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Analytic solutions

Unitarity + diagonalization

[Yasuda, arXiv:0704.1531]

3-flavor [Kimura, Takamura, Yokomakura, arXiv:hep-ph/0203099] 5 / 15



  

Analytic solutions

Unitarity + diagonalization

[Yasuda, arXiv:0704.1531]

Inversion of Vandermonde matrix

3-flavor [Kimura, Takamura, Yokomakura, arXiv:hep-ph/0203099] 5 / 15



  

Solution of 4-flavor on 1 page 
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Solution of 4-flavor on 1 page 
(Not meant to be read)

For (n>4)-flavor, 
eigenvalues have 
to be numerical
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3-flavor scenario

One interesting quantity for CP violation (Jarlskog combination)

[Harrison & Scott, 21, arXiv:hep-ph/0203021]

Unitary scenario (arbitrary matter potential)

[Naumov, IJMPD 1, 379 (1992)]

Unitary relations

Diagonal matter potential

n-flavor
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Low scale “nonunitarity”

Definition: light steriles states (3+N) kinematically allowed to participate in 
oscillation but heavy enough that their fast oscillations are averaged out

[CSF, Minakata & Nunokawa, arXiv:1609.08623, arXiv:1712.02798]

Leading order in small “active-heavy” mixing 
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Low scale “nonunitarity”

NHS identity violatedUnitary relations violated

“Unitary NHS”
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Nonstandard neutrino interactions (NSI)

We can parametrize the matter potential with NSI as [Dev et al., arXiv:1907.00991]
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Nonstandard neutrino interactions

NHS for diagonal 
potential

Modified NHS 
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Strategy

Diagonal matter potential
NSI?

NHS identity

NSI? A challenging task 
but doable in principle

Unitary relations 

NSI

Low scale nonunitarity

Yes No

Yes No
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Other new physics

Quasi (pseudo)-Dirac scenario for Earth-crossing neutrinos 
[Anamiati, Fonseca & Hirsch, arXiv:1710.06249]

[Anamiati, De Romeri, Hirsch, Ternes & Tórtola, arXiv:1907.00980]
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[Anamiati, Fonseca & Hirsch, arXiv:1710.06249]

[Anamiati, De Romeri, Hirsch, Ternes & Tórtola, arXiv:1907.00980]

[CSF, Gregoire & Tonero, arXiv:2007.09158]

Connection to leptogenesis
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NuProbe

The analytical solutions (up to 7-flavor) is implemented in NuProbe 
(https://github.com/shengfong/nuprobe). 

The last plot is produced using simplified density profile for the Earth 
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Takeaway

● Neutrino oscillations can be a probe to new physics (beyond the standard 3-
flavor paradigm)

● Analytic solutions render new physics more transparent
● Low scale nonunitarity is qualitatively (quantitatively) different from NSI 

– For the former, unitary relations and NHS identity are violated
– For the latter, unitary relations are satisfied while the NHS identity is 

violated only for nondiagonal matter profile
● Analytic solutions implemented in a NuProbe up 7-flavor and accept arbitrary 

mixing matrix and matter potential
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