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Complex-time classical mechanics 
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Cauchy-Riemann conditions
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Complex-time classical mechanics 

⟺
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Classical tunneling trajectories 
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Look for keywords: instanton, Wick rotation …
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complex continuum density of states

complex tunneling phase

complex tunneling time

The genuinely quantum process of tunneling allows 
for a semiclassical description !
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complex extension of Eisenbud-Wigner time shift 
(1948,1955): difference of classical times of flight 
of the tunneling and free particles  

Tunneling semiclassics

P.C., P. Stránský, M. Šindelka, M. Kloc, 
PRL 125, 020401 (2020), PRA 103, 062207 (2021)
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𝑉𝑉𝑽(𝒙)
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𝒯 𝐸 = 𝑒𝑖Φ 𝐸transmission amplitude

The genuinely quantum process of tunneling allows 
for a semiclassical description !

Tunneling semiclassics

 tunneling singularities due to 
stationary points of the potential

P.C., P. Stránský, M. Šindelka, M. Kloc, 
PRL 125, 020401 (2020), PRA 103, 062207 (2021)
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Problem of tunneling time 

𝑻𝐑
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How long does the particle spend in the forbidden 
region of the potential? Many experiments indicate 
that the tunneling time is very small, close to zero…

0
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𝑃0 𝑡 = 𝜓 𝑒−𝑖 𝐻𝑡/ℏ 𝜓
2
= 
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𝛼𝑛
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2𝑒−𝑖𝐸𝑖𝑡/ℏ

log(𝑡/𝑡0)

0

log 𝑃0

Example: M. Kloc, P. Stránský, P. C., PRA 98, 013836 (2018) 

Quantum survival probability
Quantum evolution of the survival probability of an initial state ۧ|𝜓 =

𝑛

α𝑛 ۧ|𝐸𝑛

𝛼𝑛
2

𝐸𝑛
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𝒵 𝑧 =

𝑛

𝛼𝑛
2𝑒−𝑧𝐸𝑖

𝑧 = 𝛽 + 𝑖𝑡 ∈ ℂ

Quantum survival probability in complex time
Quantum survival amplitude in complex-extended time

Analog of partition function 

𝑍 𝛽 = σ𝑛 𝑑𝑛𝑒
−𝛽𝐸𝑛 in 

complex-extended inverse 
temperature 𝛽. Zeros of 
𝑍 𝛽 near the real 𝛽-axis 
indicate thermal phase 
transitions in the infinite-size 
limit 𝒩 → ∞. Similarly, zeros 
of 𝒵 𝑧 near the imaginary
𝑧-axis indicate dynamical 
quantum phase transitions …
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Example: Á.L. Corps, P. Stránský, P. C., PRB 107, 094307 (2023) 

𝑟(𝑡) ≡

𝓩 𝒛 𝟐

𝒵 𝑧 = 0
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https://tenor.com/view/ghost-forest-spooky-gif-8926095
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Thank you!


