Transform of sum 
of 2 Gaussians with 

z-dependent widths

DNP(z, bT; Q0)

9 param.



Parametrization of non-perturbative TMD

gK(bT) = − g2
2

b2
T

4

= F . T . (e−k2
⊥/g1A(x) + λB k2

⊥e−k2
⊥/g1B(x) + λCe−k2

⊥/g1C(x))
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X xσX
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(1 − z)γ2
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X ( ̂zβX + δ2

X)
̂z = 0.5with 

[
ζf

Q2
0 ]

gK(bT)/2
nonperturbative part of 

Collins-Soper kernel

1 param.

nonperturbative TMD PDF 
Fourier Transform of sum 
of 3 Gaussians with 

x-dependent widths

fNP(x, bT; Q0)

11 param.

nonperturbative TMD FF 
Fourier Transform of sum 
of 2 Gaussians with 

z-dependent widths

DNP(z, bT; Q0)

9 param.

Total  21 param.



Fit results for SIDIS 
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Fit results for SIDIS 
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χλ2 = correlated error
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data set Ndata

SIDIS total 1547 0.59 0.28 0.87

Drell-Yan fixed target tot 233 0.84 0.4 1.24

Drell-Yan collider total 251 1.86 0.2 2.06

χ2
D χ2

λ χ2

th. error band = 
68% of all replicas

Fit results for fixed-target Drell-Yan
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Fit results for collider Drell-Yan
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very precise ATLAS data

require higher Th. accuracy

Fit results for collider Drell-Yan



Visualizing MAPTMD22 TMD PDF  
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Visualizing MAPTMD22 TMD PDF  
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Visualizing the Collins-Soper evolution kernel  

Collins-Soper kernel K(bT, μb*
) = K(b*, μb*

) + gK(bT)

drives evolution in rapidity ζ perturbative non-perturbative

(fitted)

Collins-Soper kernel
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Kernel of the rapidity evolution equation

@ ln f̂1(x, bT ;µ, ⇣)

@ ln
p
⇣

= K(bT , µ)

<latexit sha1_base64="nd3mjMPd7jLminmJPWsbiVo4WGY="></latexit>

K(bT , µb⇤) = K(b⇤, µb⇤) + gK(bT )
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perturbatively calculable

to be fitted

MAPTMD22

Martinez, Vladimirov, arXiv:2206.01105 32

MAPTMD22 — Output of the fit

-1/2 K(b, 2 GeV) 

lattice 

Bermudez Martinez & Vladimirov,  arXiv:2206.01105

-1/2 K(b, 2 GeV) 

Moss et al.,  arXiv:2305.07473

MAPTMD22MAPTMD22



Kinematic cuts  and  validity of  TMD region  

(a) (b) (c) (d) (e)

configurations
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Nominal cut

 PhT < min[min[c1 Q, c2 Qz] + c3 GeV, zQ]
a)  c1=c2=0.4 , c3=0   qT < 0.4 Q

b)  c1=0.15, c2=0.4 , c3=0.2 

c)  c1=0.2, c2=0.5 , c3=0.3 baseline fit

d)  c1=0.2, c2=0.6 , c3=0.4   can be qT > Q 

e)  c1=0.2, c2=0.7 , c3=0.5   can be qT > Q 

baseline fit

less conservative

more conservative

qT ≳ Q



Kinematic cuts  and  validity of  TMD region  

(a) (b) (c) (d) (e)
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Nominal cut

 PhT < min[min[c1 Q, c2 Qz] + c3 GeV, zQ]
a)  c1=c2=0.4 , c3=0   qT < 0.4 Q

b)  c1=0.15, c2=0.4 , c3=0.2 

c)  c1=0.2, c2=0.5 , c3=0.3 baseline fit

d)  c1=0.2, c2=0.6 , c3=0.4   can be qT > Q 

e)  c1=0.2, c2=0.7 , c3=0.5   can be qT > Q 

baseline fit

less conservative

more conservative

qT ≳ Q

better χ2 with less 

conservative cuts 

allowing for qT > Q


Where is the limit for 

TMD factorization??



Kinematic cuts  and  validity of  TMD region  
MAPTMD22 — SIDIS data selection

COMPASS multiplicities (one of many bins)
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Total number of points
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34

 PhT < min[min[0.2 Q, 0.5 Qz] + 0.3 GeV, zQ]cut of 
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MAPTMD22 — SIDIS data selection

COMPASS multiplicities (one of many bins)
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PhT |max = min[0.2Q, 0.7zQ] + 0.5 GeV
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34

  validity of TMD factorization seems to extend well beyond  PhT/z << Q !

0.86 ≲ qT /Q ≲ 3.43



The  MAPTMDPion22 fit

Extracting TMDs for the pion
Framework DY N of points χ2/Npoints

Wang et al., 2017

arXiv:1707.05207 NLL ✔ 96 1.61

Vladimirov, 2019

arXiv:1907.10356 NNLL’ ✔ 80 1.44

MAPTMDPion22, 2022

arXiv:2210.01733 N3LL ✔ 138 1.54

JAM 2023

arXiv:2302.01192 NNLL ✔ 93 1.37

MAPTMDPion22:   - best theoretical accuracy: N3LL

                               - largest number of included data: 138

                               - same consistent framework of MAPTMD22

g1π(x) = N1π
(1 − x)α2

π xσπ

(1 − ̂x)α2
π ̂xσπ

̂x = 0.1

f π
NP(x, bT; Q0) = e−g1π(x) b2

T / 4 3 param.

arXiv:2210.01733



The  MAPTMDPion22  data sets

  qT < 0.3 Q + 0.6Kinematical cut

MAPTMDPion22: Included datasets
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E615:     GeV  0<xF<1

              4.05 < Q < 13.05 GeV

s = 21.8

E537:     GeV  -0.1<xF<1

              4 < Q < 9 GeV

s = 15.3

Stirling et al.,  1993

Anassontzis et al.,  1988

π− W → μ+μ− X

Ndata after cut:   74  +  64

Many sources of (large) errors:
E615:   stat. 5%          syst. 16% (normalization)

E537:   stat. 15-20%   syst. 8%

Th.:    5-8% on PDF from xFitter20



The  MAPTMDPion22  data sets

  qT < 0.2 QKinematical cut

MAPTMDPion22: Included datasets

21

10°2 10°1 100

x

101

102

103

Q
2
[G

eV
2
]

E537
E615

E615:     GeV  0<xF<1

              4.05 < Q < 13.05 GeV

s = 21.8

E537:     GeV  -0.1<xF<1

              4 < Q < 9 GeV
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Stirling et al.,  1993

Anassontzis et al.,  1988

π− W → μ+μ− X

Ndata after cut:   74  +  64

Many sources of (large) errors:
E615:   stat. 5%          syst. 16% (normalization)

E537:   stat. 15-20%   syst. 8%

Th.:    5-8% on PDF from xFitter20



Fit results
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MAPTMDPion22: Fit Results

24MAP Collaboration, PRD 107 (2023)

arXiv:2210.01733

MAPTMDPion22:   - good agreement in shape                                 

                               - large normalization errors (for E615)

data set Ndata

E537 64 1.0 0.57 1.57
E615 74 0.31 1.22 1.53
total 138 0.63 0.92 1.55

χ2
D χ2

λ χ2
χD2 = uncorrelated error

χλ2 = correlated error

χ2 = χD2 + χλ2
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Visualizing MAPTMDPion22 TMD PDF  
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parameters =>  need new data!
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⟨k2
⊥⟩(x = 0.1,Q = 1)

e−g2
2 b2

T /4 same nonperturbative evolution as 
for proton

larger than in the proton



Summary  and  Outlook

• MAPTMD22: a global fit at N3LL of SIDIS and Drell-Yan data from LHC, 
Tevatron, RHIC; 2031 data pts.,  21 parameters, χ2/Ndata = 1.06 : the 
current most robust and precise extraction of unpolarized quark TMDs 
in the proton, accuracy comparable to modern PDF fits

• surprisingly, MAPTMD22 performs well in SIDIS well outside TMD 
factorization limit qT << Q



Summary  and  Outlook

• MAPTMDPion22:  extraction of unpolarized quark TMDs in the pion 
from Drell-Yan data, consistent with MAPTMD22, at highest accuracy 
(N3LL), including largest set of data (138)

• MAPTMD22: a global fit at N3LL of SIDIS and Drell-Yan data from LHC, 
Tevatron, RHIC; 2031 data pts.,  21 parameters, χ2/Ndata = 1.06 : the 
current most robust and precise extraction of unpolarized quark TMDs 
in the proton, accuracy comparable to modern PDF fits

• surprisingly, MAPTMD22 performs well in SIDIS well outside TMD 
factorization limit qT << Q



Summary  and  Outlook

• improve perturbative accuracy (very precise ATLAS data…)

• introduce flavor-dependent k  distributions (ongoing…)⊥

• MAPTMDPion22:  extraction of unpolarized quark TMDs in the pion 
from Drell-Yan data, consistent with MAPTMD22, at highest accuracy 
(N3LL), including largest set of data (138)

• include upcoming Compass data for pion-induced Drell-Yan 

• MAPTMD22: a global fit at N3LL of SIDIS and Drell-Yan data from LHC, 
Tevatron, RHIC; 2031 data pts.,  21 parameters, χ2/Ndata = 1.06 : the 
current most robust and precise extraction of unpolarized quark TMDs 
in the proton, accuracy comparable to modern PDF fits

• surprisingly, MAPTMD22 performs well in SIDIS well outside TMD 
factorization limit qT << Q
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Drell-Yan observables

collider 
Exp:  normalized cross section differential in qT in each bin 

Th: for each bin [i,f] 1
σfiducial

1
(ΔqT)if ∫

qTf

qTi

dqT ∫
yf

yi

dy∫
Qf

Qi

dQ
dσ

dqTdydQ
DYNNLO

with MMHT14 PDFs

fixed 
target 

E288:  cross section differential in average qT and y

Th: for each bin [i,f] 1
2πq̄T ∫

Qf

Qi

dQ
dσ

dqTdydQ y=ȳ, qT=q̄T

E772:  cross section differential in average qT and xF = xA - xB  bins

Th: for each bin [i,f]
1

(ΔxF)if ∫
xFf

xFi

dxF ∫
Qf

Qi

dQ
2E

π s

dσ
dq2

TdxFdQ qT=q̄T

E605:  cross section differential in average qT and xF

Th: for each bin [i,f] ∫
Qf

Qi

dQ
2E

π s

dσ
dq2

TdxFdQ xF=x̄F, qT=q̄T



SIDIS observable

Multiplicity 

Exp:  differential SIDIS cross section divided by DIS one

Th: for each bin [i,f]

𝒪SIDIS =
1

(ΔQ)if ∫
Qf

Qi

dQ
1

(Δx)if ∫
xf

xi

dx
1

(Δz)if ∫
zf

zi

dz
1

(ΔPhT)if ∫
PhTf

PhTi

dPhT
dσSIDIS

dxdzdPhTdQ

M(x, z, PhT, Q) =
dσSIDIS

dxdzdPhTdQ / dσDIS

dxdQ

𝒪DIS =
1

(ΔQ)if ∫
Qf

Qi

dQ
1

(Δx)if ∫
xf

xi

dx
dσDIS

dxdQ

M th(xif , zif , PhTif , Qif ) =
𝒪SIDIS

𝒪DIS



Error treatment

bootstrap method:    fitting  250  replicas  of   fluctuated exp. data

quality indicator:   of central replica (fitting not    “        “      “   )

MAPTMD22 at N3LL(-) :  Ndata=2031,  21 parameters,   

χ2
0

χ2
0 /Ndata = 1.06

χ2
0 ∼ ⟨χ2⟩replicas

(exp. / th.) errors can be uncorrelated or correlated

χ2 = χ2
D + χ2

λ

∑
bins

(exp − th
σ )

2

σ2 = σ2
stat + σ2

uncorr

th = th + ∑
α

λασ(α)
corr

χ2
λ = ∑

α

λ2
α

nuisance 

params.

penalty for 

correlated errors

Examples of (partly) correlated errors :  

   - exp.:  some normalization systematic errors

   - th.  :  uncertainties of PDFs      MMHT2014 

                                       FFs         DSS14 for 

                                                     DSS17 for 

π±

K±



data set Ndata

Tevatron total 71 0.87 0.06 0.93
PHENIX 200 2 2.21 0.88 3.08

STAR 510 7 1.05 0.10 1.15
LHCb total 21 1.15 0.3 1.45
ATLAS total 72 4.56 0.48 5.05
CMS total 78 0.53 0.02 0.55

collider total 251 1.86 0.2 2.06
fixed target tot 233 0.85 0.4 1.24
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th. error band = 
68% of all replicas

MAPTMD22 N3LL(-) global fit   χ2
0 /Ndata = 1.06



data set Ndata

ATLAS 7 TeV 18 6.43 0.92 7.35

ATLAS 8 TeV 48 3.7 0.32 4.02

ATLAS 13 TeV 6 5.09 0.5 6.4

ATLAS total 72 4.56 0.48 5.05

collider total 251 1.86 0.2 2.06
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worst case

extremely small exp. errors 

   very sensitive to small th. corrections→

Examples: 

  - numerical implementation of lepton cuts

  - power corrections

  - effects of matching Y term

Chen et al., 

   arXiv:2203.01565

Camarda et al., 

   arXiv:2111.14509

Buonocore et al.,

   arXiv:2111.13661

MAPTMD22 N3LL(-) global fit   χ2
0 /Ndata = 1.06



Backup:  chi2 breakout

J
H
E
P
1
0
(
2
0
2
2
)
1
2
7

N3LL−

Data set Ndat χ2
D χ2

λ χ2
0

CDF Run I 25 0.45 0.09 0.54
CDF Run II 26 0.995 0.004 1.0
D0 Run I 12 0.67 0.01 0.68
D0 Run II 5 0.89 0.21 1.10
D0 Run II (µ) 3 3.96 0.28 4.2
Tevatron total 71 0.87 0.06 0.93
LHCb 7TeV 7 1.24 0.49 1.73
LHCb 8TeV 7 0.78 0.36 1.14
LHCb 13TeV 7 1.42 0.06 1.48
LHCb total 21 1.15 0.3 1.45
ATLAS 7TeV 18 6.43 0.92 7.35
ATLAS 8TeV 48 3.7 0.32 4.02
ATLAS 13TeV 6 5.9 0.5 6.4
ATLAS total 72 4.56 0.48 5.05
CMS 7TeV 4 2.21 0.10 2.31
CMS 8TeV 4 1.938 0.001 1.94
CMS 13TeV 70 0.36 0.02 0.37
CMS total 78 0.53 0.02 0.55
PHENIX 200 2 2.21 0.88 3.08
STAR 510 7 1.05 0.10 1.15
DY collider total 251 1.86 0.2 2.06
E288 200GeV 30 0.35 0.19 0.54
E288 300GeV 39 0.33 0.09 0.42
E288 400GeV 61 0.5 0.11 0.61
E772 53 1.52 1.03 2.56
E605 50 1.26 0.44 1.7
DY fixed-target total 233 0.85 0.4 1.24
HERMES (p → π+) 45 0.86 0.42 1.28
HERMES (p → π−) 45 0.61 0.31 0.92
HERMES (p → K+) 45 0.49 0.04 0.53
HERMES (p → K−) 37 0.18 0.13 0.31
HERMES (d → π+) 41 0.68 0.45 1.13
HERMES (d → π−) 45 0.63 0.35 0.97
HERMES (d → K+) 45 0.2 0.02 0.22
HERMES (d → K−) 41 0.14 0.08 0.22
HERMES total 344 0.48 0.23 0.71
COMPASS (d → h+) 602 0.55 0.31 0.86
COMPASS (d → h−) 601 0.68 0.3 0.98
COMPASS total 1203 0.62 0.3 0.92
SIDIS total 1547 0.59 0.28 0.87
Total 2031 0.77 0.29 1.06

Table 4. Breakdown of the values of χ2 normalized to the number of data points Ndat that survive
the kinematic cuts for all datasets considered in our baseline fit. The χ2

D refers to uncorrelated
uncertainties, χ2

λ is the penalty term due to correlated uncertainties (see eq. (4.1)), χ2
0 is the sum

of χ2
D and χ2

λ. All χ2 values refer to the central replica (see text).
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Backup:  N3LL(-) fit parameters

J
H
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P
1
0
(
2
0
2
2
)
1
2
7

Parameter Average over replicas
g2 [GeV] 0.248 ± 0.008
N1 [GeV2] 0.316 ± 0.025

α1 1.29 ± 0.19
σ1 0.68 ± 0.13

λ [GeV−1] 1.82 ± 0.29
N3 [GeV2] 0.0055 ± 0.0006

β1 10.23 ± 0.29
δ1 0.0094 ± 0.0012
γ1 1.406 ± 0.084

λF [GeV−2] 0.078 ± 0.011
N3B [GeV2] 0.2167 ± 0.0055
N1B [GeV2] 0.134 ± 0.017
N1C [GeV2] 0.0130 ± 0.0069
λ2 [GeV−1] 0.0215 ± 0.0058

α2 4.27 ± 0.31
α3 4.27 ± 0.13
σ2 0.455 ± 0.050
σ3 12.71 ± 0.21
β2 4.17 ± 0.13
δ2 0.167 ± 0.006
γ2 0.0007 ± 0.0110

Table 5. Average and standard deviation over the Monte Carlo replicas of the free parameters
fitted to the data.

The λF parameter measures the relative weight of the two components; its value is close
to 0.1, indicating that the contribution of the weighted Gaussian is small. Nevertheless, it
has non-trivial consequences on the tail of the TMD FF, as we will show below.

The g2 parameter is a key ingredient to the extraction of the Collins-Soper kernel,
discussed in section 4.2.1. The same parameter was used in the analysis of ref. [5]. It is
interesting to observe that the value obtained in the present global fit is smaller by almost a
factor of 4 with respect to ref. [5]. This may be due to the higher theoretical accuracy of the
present analysis and to the role of the very precise high-energy Drell-Yan measurements,
which also determine the very small standard deviation of g2.

In figure 12, we show a graphical representation of the correlations among the 21
fitting parameters. Using the color code indicated in the legend, it is easy to realize that
the nondiagonal elements are very small except for some (anti–)correlation among the β1,
δ1 and γ1 parameters that control the z-dependent width of the Gaussians in the TMD FF
(see eqs. (2.39), (2.41)). The overall absence of large correlations suggests that the model
parametrization of the non perturbative parts of TMDs is appropriate.

In figure 13, we show the unpolarized TMD PDF for the up quark in the proton at
µ =

√
ζ = Q = 2GeV (left panel) and 10GeV (right panel) as a function of the quark
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Backup:  NNLL and NLL fits
J
H
E
P
1
0
(
2
0
2
2
)
1
2
7

N3LL− NNLL NLL
Data set Ndat 〈χ2〉 ± δ〈χ2〉 Ndat 〈χ2〉 ± δ〈χ2〉 Ndat 〈χ2〉 ± δ〈χ2〉

ATLAS 72 5.01 ± 0.26 / / / /
PHENIX 200 2 3.26 ± 0.31 2 0.81 ± 0.11 / /
STAR 510 7 1.16 ± 0.04 7 0.99 ± 0.03 / /
Other sets 170 0.83 ± 0.01 170 2.37 ± 0.11 / /

DY collider 251 2.06 ± 0.07 179 2.3 ± 0.1 / /

E772 53 2.48 ± 0.12 53 2.05 ± 0.22 / /
Other sets 180 0.87 ± 0.04 180 0.71 ± 0.04 180 0.81 ± 0.04

DY fixed-target 233 1.24 ± 0.04 233 1.01 ± 0.05 180 0.81 ± 0.04

HERMES 344 0.71 ± 0.04 344 1.1 ± 0.06 344 0.51 ± 0.02
COMPASS 1203 0.95 ± 0.02 1203 0.6 ± 0.06 1203 0.41 ± 0.01

SIDIS 1547 0.89 ± 0.02 1547 0.71 ± 0.05 1547 0.43 ± 0.01

Total 2031 1.08 ± 0.01 1959 0.89 ± 0.01 1727 0.47 ± 0.01

Table 6. Comparison of χ2 values normalised to the number of data points Ndat for fits at different
perturbative accuracies. The 〈χ2〉 and δ〈χ2〉 are the average and standard deviation of the χ2 values
of all replicas.

lower perturbative orders. One of the reasons is that such sets can be used in global
analyses of polarized TMDs where it is not possible to reach the same level of accuracy.

This is the case of the Sivers TMDs where the computation of the polarized cross
section for the Sivers effect presently cannot go beyond the NNLL level [117–119], hence
demanding unpolarised TMDs at the same level of accuracy.

To this aim, we perform a new global fit at NNLL. However, when lowering the per-
turbative accuracy, it is possible to obtain acceptably good fits only by excluding those
datasets whose precision requires the highest theoretical accuracy. Specifically, we found
that only by removing the ATLAS dataset we were able to achieve an acceptable global
description at NNLL accuracy. As a matter of fact, in table 6 the value of χ2 in this con-
figuration, namely for fixed-target DY and SIDIS, is lower than at N3LL− where ATLAS
data is included.

Because of the difference in the perturbative accuracy as well as in the dataset, we
do not expect to get compatible values for the best fit parameters between the NNLL and
N3LL− fits. For instance, we obtain λ = 12 ± 10GeV−1 and λF = 340 ± 280GeV−2 at
NNLL, to be compared to λ = 1.8± 0.3GeV−1 and λF = 0.08± 0.01GeV−2 at N3LL−.

The λ and λF parameters control the relative weight of the weighted Gaussian in
the non perturbative part of the TMD PDF and FF, respectively, and control the size of
the DY and SIDIS spectrum at middle to large values of |qT |. The large values obtained
in the NNLL imply that the weighted Gaussian dominates for both TMD PDF and FF
parametrizations. This behavior may be partially induced by the lack of perturbative
corrections of the NNLL fit with respect to the N3LL− one, which are compensated by
nonperturbative effects.
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Backup:  avg. transverse momenta
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Figure 16. Scatter plot of average squared transverse momenta for the TMD PDF of the up quark
at x = 0.1 and for the TMD FF of the u → π+ fragmentation at z = 0.5. Orange circles for the
PV17 analysis [5] at NLL at Q = 1GeV; the black cross represents the average. Blue circles for this
analysis (MAPTMD22) at N3LL− and at Q = 1, 2, 4.75GeV; the red squares represent the average
values for each considered Q value.

all replicas for the N3LL− analysis. Three different values of Q = 1, 2, 4.75GeV are in-
cluded to show the evolution of the average transverse momenta with the scale. The orange
circles indicate the PV17 replicas [5] at NLL and Q = 1GeV with the black cross being
the average. No regularization is needed for the values extracted in the PV17 analysis,
since the involved TMDs at Q = 1 reduce entirely to their nonperturbative components.
By comparing MAPTMD22 at Q = 1GeV to PV17, we observe that the former produces
much less anti-correlation between 〈k2

⊥〉 and 〈P 2
⊥〉 than the latter, probably because of the

inclusion of very precise DY data.

4.3 Variations on the fit configurations

In this subsection we discuss the results obtained by modifying some of the baseline set-
tings. In sections 4.3.1 and 4.3.2 we present fits at NNLL and NLL accuracy, respectively,
comparing them to the baseline N3LL−. Finally, in section 4.3.3 we study the impact of
adopting different cuts in |qT | on the SIDIS dataset.

4.3.1 Global fit at NNLL
The baseline fit presented in the previous section is performed at N3LL− (see table 1). As
already emphasized in ref. [7], the inclusion of perturbative corrections up to N3LL is crucial
to achieve an optimal description of some of the most recent experimental measurements,
such as those by the LHC. However, it might be useful to extract unpolarized TMDs at
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TMD  impact  at the LHC

Impact on DY data @ LHC
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see also later for potential impact on W mass extraction



The  EIC  impact
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major improvements at smaller x



The  JLab20+  impact

kinematics  JLab20


major improvements at valence x
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The  Nanga Parbat  fitting framework

All material available at the Nanga Parbat github site

How? You need a computational tool 
MAP Collaboration GitHub page
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