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Z(β) = Z(β−1)

(Cardy, 1986)
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Z(β) = Z(β−1)

lim
β→0

Z(β−1) ∼ e
2πc
12β

Take inverse Laplace transform to read off high energy 
density of states

Valid for all 2d CFTs but for holographic theories it has a 
beautiful interpretation as black hole entropy 

(Strominger, 1997)
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Looking at modular invariance of the genus 2 partition 
function leads to a similar formula for three-point functions 

(Cardy, Maloney, Maxfield, 2017)

Similar formulas exist for HHL and HLL three-point 
functions, with interesting connections to Liouville theory

(Collier, Maloney, Maxfield, Tsiares, 2019)
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Do similar such formulas exist in d>2? 

Black hole entropy is still universal! For holographic 
theories it should be…

The partition function on  no longer has modular 
invariance! So the math is different

Sd−1 × S1
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density of states does exist with important differences:

1. In 2d, the Cardy formula was determined by 1 
number (the central charge) and all corrections were 
non-perturbatively suppressed. In >2 d, infinite series of 
perturbative corrections


2. There is no Virasoro symmetry in >2 d, so the formula 
is more analogous to “global primaries”


3. There is no RG monotonicity properties for the 
coefficient like c
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Thermal effective field theory
Consider dimensionally reducing a CFT on a very long, 
thin cylinder. Generically this is a gapped QFT in (d-1) 
dimensions

The gapped theory is kind of a higher dimensional 
“modular dual” 
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Idea: couple the original CFT to a background metric 
and write the gapped theory as a function of the 
background fields

Let’s first write the metric in KK form

Partition function of CFT on this geometry is the 
captured by the gapped (d-1)-dim theory coupled to 
(d-1)-dim background fields
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Lore of massive QFT:  can be captured by local 
effective action for (d-1)-dim fields

Zgapped

Errors of the form e−L/ξ

Symmetries highly constrain the thermal action !Sth

(Bhattacharya, Minwalla, et al…)
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What symmetries constrain ?Sth

(d-1)-dim coordinate invariance and gauge invariance 
of KK field (coming from d-dim coordinate invariance) 

Weyl invariance of original theory

forces  to be a function of the gauge field and of 
Weyl-invariant metric

Sth

1.

2.



(Bhattacharya, Minwalla, et al…)
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We will parametrize universal CFT data (density of states) 
in terms of  f, c1, c2, …

Aside: Why is 2d special? One answer modular invariance. 
In our language: only local gauge invariant term is f! So in 
2d, perturbative turns truncate

Moreover f is the Casimir energy of the CFT on a circle, so 
in 2d f is related to the central charge c

(Bhattacharya, Minwalla, et al…)
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Density of states
We want to know spin-dependence so put the theory on 

 and twist the angles on by  S1
β × Sd−1 Sd−1 β ⃗Ω

Now we just need to compute  in this geometry. Put 
manifold in KK form, plug in  into thermal effective action

S[ ̂g, A]
̂g, A
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When the dust settles… 

cosmological constant term Einstein term Maxwell term

From this we can read off the partition function (at large T) and 
take an inverse Laplace transform to read off entropy as a 
function of Δ, J
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Some nice features — 

1. In 2d, identifying f with c, we get

Z = exp ( 4π2cT
12(1 + Ω2) ) + non-pert

as expected from S-transform of vacuum-
dominance at low T



Some nice features — 

2.  diverges at . This is the unitarity boundSth Ω = ± i

At , states with  constant get no 
Boltzmann suppression, which leads to a divergence 
in Z. Forbidden to have poles before there

Ω = ± i E ± J



Some nice features — 

3. Already this makes nontrivial predictions from the 
functional form. For example: power expansion in 

, not , and  dependence completely fixed1/T2 1/T Ω
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Taking an inverse Laplace transform gives us the density 
of states

In 2d, this of course reproduces the usual Cardy formula
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Note that by expanding in terms of characters instead of 
exponentials, we can also read off the density of 
primaries instead of states

For example here is the result in d=3: 

(See also Shaghoulian, 2015, for leading term)

Statistical Distribution of Spin, aka “Spin-Statistics 
Theorem” for CFT! :-) 
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Aside: Interestingly, even though f counts the (leading 
order) entropy at large energies, it does not always 
decrease under RG flow (in d>2)

Example 1: From weak to strong coupling in N=4 SYM 
(marginal flow), f changes by a factor of 3/4 instead of 
staying constant 

Example 2: At large N, the d=3 O(N) model flowing to N-1 
free scalar fields has f increasing by a factor of 5/4 instead 
of decreasing

(Gubser, Klebanov, Peet, 1996)
(Gubser, Klebanov, Tseytlin, 1998)

(Sachdev, 1993)
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What is the regime of validity for our entropy? 

To evaluate the inverse Laplace transform, we did a saddle-
point approximation. We need the saddle to be at large T!

d=2: 

d>2: 

(Aside: d>2 formula is for one fugacity turned on; for more fugacities exponent changes)
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Examples
Let’s get intuition for this entropy with various d>2 CFT 
examples

Free theories: We can compute  exactly and expand 
in large T to verify it takes the functional form we predict 

Z(T, Ω)

Holographic theories: We can approximate  by 
computing the area of a Kerr-AdS black hole and verifying it 
takes the functional form

Z(T, Ω)
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Free theories
Free theories are subtle! Can get a gapless sector, namely a 
free theory in (d-1) dimensions

Can still read off effective action

Free scalar Free fermion
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Holographic theories

Leading order in  we have:GN

From black hole thermodynamics in AdS: 

(Carter, 1973)

(Gibbons, Perry, Pope, 2004)
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Kerr black holes in AdS for D>3 suffer from instability. They 
are only stable if (with one fugacity turned on): 

E − J/ℓ > # Eℓ
D − 3

2 G−1/2
N

(Cardoso, Dias, 2004)

Similar condition we found for the CFT entropy to be valid!

d>2: 

Similar analogy in AdS3/CFT2

(See also Kim et al, 2023!)
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In 2d CFT, there is a famous “extension” of Cardy’s formula for 
holographic theories, using modular invariance

Cardy valid when:

If light states are “sparse” then is enough

(Hartman, Keller, Stoica, 2014)

Although we do not have modular invariance in higher d, 
reasonable to conjecture a similar extension of our formula 

Our formula valid when: 

If light states are “sparse” then is enough??
(c.f. Mefford, Shaghoulian, Shyani, 2017)
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3d Ising model
Monte Carlo estimates have  for the 3d Ising modelf ≈ 0.153

(Krech; Krech, Landau; Vasilyev, Gambassi, Macioek, Dietrich)

Can take bootstrapped operators and explicitly build 
partition function at plot at “medium” temperature

(Simmons-Duffin, et al)



3d Ising model
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Three-point functions
So far we’ve discussed universal formulas for the entropy of 
local operators in d-dim CFT

The other observable is in correlation functions, 
specifically the three-point functions

Are there universal formulas for the three point functions of 
three heavy operators? 
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Modular invariance of this genus two surface roughly states 
that we can freely take β ↔ β−1

In one limit (large beta) the partition function is well-
approximated by the vacuum block. In the transform (small 
beta), we then read off the three point functions of heavy 
operators (light is untrustworthy)

(Note that to get the primary operators instead of states we 
need a “conformal block” — conceptually similar to 
characters)



So to summarize, the key points were: 
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2. Take a limit where that partition function is computable

3. Invert to find  (essentially an inverse Laplace transform, 
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So to summarize, the key points were: 


1. Find a geometry whose partition function computes 

2. Take a limit where that partition function is computable

3. Invert to find  (essentially an inverse Laplace transform, 

if the blocks are complicated, some souped up version of 
that)

C2
ijk

C2
ijk

The generalization of a genus 2 surface will be to take two 
copies of , cut out three mutually-tangent balls, and glue 
the boundaries of the balls ( ’s) together with cylinders 

ℝd

Sd−1



We consider the geometry on the following manifold. This 
computes 

Z = ∑
O1,O2,O3

|c123 |2 e−β1Δ1−β2Δ2−β3Δ3

where  are the heights of the cylindersβi
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To read off heavy three point functions we need  small. 
How do we use thermal effective action? 

βi

Z = ∑
O1,O2,O3

|c123 |2 e−β1Δ1−β2Δ2−β3Δ3

In the limit of high temperature, the geometry looks like a 
circle fibration in the red region
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Assumption: The partition function in this geometry in the limit 
of  is dominated by this contributionβi → 0

This lets us use the thermal effective field theory to estimate the 
“genus two” partition function we designed 

There is still more work to read off the three point functions 
by decomposing into conformal blocks but it’s kinematical 
— I will just write the results 



In d=3, three heavy operators of dimension  :Δ

c2
ΔΔΔ ∼
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In 2d, the HHH, HHL, and HLL three point function of 
Virasoro primary operators were related to Liouville 
theory

(Collier, Maloney, Maxfield, Tsiares, 2019)

These three point functions were also recently related to 
classical actions of wormhole geometries

(Chandra, Collier, Hartman, Maloney, 2022)

Is there an interpretation for our formula? Maybe not 
because we do not have “Virasoro” structure. Is there a 
way to “upgrade” our formula to be related to wormhole 
actions??

(See also Belin, de Boer, Nayak, Sonner; Belin, de Boer, Liska; 2021)



Summary
We described a technique called the thermal effective 
action to systematically study CFT data at large 
dimension

This encodes the spectrum of local CFT operators as a 
function of dimension and spin at large dimension, 
checked against free and holographic theories

Built “genus-two-like” partition function in higher d to 
also encode three-point-functions 


