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Hard probes

Two types of hard probes:

Hard probes are produced in hard processes on very short time scales 

Thus, they are present in the early stages of heavy ion collisions

• "Elementary" HP: direct photons, Z and W bosons, etc.
• "Complex" HP: quarkonia, jets

�t ⇠ 1/M ⌧ 1fm/c
<latexit sha1_base64="oR/fZRh02HoUQlBGhsZ+u+VQCus="></latexit>

Elementary hard probes provide information on the "initial state" (e.g. 
npdf): Their yield scales with the number of n-n collisions. They are 
weakly affected by the surrounding medium. 

Complex hard probes have their own dynamics in the absence of the 
QGP. This dynamics can be significantly altered by the presence of the 
quark-gluon plasma. Understanding such modifications can yield  
information about the QGP properties.   



Open Quantum Systems 



QQ̄
<latexit sha1_base64="h03Lc/fWtWFc9zg+XzugeEKaM38="></latexit>

QGP
<latexit sha1_base64="Bo7rYiUQyzOpQzFH+tRAf80fC7c="></latexit>

Environment

System

Open quantum system (1)

The dynamics of the system is obtained after eliminating the degrees of 
freedom of the environment. This yields in general a non unitary evolution 
(decoherence, dissipation).

The system is "small"

The environment is "big" 
and weakly perturbed by 
the presence of the system

The dynamics of the system is affected by the presence of the 
environment via simple correlation functions characterising the 
environment.  The system probes these correlation functions.



Open quantum system (2)

DQ(t) = TrplD(t)
<latexit sha1_base64="ci7/geAs4CLYuUJAkZQEH6835qI="></latexit>

Various strategies: 
• Feynman-Vernon Influence functional
• Lindblad equation,
• Schwinger-Keldysh diagrammatic techniques, 
• Etc

We need the reduced density matrix of the system:

The density matrix of total system D(t)
<latexit sha1_base64="1fQ2lXkf2HdGNyev7HpH2F8GCZU="></latexit>
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Figure 1. The Schwinger-Keldysh contour.

2.1 Equation for the density matrix

The density matrix obeys the general equation of motion

i
dD
dt

= [H,D]. (2.6)

In order to treat the interaction between the plasma and the heavy particles using per-

turbation theory, we move to the interaction representation. We set H = H0 +H1, with

H0 = HQ +Hpl and define

D(t) = U0(t, t0)DI(t)U †
0(t, t0), (2.7)

where DI(t), the interaction representation of the density matrix, satisfies the equation

dDI

dt
= −i[H1(t),DI(t)], H1(t) = U0(t, t0)

†H1U0(t, t0). (2.8)

Here, H1(t) denotes the interaction representation of H1. The evolution operator in the

interaction representation, UI(t0, t) = U †
0(t, t0)U(t, t0), can be expanded in powers of H1(t)

in the usual way

UI(t, t0) = T exp

{
− i

∫ t

t0

dt′H1(t
′)

}
, (2.9)

where the symbol T denotes time ordering. Similarly, eq. (2.8) can be integrated formally

using the Schwinger-Keldysh contour [33, 34]:

DI(t) = UI(t, t0)D(t0)U
†
I (t, t0)

= TC

[
exp

{
−i

∫

C
dtCH1(tC)

}
D(t0)

]
, (2.10)

where the operator TC orders the operators H1(tC) along the contour parameterized by

the contour time tC , with the operators carrying the largest tC coming before those with

smaller tC (see figure 1). The upper branch of the contour, with time running from t0 to

t, represents the evolution operator UI(t, t0), the lower branch of the contour, with time

running from t to t0, represents the operator U †
I (t, t0). As can be seen in eq. (2.10), in the

expansion of DI(t) in powers of H1(t), the operators H1(t) that sit on the left of D(t0) live

on the upper branch of the contour, while those that appear on the right of D(t0) live on

the lower branch (they come later along the contour).

To proceed further, we assume that, at the initial time t0, the density matrix factorizes

DI(t0) = DI
Q(t0)⊗DI

pl(t0). (2.11)
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�DQ(t)
<latexit sha1_base64="H+6OtYMe42W9GU5VT1dp+mzKMX4="></latexit>

Equation of motion for

d
dt
DQ(t) = �i[HQ,DQ(t)] +

R
t�t0

0 d⌧L(⌧)DQ(t � ⌧)
<latexit sha1_base64="9vt6PNi+/O13gorOtT3DUoIMrbA="></latexit>

Non hamiltonian contribution



Heavy quarkonia 

[For details, see JPB, M. Escobedo-Espinosa, 1711.10812,1803.07996]



Heavy quarks and quarkonia as 'hard probes' 

Formation time of a       pair is small 

Dynamics of heavy quarks is non-relativistic

QQ̄
<latexit sha1_base64="SEgmv/w3+yzPf5NevqETZQwruk8="></latexit>

Mb ' 4.5 Gev �t ' 0.02 fm/c
<latexit sha1_base64="EZ13TWnOs1n7+41hHTJrfJGAEOc="></latexit>

Mc ' 1.5 Gev �t ' 0.07 fm/c
<latexit sha1_base64="fPk1/Mq2hJq0cG3GlPPXxKu3zq0="></latexit>

⌥
<latexit sha1_base64="ICRZ1WYc/nfDHLLYCLwktM/8RgE="></latexit>

J/ 
<latexit sha1_base64="XwzdkPzfz1+RSpvNRqDvXJSKuu8="></latexit>

H =
P

2

MQ

+ V(r)
<latexit sha1_base64="CgrgtfmFPE+ywVv0IPKd244Hhx0="></latexit>

Heavy quarks are produced in pairs in the early stages of URHIC. Their 
number remains constant.

Q̄

Q

The potential can be obtained using effective theory (pNRQCD) 
[see N. Brambilla, A.Pineda, J. Soto, A. Vairo, NPB566 (2000) 275]

✓
V(r) =

↵s

r
+ �r
◆

<latexit sha1_base64="40M+dF0k4EMEenK8B4BwixBf7Eg="></latexit>



Heavy quark interaction at finite T

Initial suggestion (Matsui-Satz 86): screening of the potential 

This picture predicts a "suppression" of bound states at high 
temperature, the most "fragile" ones (bigger, less bound) 
disappearing first as the temperature increases ("sequential 
suppression"). 

H =
P

2

MQ

+ V(r)
<latexit sha1_base64="CgrgtfmFPE+ywVv0IPKd244Hhx0="></latexit>

V(r) = �↵
r

e�r mD(T ) + �(T )r
<latexit sha1_base64="lOzII5tD1Gevk7peTZJutudBF3w="></latexit>

Hence the idea of using quarkonia to diagnose the formation 
of quark-gluon plasma in URHIC   

However, the dynamics of the quarkonia does not reduce to a mere 
modification of the potential: non unitary evolution, here caused 
by "collisions" with plasma constituents.



Typical approximations in OQS

(i) weak coupling between HQ and the plasma

The influence of the plasma on the heavy quark 
dynamics is characterized by simple response 
functions (correlators)

No assumption of weak or strong coupling needs to 
be made concerning the plasma. The correlators can, 
in some cases, be obtained from lattice calculations. 

The presence of the heavy quarks does not modify 
significantly the equilibrium state of the plasma. 

�(t1, t2) ⌘ hApl(t1)Apl(t2)iT = Tr
h
Apl(t1)Apl(t2)Dpl

i
<latexit sha1_base64="ghwDLy6TcKXliJQae1n6HCOiTIc="></latexit>
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2 Equation for the density matrix of heavy quarks in a quark-gluon
plasma

Our description of the heavy quark dynamics in a quark-gluon plasma is based on the

assumption that the interaction between the heavy quarks and the quark-gluon plasma is

weak, and can be treated in perturbation theory (with appropriate resummations). The

generic hamiltonian for such a system reads

H = HQ +H1 +Hpl, (2.1)

where HQ describes the dynamics of the heavy quarks in the absence of the plasma, Hpl is

the hamiltonian of the plasma in the absence of the heavy quarks, and H1 is the interaction

between the heavy quarks and the plasma constituents. The heavy quarks are treated as

non relativistic particles, and the spin degree of freedom is ignored: the state of a heavy

quark is then entirely specified by its position and color. As we have mentioned already,

we shall consider H1 to be small and treat it as a perturbation. In Coulomb gauge, and

neglecting magnetic interactions, this interaction takes the form

H1 = −g

∫

r
Aa

0(r)n
a(r), (2.2)

where na denotes the color charge density of the heavy particles. For a quark-antiquark

pair, for instance, this is given by1

na(x) = δ(x− r̂) ta ⊗ I− I⊗ δ(x− r̂) t̃a, (2.3)

where we use the first quantization to describe the heavy quark and antiquark, and the

two components of the tensor product refer respectively to the Hilbert spaces of the heavy

quark (for the first component) and the heavy antiquark (for the second component). In

eq. (2.3), ta is a color matrix in the fundamental representation of SU(3) and describes the

coupling between the heavy quark and the gluon. The coupling of the heavy antiquark and

the gluon is described by −t̃a, with t̃a the transpose of ta.

We are looking for an effective theory for the heavy quark dynamics, obtained by elim-

inating the plasma degrees of freedom. In previous works, this was achieved explicitly by

constructing the Feynman-Vernon influence functional [31], using the path integral formal-

ism (see e.g. [24, 30]). In the present paper, we shall proceed differently, by writing directly

the equations of motion for the reduced density matrix of the heavy quarks. Although the

derivations presented here are self-contained, we emphasize that the main approximations

that are implemented in the present section are quite common in various fields, and belong

to what is commonly referred to as the theory of open quantum systems (see e.g. [20]).

We assume that the system contains a fixed number, NQ, of heavy quarks (and, in

general, an equal number of antiquarks). We call D the density matrix of the full system,

1We denote here the position operator by r̂, but most often the symbol ˆ will be omitted, the context

being enough to recognize the operators.
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soft gluon exchanges small energy transfer

(ii) The response of the plasma is "fast’' 

q . mD ⌧ M
<latexit sha1_base64="F9VJwAX2Ht4RZw7aCmofGgOWX5A="></latexit>

q2

M
⇠

m2
D

M
⌧ mD

<latexit sha1_base64="3y17etYHYimX7Q3bdfdoFPkHcRE="></latexit>

plasma response is characterized by a single energy scale, the Debye mass 

mD = CT (C ' 2)
<latexit sha1_base64="ivuvBuRFQCD0t8OoUAjj4jTT6gE="></latexit>

In strict weak coupling C = g
<latexit sha1_base64="wY2GtGFiXIAo5lIfCkVLWXfw09w="></latexit>
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relevant, it consists in replacing e−iHQτ ≃ 1− iHQτ , and keep terms up to linear order in

τ in the integrals. More precisely, we write

UQ(τ)n
a
x′U

†
Q(τ) = U †

Q(−τ)n
a
x′UQ(−τ) = na

x′(−τ) (2.20)

and

na
x′(−τ) = na

x′ − τ ṅa
x′ , ṅa

x′ = i [HQ, n
a
x′ ] , (2.21)

the time-dependence of nx′(t) being given by the Heisenberg representation, na
x′(t) =

eiHQtna
x′e−iHQt. We get

dDQ

dt
+ i[HQ,DQ(t)] ≈ −

∫

xx′
[na

x, n
a
x′DQ]

∫ ∞

0
dτ∆>(τ ;x− x′))

−
∫

xx′
[DQn

a
x′ , na

x]

∫ ∞

0
dτ ∆<(τ ;x− x′)

+

∫

xx′
[na

x, ṅ
a
x′DQ]

∫ ∞

0
dτ τ ∆>(τ ;x− x′))

+

∫

xx′
[DQṅ

a
x′ , na

x]

∫ ∞

0
dτ τ ∆<(τ ;x− x′). (2.22)

At this point we use the values of the time integrals given in appendix A. These involve

the zero frequency part of the time-order propagator ∆(ω = 0) = ∆R(ω = 0, r)+ i∆<(ω =

0, r), which we identify with the real and imaginary part of a “potential”. More precisely,

we set

V (r) = −∆R(ω = 0, r), W (r) = −∆<(ω = 0, r). (2.23)

This terminology stems from the fact that V (r) + iW (r) plays the role of a complex

potential in a Schrödinger equation describing the relative motion of a quark-antiquark

pair: the real part represents the screening corrections, and adds to the familiar interaction

arising in leading order from one-gluon exchange, the imaginary part accounts effectively

for the collisions between the heavy quarks and the plasma constituents [15, 16].

After a simple calculation that uses the properties V (x−x′) = V (x′ −x) and W (x−
x′) = W (x′ − x), we get

dDQ

dt
+ i[HQ,DQ(t)] ≈ − i

2

∫

xx′
V (x− x′)[na

xn
a
x′ ,DQ],

+
1

2

∫

xx′
W (x− x′) ({na

xn
a
x′ ,DQ}− 2na

xDQn
a
x′)

+
i

4T

∫

xx′
W (x− x′) ([na

x, ṅ
a
x′DQ] + [na

x,DQṅ
a
x′ ]) (2.24)

The first line of the right hand side of this equation describes a hamiltonian evolution,

that is, it can be written as the commutator on the left hand side, with HQ replaced

by 1
2

∫
xx′ V (x − x′)na

xn
a
x′ . It follows that we can shift the “direct”, one-gluon exchange

potential initially contained in HQ into V , and keep in HQ only the kinetic energy of the

– 9 –

collisions with plasma constituents involve small energy transfer 

mD ⌧ M
<latexit sha1_base64="LQ5AcigdWk0vpOUkSvqQEFZzATA="></latexit>

the relevant correlator is then generically of the form

�(! = 0, r) = �R(! = 0, r) + i�<(! = 0, r)
<latexit sha1_base64="zLD/VilosXW35j6qZSkk6blOfmI="></latexit>

Imaginary potential 

J.-P. Blaizot et al. / Nuclear Physics A 946 (2016) 49–88 63

instantaneous. In order to observe a substantial motion of the heavy quarks, we need to look at 
the system over time scales that are large compared to m−1

D . In the calculation of the influence 
functional, we need therefore to allow for tx − ty ≫ m−1

D , or equivalently, in Fourier space, typical 
frequencies ω ≪ mD . To get a systematic expansion, one expands "(ω) in powers of ω around 
ω = 0. In leading order this yields

"(tx − ty ) =
ˆ

dω

2π
e−iω(tx −ty )

[
"(ω = 0) + ω"′(ω = 0)

]

≃ δ(tx − ty )"(ω = 0) + i
d

dtx
δ(tx − ty )"

′(ω = 0). (4.54)

This expansion shows indeed that the heavy quarks interact with the medium via effectively 
instantaneous interactions. One recognizes in the first term of the expansion the infinite mass 
limit. The corrections implied by the second term will involve the velocities of the heavy quarks, 
as we shall see shortly.

We have identified in the previous subsection the zero frequency part of the time ordered 
propagator to the complex potential. Because of the relation obeyed by the various components 
of the propagator (see for instance [43]), the derivative term "′(ω = 0) is simply related to 
the imaginary part of the potential, as we now show. Indeed, the time ordered propagator can 
be written as "(ω) = "R(ω) + i"<(ω), where "R(ω) is the retarded propagator and "<(ω)

has been defined above. The latter is related to the other function ">(ω) by the KMS relation, 
">(ω) = eβω"<(ω), and the two functions allow us to reconstruct the spectral density ρ(ω) =
">(ω) − "<(ω). From the last two equations, one easily establishes that "<(ω) = N(ω)ρ(ω), 
with N(ω) = 1/(eβω − 1). From this relation, and using the fact that the spectral function is an 
odd function of ω, it is easy to show that ">(−ω) = "<(ω), so that, in particular, "<(0) =
">(0). It follows then easily that

d">

dω

∣∣∣∣
ω=0

= −d"<

dω

∣∣∣∣
ω=0

,
d"<

dω

∣∣∣∣
ω=0

= −β

2
"<(0). (4.55)

Furthermore, it is easily shown using the properties that we have just recalled, that d"(ω)
dω

∣∣∣
ω=0

=
0. Note finally that "22(ω) = −"A(ω) + i"<(ω), where "A(ω) denotes the advanced propaga-
tor. At zero frequency, "A(ω = 0) = "R(ω = 0).

After this preparation, we can now calculate the influence functional in the low frequency 
approximation. Thanks to all the relations that we have just recalled, the final expression will 
involve no new ingredient beyond the real and the imaginary part of the potential introduced in 
the previous section. To proceed, we use Eq. (4.54), the relations "11(0) = "R(0) + i"<(0), 
"12(0) = i"<(0), "21(0) = i">(0) = i"<(0), and "22(0) = −"A(0) + i"<(0) = −"R(0) +
i"<(0), together with the definitions (3.46) and (3.47). We write the influence functional as 
'[Q] = 'QQ [Q] + 'Q̄Q̄[Q] + 'QQ̄[Q]. A straightforward calculation then yields

'QQ[Q] = g2

2

N∑

i,j=1

tfˆ
ti

dt

[
V (qj,2 − q i,2) − V (qj,1 − q i,1)

− iW(qj,2 − qi,2) − iW(qj,1 − qi,1) + 2 iW(qj,1 − qi,2)

+ β

2
(q̇ i,2 + q̇j,1) · ∂

∂q i,2
W(qj,1 − qi,2)

]
(4.56)

from the point of view of the HQ the interactions with the plasma are 
nearly instantaneous ("collisions")

Screened potential



Static response and "optical potential"

At short distance, 
interference produces 
cancellation: a small 
dipole does not “see” the 
electric field 
fluctuations.

At large distance the 
imaginary part is twice 
the damping rate of the 
heavy quark
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Abstract

We derive equations for the time evolution of the reduced density matrix of a
collection of heavy quarks and antiquarks immersed in a quark gluon plasma.
These equations, in their original form, rely on two approximations: the weak
coupling between the heavy quarks and the plasma, the fast response of the
plasma to the perturbation caused by the heavy quarks. An additional semi-
classical approximation is performed. This allows us to recover results previously
obtained for the abelian plasma using the influence functional formalism. In the
case of QCD, specific features of the color dynamics make the implementation
of the semi-classical approximation more involved. We explore two approximate
strategies to solve numerically the resulting equations in the case of a quark-
antiquark pair. One involves Langevin equations with additional random color
forces, the other treats the transition between the singlet and octet color config-
urations as collisions in a Boltzmann equation which can be solved with Monte
Carlo techniques.

1. Introduction

�(r) = W (r)�W (0) = 2�(mDr)

Heavy quarkonia, bound states of charm or bottom quarks, constitue a
prominent probe of the quark-gluon plasma produced in ultra-relativistic heavy
ion collisions, and are the object of many investigations, both theoretically and
experimentally. Recent data from the LHC provide evidence for a sequential
suppresion, with the most fragile (less bound) states being more strongly sup-
pressed [1], while there are indications that charm quarks are su�ciently nu-
merous to recombine, an e↵ect that is seen to counterbalance the expected
suppression [2]. These findings are in line with general expectations. The disso-
ciation of quarkonium was suggested long ago [3] as resulting from the screening
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Abstract

We derive equations for the time evolution of the reduced density matrix of a
collection of heavy quarks and antiquarks immersed in a quark gluon plasma.
These equations, in their original form, rely on two approximations: the weak
coupling between the heavy quarks and the plasma, the fast response of the
plasma to the perturbation caused by the heavy quarks. An additional semi-
classical approximation is performed. This allows us to recover results previously
obtained for the abelian plasma using the influence functional formalism. In the
case of QCD, specific features of the color dynamics make the implementation
of the semi-classical approximation more involved. We explore two approximate
strategies to solve numerically the resulting equations in the case of a quark-
antiquark pair. One involves Langevin equations with additional random color
forces, the other treats the transition between the singlet and octet color config-
urations as collisions in a Boltzmann equation which can be solved with Monte
Carlo techniques.

1. Introduction

@thr|DQ|r
0
i = · · ·� �(r � r0)hr|DQ|r
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For one heavy quark

(*first obtained by M. Laine et al hep-ph/ 0611300)

V(r) = V(r) + iW(r)
<latexit sha1_base64="H8TUC8kTLlcr1Rp5L6yLTnpijP4="></latexit>

�R(! = 0, r) = �V(r)
<latexit sha1_base64="/AVsvTpFvYlxdgbV0Gj7eUs7Y0I="></latexit>

�<(! = 0, r) = �W(r)
<latexit sha1_base64="CDSatMJepTOpBYoNk1P4Z0+4d78="></latexit>

�(x) =
x2

3

 
� ln x +

4
3
� �E

!

<latexit sha1_base64="MwEYRdyxlQu0rVtuaIMP+EJMfI4="></latexit> makes density matrix  
nearly diagonal  
in coordinate space



(iii) semi-classical approximation
M � T

<latexit sha1_base64="S3G/KXJ/AKpCeNArF+4/r4kes80="></latexit>

�th ⇠
1p
MT
⌧ 1

T
<latexit sha1_base64="Cy49ga19juAq/dCvNA1Uvh3w8GY="></latexit>
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Expansion in Fokker-Planck and Langevin equations



Non trivial noise 

Langevin equation 

Semi-classical expansion for heavy quark motion
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Friction and noise are related by an Einstein relation
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The Langevin equation associated with the relative motion is then of the form
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Note that for an isotropic plasma, we have (cf. Eq. (43))
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One can repeat the same for the center of mass coordinates. Here we set
v = P /(2M). We get
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with

⌘ij(r) = 2 (Hij(0)�Hij(r)) (78)

and the Einstein relation

�ij(r) =
1

2T
⌘ij(r). (79)
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• For an isotropic plasma
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• Langevin equation for the relative motion

• Equation for the density matrix

• All the ingredients of the dynamics of the HQs are calculated 
from the plasma correlation functions

h⇠i(r, t)⇠ j(r, t0)i = ⌘i j(r)�(t � t0)
<latexit sha1_base64="jeEEyKKFR45iw9B+A2a3UQBuZxU="></latexit>



Jet momentum broadening 
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Momentum broadening

The dynamics reduce to a two-dimensional non-
relativistic problem in the transverse plane with E 
playing the role of a mass

2

interpretation in terms of a classical phase space distri-
bution. This interpretation is supported by the calcula-
tion of the von Neumann entropy which, at sufficiently
late times, takes the form

SvN(t) ⇡ log �(t) . (1)

Here �(t) / hK2
ithb

2
it may be interpreted as a mea-

sure of the two dimensional phase space of the quark
in terms of its average squared total transverse momen-
tum K and its transverse location b at time t. We find,
in particular, that the emergent diagonalization of the
quark density matrix is accompanied by a fast increase
of the entropy, driven by the fast growth of hb2it at late
times. The earlier suppression of the off-diagonal ma-
trix element of the coordinate space density matrix is
also accompanied by an entropy growth, driven by the
increase of hK2

it and related to collisional decoherence.
Note that the master equation used in this paper ignores
dissipation effects. As a result there is no limit to the en-
tropy growth.

The present work is organised as follows. In section II
we introduce the quark reduced density matrix in the
medium and obtain its evolution equation. We discuss
the exact solutions to this equation in section III in the
so-called harmonic approximation. Within the setting
considered and the approximations made, the problem
belongs to a class of problems that have be thoroughly
studied in the literature on open quantum systems [25].
Finally, we compute the associated von Neumann en-
tropy in section IV. In section V we summarize our find-
ings. Appendix A provides some technical details on the
derivation of the evolution equations used in the main
body of the work. Appendix B presents the calculation
of the von Neumann entropy.

II. THE MASTER EQUATION FOR THE REDUCED
DENSITY MATRIX

We consider the evolution of a highly energetic quark
traveling in a dense medium of color charges at the
speed of light in the positive z direction. This ener-
getic parton couples to the long wavelength modes of
the fluctuating gauge potential A

a, µ(r, t) describing the
medium. Here t ⌘ x

+ denotes the light-cone time2 and
x the coordinates of the fast quark transverse to the z

direction. Because the light-cone energy of the incident

2 In this work, we use light-cone coordinates such that the light-cone
time is defined as t ⌘ (t̃ + z)/

p
2 = t̃

p
2, with t̃ the usual time

coordinate and z the longitudinal coordinate, see Fig. 1. The last
equality follows from the fact that we work in the frame where the
quark is infinitely boosted along the positive z direction. Also, in
this frame, any dependence on the coordinate x� ⌘ (t̃ + z)/

p
2

vanishes. For more details see e.g. [3].

Figure 1. Depiction of the quark’s propagation in three spatial
dimension (at amplitude level), denoted by the euclidean co-
ordinates (x, y, z), along the positive z axis. Since the parton
is moving at the speed of light, its dynamics are constrained
to the hyperplane t̃ � z = 0, with t̃ the usual time coordinate.
As a result, the real time evolution of the quark state can be
studied as the motion of an effective non-relativistic particle in
2+1 dimensions, evolving according to Eq. (2).

quark, E ⌘ p
+, is taken to be much larger than that

of the medium constituents, the essential dynamics is
localized in the transverse plane, with the quark cou-
pled to the minus component of the background field,
A

�(x, t). The quark spin is conserved throughout the
evolution. The motion of the quark can be shown to be
determined by the two-dimensional Schrödinger equa-
tion [26]


i@t +

@
2
?

2E
+ gA(r, t)

�
 (r, t) = 0 , (2)

where E plays the role of a mass. In this equation,
A ⌘ A

a,�
t
a, with t

a the generators of SU(Nc) in the
fundamental representation for Nc colors, @2? denotes
the Laplacian operator in transverse space, and  (r, t)
is the quark’s wavefunction. Thus, for highly energetic
partons, the 3+1d evolution is dimensionally reduced to
2+1d [27, 28], with the non trivial dynamics being con-
strained to the transverse plane at fixed light-cone en-
ergy E, see Fig. 1. [JP: We could keep these two refer-
ences if you feel they should be there, but they do not
seem to me much needed, given the reference above to
Yacine’s paper.]

The reduced density matrix ⇢ of this energetic quark
is obtained after taking the partial trace of the full den-
sity matrix ⇢[A] over the medium’s degrees of freedom,
i.e. over the gauge potential A that enters Eq. (2). In the
present work, the trace over these gauge field configu-
rations is approximated by a statistical average, that is,
the reduced density matrix is given by

⇢ ⌘ trA(⇢[A]) =
D
| A(t)ih A(t)|

E

A
. (3)

t
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strained to the transverse plane at fixed light-cone en-
ergy E, see Fig. 1. [JP: We could keep these two refer-
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The reduced density matrix ⇢ of this energetic quark
is obtained after taking the partial trace of the full den-
sity matrix ⇢[A] over the medium’s degrees of freedom,
i.e. over the gauge potential A that enters Eq. (2). In the
present work, the trace over these gauge field configu-
rations is approximated by a statistical average, that is,
the reduced density matrix is given by

⇢ ⌘ trA(⇢[A]) =
D
| A(t)ih A(t)|

E

A
. (3)

Figure 5: These four diagrams are in one-to-one correspondence with the terms in the right-hand side of
Eq. (56) for the single particle density matrix ⇢I

A(t), the last two diagrams representing the contributions of
the last line.

where we have used the convention that t1, t01 run on the upper part of the contour,
t2, t02 run on the lower branch, and in the last line we have replaced

R t0
t by �

R t
t0

. The
diagrammatic interpretation of these formulae (56) and (58) is given in Fig. 5.
Remark In order to identify the appropriate propagator to be associated with the cor-
responding element of the diagrams, we note first that lines that emerge from ⇢(t0)
correspond to the evolution operator U(t, t0), while those arriving at ⇢(t0) corresponds
to the operator U†(t, t0). All the operators that arise when expanding the T products can
be rearranged along the contour, with the propagators interpreted then as time ordered
products along the contour. Thus the propagators associated to the first two diagrams
in Fig. 5 are associated to hT[�B(t0)�B(t00)]i0 = �i�(t0 � t00) and hT̃[�B(t0)�B(t00)]i0 =
�i�̃(t0 � t00), respectively. The propagator joining the upper and the lower line is asso-
ciated to hTC�B(t00)�B(t0)i0 = h�B(t00)�B(t0)i0 = �>(t00 � t0) = �<(t0 � t00).

Note that the action of taking the time derivatives consists in fixing one of the two
times t0 and t00 to be equal to t. This operation results in two identical terms for the
contributions involving time ordered products, and two independent diagrams for the
other term. The result is illustrated in Fig. 4 above.

2.1.1. Undoing the interaction representation
At this point, it is useful to return to the usual representation, i.e., undo the in-

teraction representation using Eq. (11). Since the average over the plasma degrees of
freedom has already been done, the evolution operator U0 applies only to the system
A, i.e., U0(t, t0) = UA(t, t0) = exp{�iHA(t � t0)}:

@⇢A

@t
= �i[HA, ⇢A(t)] + UA(t, t0)

@⇢I
A

@t
U†A(t, t0). (59)

Recall that we have, in second order (cf. Eq. (42))

d⇢(2)
A (t)
dt

= �
Z t

t0
dt0

�
[JA(t), JA(t0)⇢A(t0)]�>(t � t0)

+[⇢A(t0)JA(t0), JA(t)]�<(t � t0)
 
.

(60)
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The reduced density matrix

hA�a (x+, x)A�b (y+, y)i = �ab�(x+ � y+)�(x+, x � y)
<latexit sha1_base64="NrRYOGTFFZgifFIHjEYruq9/J6Q="></latexit>

The gauge potential of the plasma is a fluctuating field with Gaussian correlation function

The reduced density matrix is obtained by averaging over the gauge field

assuming that the corrections to this approximation are of higher order in the coupling

strength. Finally, as obvious in Eq. (2.2) we assume homogeneity in the transverse plane,

i.e., the correlation � is a function of x � y alone. In summary, the problem that we

address is the propagation of an energetic gluon in a random background A� field that

is independent of x�, with Gaussian correlations. Technical aspects of this problem are

studied in detail in Appendix A.

Although this will not enter explicitly in our derivations, it is perhaps useful to have in

mind a specific model for the medium. We then briefly discuss the case where this medium

is a weakly coupled quark–gluon plasma in thermal equilibrium at high enough temperature

T . In this case, the medium constituents are quarks and gluons with energies and momenta

p ⇠ T . Assuming that the charge carriers are correlated over distances determined by

the screening length (inverse Debye mass) m�1
D

, one can estimate the correlator of field

fluctuations:

�(x � y) = g2n

Z
d2q

(2⇡)2
eiq·(x�y) 1

(q2 + m2
D
)2

, (2.3)

where n / T 3 is the density of (point-like) color charges (weighted with appropriate color

factors), and 1/(q2+m2
D
) is the screened Coulomb propagator. In fact, the quantity which

will enter our analysis is not � itself, but the di↵erence �(0) � �(r),

�(0) � �(r) = g2n

Z
d2q

(2⇡)2
1 � eiq·r

(q2 + m2
D
)2

. (2.4)

The integral over q in Eq. (2.4) is dominated by q . 1/r, and in the relevant case where,

typically, 1/r � mD , it is logarithmically sensitive to all the scales within the range

mD ⌧ q ⌧ 1/r. To leading logarithmic accuracy, it can be evaluated by expanding the

complex exponential to second order. One gets

�(0) � �(r) ' 1

4
g2n r2

Z
d2q

(2⇡)2
q2

(q2 + m2
D
)2

⇡ 1

16⇡
g2n r2 ln

1

r2m2
D

. (2.5)

In the context of the present calculation the relevant values of r are typically fixed by

transverse momentum broadening. In the regime dominated by multiple scattering, one

often uses the harmonic approximation, where one ignores the weak dependence on r of

the logarithm, and set

g2Nc

⇥
�(0) � �(r)

⇤
⇡ 1

4
q̂ r2, (2.6)

with the jet quenching parameter q̂ (evaluated at the typical scale 1/r̄) given by

q̂ ⇡ 4⇡↵2
sNc n ln

1

r̄2m2
D

. (2.7)

Parametrically, we have, mD ⇠ gT , ` ⇠ 1/g2T , q̂ ⇠ g4T 3, and !BH ⇠ T .

We now return to our main discussion. We assume that the energetic gluon is created

inside the medium at time x+ = t0 by some local current J(t0), and then propagates up

– 7 –

�(r)
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averaging over the gauge field, the density matrix is
that of a pure state, i.e., ⇢ is the projector on the solu-
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ogy between the treatment of heavy quarks propagating
in a quark-gluon plasma [20], and that presented here
for the motion of a jet in the transverse plane, with the
energy jet E playing the role of the large heavy quark
mass. In both cases, it is convenient to treat the effect of
collisions as an averaging over a fluctuating background
field3. We should also note the analogy with the strategy
used in [30] to treat the effect of soft photons or gluons
on the propagation of a hard fermion. There, a corre-
sponding averaging is made with an approximate quan-
tum action.

We are now equipped to compute the quark density
matrix. As a matrix in color space, it can be decomposed
into singlet (⇢s) and octet (⇢o) components:
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where Trc denotes the trace over the fundamental color
indices. Both ⇢s and ⇢
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o , with a = 1, 2, · · · , N
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c � 1, are

3 In the formulation of [20], the averaging over the gauge field yields
an imaginary potential

operators in transverse space. Their matrix elements in
the coordinate representation read (with ⇢ being either
⇢s or ⇢ao)

hr| ⇢s,o(t) |r̄i = hb + x/2| ⇢s,o(t) |b � x/2i , (6)

where
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We shall denote by ⇢(b, r, t) the function given in Eq. (6)
(with ⇢ being either ⇢s or ⇢ao) and with a slight abuse of
notation, we shall denote by ⇢(`,K, t) the momentum
space matrix element, where
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, ` ⌘ k � k̄ , (8)

are the variables conjugate respectively to x and b in the
Fourier transform:4

⇢(`,K, t) ⌘

Z

b,x
e�i`·be�iK·x

⇢(b,x, t). (9)

We shall also use mixed representations, such as the
Wigner transform ⇢W(b,K, t)5 which is the Fourier
transform of Eq. (6) with respect to x, and similarly for
⇢(`,x, t). The Wigner transform ⇢W(b,K, t) is real since
⇢ = ⇢

† is hermitian, and normalized to unity (Tr⇢ = 1).
It allows a natural connection with the classical regime,
acquiring there the interpretation of a phase space dis-
tribution. Note however that, in contrast to a classical
phase-space distribution, ⇢W need not be positive defi-
nite.6 Loosely speaking ⇢W(b,K) gives the probability
to find the quark at the location b with the momentum
K. This interpretation is supported by the fact that the
integral over K of ⇢(b,K) is the probability to find the
quark at position b, ⇢(b) ⌘

R
K ⇢W(b,K) = hb| ⇢ |bi =

⇢(x = 0, b)7, while the integration over b is the trans-
verse momentum distribution, P(K) ⌘

R
b ⇢W(b,K) =

hK| ⇢ |Ki = ⇢(` = 0,K). The latter is the quantity that
usually appears in jet quenching observables [3], since
only the momenta of the final particles are measured, as
emphasized in the introduction.

With these definitions, we can derive the equations of
motion for ⇢s,o(`,K) ⌘ hk|⇢s(t)|k̄i (see Appendix A for

4 In this work we denote two dimensional momentum integrals asR
d2q/(2⇡)2 ⌘

R
q , while for position integrals we use

R
d2x ⌘

R
x.

5 Note the abuse of notation: we denote by the same symbol ⇢ differ-
ent functions. The arguments of the function should suffice to lift
the possible ambiguities. Note that the first argument refers to ei-
ther b or `, and the second to either x or K. Because of it special
role in the present discussion we singularize the Wigner transform
with the specific notation ⇢W .

6 The Wigner function associated to the particular initial condition
considered later in this paper is positive definite, as follows from
Hudson’s theorem [31].

7 In this paper we shall often refer to ⇢(b) as to the density
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(with ⇢ being either ⇢s or ⇢ao) and with a slight abuse of
notation, we shall denote by ⇢(`,K, t) the momentum
space matrix element, where

K ⌘
k + k̄

2
, ` ⌘ k � k̄ , (8)

are the variables conjugate respectively to x and b in the
Fourier transform:4

⇢(`,K, t) ⌘

Z

b,x
e�i`·be�iK·x

⇢(b,x, t). (9)

We shall also use mixed representations, such as the
Wigner transform ⇢W(b,K, t)5 which is the Fourier
transform of Eq. (6) with respect to x, and similarly for
⇢(`,x, t). The Wigner transform ⇢W(b,K, t) is real since
⇢ = ⇢

† is hermitian, and normalized to unity (Tr⇢ = 1).
It allows a natural connection with the classical regime,
acquiring there the interpretation of a phase space dis-
tribution. Note however that, in contrast to a classical
phase-space distribution, ⇢W need not be positive defi-
nite.6 Loosely speaking ⇢W(b,K) gives the probability
to find the quark at the location b with the momentum
K. This interpretation is supported by the fact that the
integral over K of ⇢(b,K) is the probability to find the
quark at position b, ⇢(b) ⌘

R
K ⇢W(b,K) = hb| ⇢ |bi =

⇢(x = 0, b)7, while the integration over b is the trans-
verse momentum distribution, P(K) ⌘

R
b ⇢W(b,K) =

hK| ⇢ |Ki = ⇢(` = 0,K). The latter is the quantity that
usually appears in jet quenching observables [3], since
only the momenta of the final particles are measured, as
emphasized in the introduction.

With these definitions, we can derive the equations of
motion for ⇢s,o(`,K) ⌘ hk|⇢s(t)|k̄i (see Appendix A for

4 In this work we denote two dimensional momentum integrals asR
d2q/(2⇡)2 ⌘

R
q , while for position integrals we use

R
d2x ⌘

R
x.

5 Note the abuse of notation: we denote by the same symbol ⇢ differ-
ent functions. The arguments of the function should suffice to lift
the possible ambiguities. Note that the first argument refers to ei-
ther b or `, and the second to either x or K. Because of it special
role in the present discussion we singularize the Wigner transform
with the specific notation ⇢W .

6 The Wigner function associated to the particular initial condition
considered later in this paper is positive definite, as follows from
Hudson’s theorem [31].

7 In this paper we shall often refer to ⇢(b) as to the density
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where | Ai denotes the solution of the Schrödinger
Eq. (2) for a given field configuration A(r, t), and the
field average is performed over a gaussian distribution
whose two-point function is given by

g
2
D
A

a(q, t)A†b(q0
, t

0)
E

A
= �

ab
�(t � t

0)

⇥ (2⇡)2�(2)(q � q0) �(q) . (4)

Recall that the function �(t � t
0) in Eq. (4) stands for

�(x+�x
0
+). The medium correlations have a finite extent

in x+, of the order of the inverse of the Debye mass for
a thermalized plasma. When the quark energy is large,
because of the time dilation, the quarks sees these corre-
lations as if they were “instantaneous” [8]. Similar con-
siderations are involved in order to obtain Markovian
equations for the heavy quark problem [20].

In writing Eq. (3), we have assumed that, prior to the
averaging over the gauge field, the density matrix is
that of a pure state, i.e., ⇢ is the projector on the solu-
tion | A(t)i of Eq. (2) for a given A(r, t). The quantity
� encodes the form of the effective interaction between
the quark and the medium. More precisely, the aver-
age over the gauge field fluctuations is to be seen as a
simple and efficient way to take into account the colli-
sions of the high energy quark with the medium con-
stituents, and � is thus related to high energy limit of the
in-medium elastic scattering rate, see e.g. Refs. [3, 29]. In
the limit of high momentum transfer it scales as �(q) ⇡

g
4
n/q4, where n is the density of color charges in the

medium and g is the strong coupling constant.
We already emphasized in the introduction the anal-

ogy between the treatment of heavy quarks propagating
in a quark-gluon plasma [20], and that presented here
for the motion of a jet in the transverse plane, with the
energy jet E playing the role of the large heavy quark
mass. In both cases, it is convenient to treat the effect of
collisions as an averaging over a fluctuating background
field3. We should also note the analogy with the strategy
used in [30] to treat the effect of soft photons or gluons
on the propagation of a hard fermion. There, a corre-
sponding averaging is made with an approximate quan-
tum action.

We are now equipped to compute the quark density
matrix. As a matrix in color space, it can be decomposed
into singlet (⇢s) and octet (⇢o) components:

⇢(t) ⌘ ⇢s + t
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=
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where Trc denotes the trace over the fundamental color
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3 In the formulation of [20], the averaging over the gauge field yields
an imaginary potential
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Wigner transform ⇢W(b,K, t)5 which is the Fourier
transform of Eq. (6) with respect to x, and similarly for
⇢(`,x, t). The Wigner transform ⇢W(b,K, t) is real since
⇢ = ⇢

† is hermitian, and normalized to unity (Tr⇢ = 1).
It allows a natural connection with the classical regime,
acquiring there the interpretation of a phase space dis-
tribution. Note however that, in contrast to a classical
phase-space distribution, ⇢W need not be positive defi-
nite.6 Loosely speaking ⇢W(b,K) gives the probability
to find the quark at the location b with the momentum
K. This interpretation is supported by the fact that the
integral over K of ⇢(b,K) is the probability to find the
quark at position b, ⇢(b) ⌘

R
K ⇢W(b,K) = hb| ⇢ |bi =

⇢(x = 0, b)7, while the integration over b is the trans-
verse momentum distribution, P(K) ⌘

R
b ⇢W(b,K) =

hK| ⇢ |Ki = ⇢(` = 0,K). The latter is the quantity that
usually appears in jet quenching observables [3], since
only the momenta of the final particles are measured, as
emphasized in the introduction.

With these definitions, we can derive the equations of
motion for ⇢s,o(`,K) ⌘ hk|⇢s(t)|k̄i (see Appendix A for
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5 Note the abuse of notation: we denote by the same symbol ⇢ differ-
ent functions. The arguments of the function should suffice to lift
the possible ambiguities. Note that the first argument refers to ei-
ther b or `, and the second to either x or K. Because of it special
role in the present discussion we singularize the Wigner transform
with the specific notation ⇢W .

6 The Wigner function associated to the particular initial condition
considered later in this paper is positive definite, as follows from
Hudson’s theorem [31].

7 In this paper we shall often refer to ⇢(b) as to the density

Color structure

Coordinate space representation

7! ⇢s,o(b, x)
<latexit sha1_base64="EFJ8BeSiLg+XJ2O25IZfSjSzWJQ="></latexit>

Momentum space representation

3

where | Ai denotes the solution of the Schrödinger
Eq. (2) for a given field configuration A(r, t), and the
field average is performed over a gaussian distribution
whose two-point function is given by
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Recall that the function �(t � t
0) in Eq. (4) stands for

�(x+�x
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in x+, of the order of the inverse of the Debye mass for
a thermalized plasma. When the quark energy is large,
because of the time dilation, the quarks sees these corre-
lations as if they were “instantaneous” [8]. Similar con-
siderations are involved in order to obtain Markovian
equations for the heavy quark problem [20].

In writing Eq. (3), we have assumed that, prior to the
averaging over the gauge field, the density matrix is
that of a pure state, i.e., ⇢ is the projector on the solu-
tion | A(t)i of Eq. (2) for a given A(r, t). The quantity
� encodes the form of the effective interaction between
the quark and the medium. More precisely, the aver-
age over the gauge field fluctuations is to be seen as a
simple and efficient way to take into account the colli-
sions of the high energy quark with the medium con-
stituents, and � is thus related to high energy limit of the
in-medium elastic scattering rate, see e.g. Refs. [3, 29]. In
the limit of high momentum transfer it scales as �(q) ⇡
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4
n/q4, where n is the density of color charges in the

medium and g is the strong coupling constant.
We already emphasized in the introduction the anal-

ogy between the treatment of heavy quarks propagating
in a quark-gluon plasma [20], and that presented here
for the motion of a jet in the transverse plane, with the
energy jet E playing the role of the large heavy quark
mass. In both cases, it is convenient to treat the effect of
collisions as an averaging over a fluctuating background
field3. We should also note the analogy with the strategy
used in [30] to treat the effect of soft photons or gluons
on the propagation of a hard fermion. There, a corre-
sponding averaging is made with an approximate quan-
tum action.

We are now equipped to compute the quark density
matrix. As a matrix in color space, it can be decomposed
into singlet (⇢s) and octet (⇢o) components:

⇢(t) ⌘ ⇢s + t
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=
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Trc(⇢) + 2 t

aTrc(ta⇢) , (5)

where Trc denotes the trace over the fundamental color
indices. Both ⇢s and ⇢

a
o , with a = 1, 2, · · · , N

2
c � 1, are

3 In the formulation of [20], the averaging over the gauge field yields
an imaginary potential

operators in transverse space. Their matrix elements in
the coordinate representation read (with ⇢ being either
⇢s or ⇢ao)

hr| ⇢s,o(t) |r̄i = hb + x/2| ⇢s,o(t) |b � x/2i , (6)

where

b ⌘
r + r̄

2
, x ⌘ r � r̄ . (7)

We shall denote by ⇢(b, r, t) the function given in Eq. (6)
(with ⇢ being either ⇢s or ⇢ao) and with a slight abuse of
notation, we shall denote by ⇢(`,K, t) the momentum
space matrix element, where

K ⌘
k + k̄

2
, ` ⌘ k � k̄ , (8)

are the variables conjugate respectively to x and b in the
Fourier transform:4

⇢(`,K, t) ⌘
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⇢(b,x, t). (9)

We shall also use mixed representations, such as the
Wigner transform ⇢W(b,K, t)5 which is the Fourier
transform of Eq. (6) with respect to x, and similarly for
⇢(`,x, t). The Wigner transform ⇢W(b,K, t) is real since
⇢ = ⇢

† is hermitian, and normalized to unity (Tr⇢ = 1).
It allows a natural connection with the classical regime,
acquiring there the interpretation of a phase space dis-
tribution. Note however that, in contrast to a classical
phase-space distribution, ⇢W need not be positive defi-
nite.6 Loosely speaking ⇢W(b,K) gives the probability
to find the quark at the location b with the momentum
K. This interpretation is supported by the fact that the
integral over K of ⇢(b,K) is the probability to find the
quark at position b, ⇢(b) ⌘

R
K ⇢W(b,K) = hb| ⇢ |bi =

⇢(x = 0, b)7, while the integration over b is the trans-
verse momentum distribution, P(K) ⌘

R
b ⇢W(b,K) =

hK| ⇢ |Ki = ⇢(` = 0,K). The latter is the quantity that
usually appears in jet quenching observables [3], since
only the momenta of the final particles are measured, as
emphasized in the introduction.

With these definitions, we can derive the equations of
motion for ⇢s,o(`,K) ⌘ hk|⇢s(t)|k̄i (see Appendix A for

4 In this work we denote two dimensional momentum integrals asR
d2q/(2⇡)2 ⌘
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q , while for position integrals we use
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d2x ⌘
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x.

5 Note the abuse of notation: we denote by the same symbol ⇢ differ-
ent functions. The arguments of the function should suffice to lift
the possible ambiguities. Note that the first argument refers to ei-
ther b or `, and the second to either x or K. Because of it special
role in the present discussion we singularize the Wigner transform
with the specific notation ⇢W .

6 The Wigner function associated to the particular initial condition
considered later in this paper is positive definite, as follows from
Hudson’s theorem [31].

7 In this paper we shall often refer to ⇢(b) as to the density
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where | Ai denotes the solution of the Schrödinger
Eq. (2) for a given field configuration A(r, t), and the
field average is performed over a gaussian distribution
whose two-point function is given by
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Recall that the function �(t � t
0) in Eq. (4) stands for

�(x+�x
0
+). The medium correlations have a finite extent

in x+, of the order of the inverse of the Debye mass for
a thermalized plasma. When the quark energy is large,
because of the time dilation, the quarks sees these corre-
lations as if they were “instantaneous” [8]. Similar con-
siderations are involved in order to obtain Markovian
equations for the heavy quark problem [20].

In writing Eq. (3), we have assumed that, prior to the
averaging over the gauge field, the density matrix is
that of a pure state, i.e., ⇢ is the projector on the solu-
tion | A(t)i of Eq. (2) for a given A(r, t). The quantity
� encodes the form of the effective interaction between
the quark and the medium. More precisely, the aver-
age over the gauge field fluctuations is to be seen as a
simple and efficient way to take into account the colli-
sions of the high energy quark with the medium con-
stituents, and � is thus related to high energy limit of the
in-medium elastic scattering rate, see e.g. Refs. [3, 29]. In
the limit of high momentum transfer it scales as �(q) ⇡
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4
n/q4, where n is the density of color charges in the

medium and g is the strong coupling constant.
We already emphasized in the introduction the anal-

ogy between the treatment of heavy quarks propagating
in a quark-gluon plasma [20], and that presented here
for the motion of a jet in the transverse plane, with the
energy jet E playing the role of the large heavy quark
mass. In both cases, it is convenient to treat the effect of
collisions as an averaging over a fluctuating background
field3. We should also note the analogy with the strategy
used in [30] to treat the effect of soft photons or gluons
on the propagation of a hard fermion. There, a corre-
sponding averaging is made with an approximate quan-
tum action.

We are now equipped to compute the quark density
matrix. As a matrix in color space, it can be decomposed
into singlet (⇢s) and octet (⇢o) components:
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=
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3 In the formulation of [20], the averaging over the gauge field yields
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operators in transverse space. Their matrix elements in
the coordinate representation read (with ⇢ being either
⇢s or ⇢ao)

hr| ⇢s,o(t) |r̄i = hb + x/2| ⇢s,o(t) |b � x/2i , (6)

where
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We shall denote by ⇢(b, r, t) the function given in Eq. (6)
(with ⇢ being either ⇢s or ⇢ao) and with a slight abuse of
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Wigner transform ⇢W(b,K, t)5 which is the Fourier
transform of Eq. (6) with respect to x, and similarly for
⇢(`,x, t). The Wigner transform ⇢W(b,K, t) is real since
⇢ = ⇢

† is hermitian, and normalized to unity (Tr⇢ = 1).
It allows a natural connection with the classical regime,
acquiring there the interpretation of a phase space dis-
tribution. Note however that, in contrast to a classical
phase-space distribution, ⇢W need not be positive defi-
nite.6 Loosely speaking ⇢W(b,K) gives the probability
to find the quark at the location b with the momentum
K. This interpretation is supported by the fact that the
integral over K of ⇢(b,K) is the probability to find the
quark at position b, ⇢(b) ⌘

R
K ⇢W(b,K) = hb| ⇢ |bi =

⇢(x = 0, b)7, while the integration over b is the trans-
verse momentum distribution, P(K) ⌘
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hK| ⇢ |Ki = ⇢(` = 0,K). The latter is the quantity that
usually appears in jet quenching observables [3], since
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ent functions. The arguments of the function should suffice to lift
the possible ambiguities. Note that the first argument refers to ei-
ther b or `, and the second to either x or K. Because of it special
role in the present discussion we singularize the Wigner transform
with the specific notation ⇢W .

6 The Wigner function associated to the particular initial condition
considered later in this paper is positive definite, as follows from
Hudson’s theorem [31].

7 In this paper we shall often refer to ⇢(b) as to the density

The Wigner function has many features of a classical phase 
space distribution function. 4
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With these definitions, we can derive the equations of
motion for ⇢s,o(`,K) ⌘ hk|⇢s(t)|k̄i (see Appendix ?? for
a derivation)
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and
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (??, ??) are illustrated in
Fig. ??. The equations iterate the elementary processes
depicted in Fig. ?? to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (??) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. ?? this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
t
a = CF and

t
a
t
b
t
a = �

1
2Nc

t
b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (??) presented in Appendix ??

relies on the formalism developed in [? ]. An alternative
derivation follows that used for heavy quarks in [? ].
Equation (??) is in fact a simplified version of the Lind-
blad equation derived in [? ], obtained by ignoring there
the dissipative terms. It reads, in the position represen-
tation

@
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2
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hr|⇢s,o(t)|r̄i

� �s,o(r̄ � r) hr|⇢s(t)|r̄i . (12)

The first term on the right-hand side represents unitary
evolution, which reduces here to free motion. It could
be written hr| [H0, ⇢s,o] |r̄i, with H0 = �(1/2E)@2

r the
transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.

see, is directly connected to decoherence in coordinate
space.8 In Eq. (??), �s,o stand for the singlet and octet
damping rates [? ]. They are related to �(q) by the fol-
lowing identities
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with CF = (N2
c � 1)/(2Nc).

In order to solve Eqs. (??) and (??) or equivalently
Eqs. (??), it is convenient to work in the mixed repre-
sentation (`,x), where these equations take the form:
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (??) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (??))
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8 Eq. (??) is similar to that introduced in [? ] to study collisional deco-
herence.
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With these definitions, we can derive the equations of
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a derivation)
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (??, ??) are illustrated in
Fig. ??. The equations iterate the elementary processes
depicted in Fig. ?? to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (??) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. ?? this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
t
a = CF and

t
a
t
b
t
a = �

1
2Nc

t
b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (??) presented in Appendix ??

relies on the formalism developed in [? ]. An alternative
derivation follows that used for heavy quarks in [? ].
Equation (??) is in fact a simplified version of the Lind-
blad equation derived in [? ], obtained by ignoring there
the dissipative terms. It reads, in the position represen-
tation
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evolution, which reduces here to free motion. It could
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transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.

see, is directly connected to decoherence in coordinate
space.8 In Eq. (??), �s,o stand for the singlet and octet
damping rates [? ]. They are related to �(q) by the fol-
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with CF = (N2
c � 1)/(2Nc).
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (??) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (??))
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8 Eq. (??) is similar to that introduced in [? ] to study collisional deco-
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (10, 11) are illustrated in
Fig. 2. The equations iterate the elementary processes
depicted in Fig. 2 to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (4) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. 2 this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
t
a = CF and

t
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t
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t
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t
b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (10) presented in Appendix A

relies on the formalism developed in [8]. An alterna-
tive derivation follows that used for heavy quarks in
[20]. Equation (10) is in fact a simplified version of the
Lindblad equation derived in [20], obtained by ignoring
there the dissipative terms. It reads, in the position rep-
resentation
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The first term on the right-hand side represents unitary
evolution, which reduces here to free motion. It could
be written hr| [H0, ⇢s,o] |r̄i, with H0 = �(1/2E)@2

r the
transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall
see, is directly connected to decoherence in coordinate
space.8 In Eq. (12), �s,o stand for the singlet and octet

8 Eq. (12) is similar to that introduced in [32] to study collisional de-
coherence.

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.
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with CF = (N2
c � 1)/(2Nc).

In order to solve Eqs. (10) and (11) or equivalently
Eqs. (12), it is convenient to work in the mixed repre-
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (14) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (A9))
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with f a test function. From Eq. (15) one readily obtains
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is the initial condition.
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (10, 11) are illustrated in
Fig. 2. The equations iterate the elementary processes
depicted in Fig. 2 to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (4) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. 2 this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
t
a = CF and

t
a
t
b
t
a = �

1
2Nc

t
b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (10) presented in Appendix A

relies on the formalism developed in [8]. An alterna-
tive derivation follows that used for heavy quarks in
[20]. Equation (10) is in fact a simplified version of the
Lindblad equation derived in [20], obtained by ignoring
there the dissipative terms. It reads, in the position rep-
resentation
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The first term on the right-hand side represents unitary
evolution, which reduces here to free motion. It could
be written hr| [H0, ⇢s,o] |r̄i, with H0 = �(1/2E)@2

r the
transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall
see, is directly connected to decoherence in coordinate
space.8 In Eq. (12), �s,o stand for the singlet and octet

8 Eq. (12) is similar to that introduced in [32] to study collisional de-
coherence.

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.
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with CF = (N2
c � 1)/(2Nc).

In order to solve Eqs. (10) and (11) or equivalently
Eqs. (12), it is convenient to work in the mixed repre-
sentation (`,x), where these equations take the form:
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (14) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (A9))
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with f a test function. From Eq. (15) one readily obtains
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (10, 11) are illustrated in
Fig. 2. The equations iterate the elementary processes
depicted in Fig. 2 to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (4) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. 2 this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
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a = CF and
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t
b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (10) presented in Appendix A

relies on the formalism developed in [8]. An alterna-
tive derivation follows that used for heavy quarks in
[20]. Equation (10) is in fact a simplified version of the
Lindblad equation derived in [20], obtained by ignoring
there the dissipative terms. It reads, in the position rep-
resentation
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The first term on the right-hand side represents unitary
evolution, which reduces here to free motion. It could
be written hr| [H0, ⇢s,o] |r̄i, with H0 = �(1/2E)@2

r the
transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall
see, is directly connected to decoherence in coordinate
space.8 In Eq. (12), �s,o stand for the singlet and octet

8 Eq. (12) is similar to that introduced in [32] to study collisional de-
coherence.

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.

damping rates [9]. They are related to �(q) by the fol-
lowing identities

�s(x) = CF

Z

q

�
1 � e

iq·x�
�(q) ,

�o(x) =

Z

q

✓
CF +

1

2Nc
e
iq·x

◆
�(q) . (13)

with CF = (N2
c � 1)/(2Nc).

In order to solve Eqs. (10) and (11) or equivalently
Eqs. (12), it is convenient to work in the mixed repre-
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (14) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (A9))
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with f a test function. From Eq. (15) one readily obtains
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for the singlet and octet components, respectively. The
two terms in the r.h.s. of Eqs. (10, 11) are illustrated in
Fig. 2. The equations iterate the elementary processes
depicted in Fig. 2 to all orders in the number of field
insertions. Remarkably, the evolution equations for ⇢s

and ⇢o are decoupled. This can be traced back to the
fact that the two-point function in Eq. (4) is diagonal in
color space and thus does not change the color structure
of the density matrix. In the graphical representation of
Fig. 2 this color structure is that of the fictitious color
dipole formed by the two horizontal lines that carry the
color indices of the density matrix represented by the
grey blob. That the instantaneous one-gluon exchange
does not change this color structure can then be un-
derstood by calling on the identities t

a
t
a = CF and
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b, in the singlet and octet cases, respec-

tively.
The derivation of Eq. (10) presented in Appendix A

relies on the formalism developed in [8]. An alterna-
tive derivation follows that used for heavy quarks in
[20]. Equation (10) is in fact a simplified version of the
Lindblad equation derived in [20], obtained by ignoring
there the dissipative terms. It reads, in the position rep-
resentation
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The first term on the right-hand side represents unitary
evolution, which reduces here to free motion. It could
be written hr| [H0, ⇢s,o] |r̄i, with H0 = �(1/2E)@2

r the
transverse kinetic energy. The second term proportional
to � accounts for non-unitary evolution and, as we shall
see, is directly connected to decoherence in coordinate
space.8 In Eq. (12), �s,o stand for the singlet and octet

8 Eq. (12) is similar to that introduced in [32] to study collisional de-
coherence.

Figure 2. Graphs contributing to the transverse space evolu-
tion of the quark density matrix in an infinitesimal time step
�t. Tadpole diagrams denote zero momentum exchange inter-
actions, while the single scattering diagram denotes real mo-
mentum transfer with the medium.
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with CF = (N2
c � 1)/(2Nc).

In order to solve Eqs. (10) and (11) or equivalently
Eqs. (12), it is convenient to work in the mixed repre-
sentation (`,x), where these equations take the form:
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The (`,x) mixed representation is convenient because
the interaction term is local in x while the partial
Fourier transform diagonalizes part of the kinetic en-
ergy. Eqs. (14) can be formally solved by acting on them
with the translation operator exp [(` · @x)t/E], leading to
(see also Eq. (A9))
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with f a test function. From Eq. (15) one readily obtains
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Strict eikonal approximation

5

There are two limiting cases where the solution is eas-
ily interpreted. The first case corresponds to the absence
of interactions with the medium. Then, ⇢s,o(`,x, t) =

⇢
(0)
s,o (`,X(t)) describes free streaming, where the rela-

tive coordinate X(t) evolves in time at constant veloc-
ity `/E. The Wigner transform corresponding to this
solution is ⇢W (b � tK/E,K, t = 0), showing in par-
ticular that, as expected, the momentum distribution is
not affected by the free motion, i.e.

R
b ⇢W (b,K, t) =R

b ⇢W (b � tK/E,K, 0) = P(K, 0).
The other simple solution corresponds to the case

where the drift term can be ignored, which occurs ei-
ther for ` = 0 or E ! 1, i.e. the exact eikonal limit.
This corresponds to the infinite mass limit in the heavy
quark problem, a limit where one expects classical fea-
tures to emerge in the coordinate space description of
the dynamics. In particular, in this limit x and b are in-
dependent of time and the solution

⇢s,o(b,x, t) = ⇢
(0)
s,o (b,x) e�t�s,o(x) . (18)

This formula shows that the coordinate space density
matrix is damped at rates �s,o(x) that depend solely on
x. These rates exhibit interesting features in the limit
of small x. Indeed, when x ! 0, �s ! 0 while �o !

�
CA
2

R
q �(q), see Eq. (19) below. The first property, �s !

0, is related to the phenomenon commonly referred to as
color transparency [33, 34]. Technically, it results from
a destructive interference between the three diagrams
in Fig. 2. Physically, as argued earlier, one may view
the upper and lower lines of the diagrams in Fig. 2 as
the two members of a fictitious color dipole propagating
into the medium. A color singlet dipole of small size is
seen as a neutral object by the medium, which results in
the suppression of the interactions.

In the case of the octet the aforementioned cancella-
tion does not take place. In fact, in the limit of vanishing
size, the octet behaves as a gluon, and the corresponding
damping factor involves the so-called gluon damping
rate [35, 36]. This suppression of the color octet compo-
nent of the density matrix results in the equilibration of
colors: the density matrix of a quark initially in a given
color state (generally containing both singlet and octet
components) will, over a time scale 1/�o, turn into a
singlet density matrix where all color states are equally
populated [20]. A similar color equilibration was re-
cently illustrated for the case of color antenna, with fixed
kinematics, evolving in a dense medium [37].

There is another effect of the damping �s: since it in-
creases as |x| increases, it suppresses the non diagonal
matrix elements of ⇢(b,x). This suppression of non di-
agonal matrix elements due to collisions is commonly
referred to as decoherence. It will be discussed in more
details later.

A useful approximation for the rates �s,o(x) is the so-
called harmonic approximation [5], �(x) = 1

4 q̂ x2, where
q̂ is the jet quenching parameter which will be specified

shortly. This form correctly describes soft interactions
between the jet and the medium and can be shown to be
valid for most relevant models used in jet quenching [29,
38, 39]. It corresponds to the approximation � = g

4
n/q4

of �(q), with which we get
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with CA = Nc, and q̂ is the jet quenching parameter
in the fundamental representation. This is a logarith-
mically divergent quantity, and requires the introduc-
tion of an ultraviolet cut-off Q, which can be chosen as
the characteristic saturation scale [39], as well as an in-
frared cut-off chosen to be the medium’s Debye mass
mD ⇠ gT , with T the medium’s temperature. Notice
that since � / n ⇠ T

3, then q̂ ⇠ T
3. We can also under-

stand �o ⇠ 1/`fmp ⇠ g
2
T , as defining the inverse of a

mean free path `fmp for gluons in the medium.
Using the harmonic approximation one can write

Eq. (14) as the following (frictionless) Fokker-Planck
equation for the Wigner function

@t⇢W(b,K, t) =


�
K

E

@

@b
+

q̂

4

@
2

@K2

�
⇢W(b,K, t).

(20)

By integrating this equation over b one gets an equation
for the momentum distribution

@tP(K, t) =
q̂

4

@
2

@K2P(K, t). (21)

This is a diffusion equation in momentum space, with
q̂/4 playing the role of diffusion constant. The solution
to that equation with initial condition P(k, t = 0) =
(2⇡)2�(k) is simply

P(k, t) =
4⇡

q̂t
e
�k2

q̂t . (22)

As this formula illustrates, q̂t is the average transverse
momentum acquired by the energetic quark as it tra-
verses the medium during a time t, i.e. hk2

it = q̂t.
As is well known, the dynamics encoded in the

solution of the Fokker-Planck equation (Eq. (20)) can
be equivalently obtained by solving an associated
Langevin equation, which in the present case takes the
following simple form

E
d2b

dt
= ⇠(t), h⇠i(t1)⇠j(t2)i =

q̂

2
�ij�(t1 � t2). (23)

This equation describes the motion of a particle sub-
jected to a random force ⇠(t), with the strength of the
associated white noise controlled by the jet quenching

octet is damped (gluon damping rate)

singlet is not damped at short distance (color transparency)

Using the same approximations as in the HQ case, one gets

damping affects non diagonal matrix elements: collisional decoherence
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There are two limiting cases where the solution is eas-
ily interpreted. The first case corresponds to the absence
of interactions with the medium. Then, ⇢s,o(`,x, t) =

⇢
(0)
s,o (`,X(t)) describes free streaming, where the rela-

tive coordinate X(t) evolves in time at constant veloc-
ity `/E. The Wigner transform corresponding to this
solution is ⇢W (b � tK/E,K, t = 0), showing in par-
ticular that, as expected, the momentum distribution is
not affected by the free motion, i.e.

R
b ⇢W (b,K, t) =R

b ⇢W (b � tK/E,K, 0) = P(K, 0).
The other simple solution corresponds to the case

where the drift term can be ignored, which occurs ei-
ther for ` = 0 or E ! 1, i.e. the exact eikonal limit.
This corresponds to the infinite mass limit in the heavy
quark problem, a limit where one expects classical fea-
tures to emerge in the coordinate space description of
the dynamics. In particular, in this limit x and b are in-
dependent of time and the solution

⇢s,o(b,x, t) = ⇢
(0)
s,o (b,x) e�t�s,o(x) . (18)

This formula shows that the coordinate space density
matrix is damped at rates �s,o(x) that depend solely on
x. These rates exhibit interesting features in the limit
of small x. Indeed, when x ! 0, �s ! 0 while �o !

�
CA
2

R
q �(q), see Eq. (19) below. The first property, �s !

0, is related to the phenomenon commonly referred to as
color transparency [33, 34]. Technically, it results from
a destructive interference between the three diagrams
in Fig. 2. Physically, as argued earlier, one may view
the upper and lower lines of the diagrams in Fig. 2 as
the two members of a fictitious color dipole propagating
into the medium. A color singlet dipole of small size is
seen as a neutral object by the medium, which results in
the suppression of the interactions.

In the case of the octet the aforementioned cancella-
tion does not take place. In fact, in the limit of vanishing
size, the octet behaves as a gluon, and the corresponding
damping factor involves the so-called gluon damping
rate [35, 36]. This suppression of the color octet compo-
nent of the density matrix results in the equilibration of
colors: the density matrix of a quark initially in a given
color state (generally containing both singlet and octet
components) will, over a time scale 1/�o, turn into a
singlet density matrix where all color states are equally
populated [20]. A similar color equilibration was re-
cently illustrated for the case of color antenna, with fixed
kinematics, evolving in a dense medium [37].

There is another effect of the damping �s: since it in-
creases as |x| increases, it suppresses the non diagonal
matrix elements of ⇢(b,x). This suppression of non di-
agonal matrix elements due to collisions is commonly
referred to as decoherence. It will be discussed in more
details later.

A useful approximation for the rates �s,o(x) is the so-
called harmonic approximation [5], �(x) = 1

4 q̂ x2, where
q̂ is the jet quenching parameter which will be specified

shortly. This form correctly describes soft interactions
between the jet and the medium and can be shown to be
valid for most relevant models used in jet quenching [29,
38, 39]. It corresponds to the approximation � = g

4
n/q4

of �(q), with which we get
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with CA = Nc, and q̂ is the jet quenching parameter
in the fundamental representation. This is a logarith-
mically divergent quantity, and requires the introduc-
tion of an ultraviolet cut-off Q, which can be chosen as
the characteristic saturation scale [39], as well as an in-
frared cut-off chosen to be the medium’s Debye mass
mD ⇠ gT , with T the medium’s temperature. Notice
that since � / n ⇠ T

3, then q̂ ⇠ T
3. We can also under-

stand �o ⇠ 1/`fmp ⇠ g
2
T , as defining the inverse of a

mean free path `fmp for gluons in the medium.
Using the harmonic approximation one can write

Eq. (14) as the following (frictionless) Fokker-Planck
equation for the Wigner function

@t⇢W(b,K, t) =


�
K

E

@

@b
+

q̂

4

@
2

@K2

�
⇢W(b,K, t).

(20)

By integrating this equation over b one gets an equation
for the momentum distribution

@tP(K, t) =
q̂

4

@
2

@K2P(K, t). (21)

This is a diffusion equation in momentum space, with
q̂/4 playing the role of diffusion constant. The solution
to that equation with initial condition P(k, t = 0) =
(2⇡)2�(k) is simply

P(k, t) =
4⇡

q̂t
e
�k2

q̂t . (22)

As this formula illustrates, q̂t is the average transverse
momentum acquired by the energetic quark as it tra-
verses the medium during a time t, i.e. hk2

it = q̂t.
As is well known, the dynamics encoded in the

solution of the Fokker-Planck equation (Eq. (20)) can
be equivalently obtained by solving an associated
Langevin equation, which in the present case takes the
following simple form

E
d2b

dt
= ⇠(t), h⇠i(t1)⇠j(t2)i =

q̂

2
�ij�(t1 � t2). (23)

This equation describes the motion of a particle sub-
jected to a random force ⇠(t), with the strength of the
associated white noise controlled by the jet quenching
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There are two limiting cases where the solution is eas-
ily interpreted. The first case corresponds to the absence
of interactions with the medium. Then, ⇢s,o(`,x, t) =

⇢
(0)
s,o (`,X(t)) describes free streaming, where the rela-

tive coordinate X(t) evolves in time at constant veloc-
ity `/E. The Wigner transform corresponding to this
solution is ⇢W (b � tK/E,K, t = 0), showing in par-
ticular that, as expected, the momentum distribution is
not affected by the free motion, i.e.

R
b ⇢W (b,K, t) =R

b ⇢W (b � tK/E,K, 0) = P(K, 0).
The other simple solution corresponds to the case

where the drift term can be ignored, which occurs ei-
ther for ` = 0 or E ! 1, i.e. the exact eikonal limit.
This corresponds to the infinite mass limit in the heavy
quark problem, a limit where one expects classical fea-
tures to emerge in the coordinate space description of
the dynamics. In particular, in this limit x and b are in-
dependent of time and the solution

⇢s,o(b,x, t) = ⇢
(0)
s,o (b,x) e�t�s,o(x) . (18)

This formula shows that the coordinate space density
matrix is damped at rates �s,o(x) that depend solely on
x. These rates exhibit interesting features in the limit
of small x. Indeed, when x ! 0, �s ! 0 while �o !

�
CA
2

R
q �(q), see Eq. (19) below. The first property, �s !

0, is related to the phenomenon commonly referred to as
color transparency [33, 34]. Technically, it results from
a destructive interference between the three diagrams
in Fig. 2. Physically, as argued earlier, one may view
the upper and lower lines of the diagrams in Fig. 2 as
the two members of a fictitious color dipole propagating
into the medium. A color singlet dipole of small size is
seen as a neutral object by the medium, which results in
the suppression of the interactions.

In the case of the octet the aforementioned cancella-
tion does not take place. In fact, in the limit of vanishing
size, the octet behaves as a gluon, and the corresponding
damping factor involves the so-called gluon damping
rate [35, 36]. This suppression of the color octet compo-
nent of the density matrix results in the equilibration of
colors: the density matrix of a quark initially in a given
color state (generally containing both singlet and octet
components) will, over a time scale 1/�o, turn into a
singlet density matrix where all color states are equally
populated [20]. A similar color equilibration was re-
cently illustrated for the case of color antenna, with fixed
kinematics, evolving in a dense medium [37].

There is another effect of the damping �s: since it in-
creases as |x| increases, it suppresses the non diagonal
matrix elements of ⇢(b,x). This suppression of non di-
agonal matrix elements due to collisions is commonly
referred to as decoherence. It will be discussed in more
details later.

A useful approximation for the rates �s,o(x) is the so-
called harmonic approximation [5], �(x) = 1

4 q̂ x2, where
q̂ is the jet quenching parameter which will be specified

shortly. This form correctly describes soft interactions
between the jet and the medium and can be shown to be
valid for most relevant models used in jet quenching [29,
38, 39]. It corresponds to the approximation � = g

4
n/q4

of �(q), with which we get
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with CA = Nc, and q̂ is the jet quenching parameter
in the fundamental representation. This is a logarith-
mically divergent quantity, and requires the introduc-
tion of an ultraviolet cut-off Q, which can be chosen as
the characteristic saturation scale [39], as well as an in-
frared cut-off chosen to be the medium’s Debye mass
mD ⇠ gT , with T the medium’s temperature. Notice
that since � / n ⇠ T

3, then q̂ ⇠ T
3. We can also under-

stand �o ⇠ 1/`fmp ⇠ g
2
T , as defining the inverse of a

mean free path `fmp for gluons in the medium.
Using the harmonic approximation one can write

Eq. (14) as the following (frictionless) Fokker-Planck
equation for the Wigner function

@t⇢W(b,K, t) =


�
K

E

@

@b
+

q̂

4
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2

@K2

�
⇢W(b,K, t).

(20)

By integrating this equation over b one gets an equation
for the momentum distribution

@tP(K, t) =
q̂

4

@
2

@K2P(K, t). (21)

This is a diffusion equation in momentum space, with
q̂/4 playing the role of diffusion constant. The solution
to that equation with initial condition P(k, t = 0) =
(2⇡)2�(k) is simply

P(k, t) =
4⇡

q̂t
e
�k2

q̂t . (22)

As this formula illustrates, q̂t is the average transverse
momentum acquired by the energetic quark as it tra-
verses the medium during a time t, i.e. hk2

it = q̂t.
As is well known, the dynamics encoded in the

solution of the Fokker-Planck equation (Eq. (20)) can
be equivalently obtained by solving an associated
Langevin equation, which in the present case takes the
following simple form

E
d2b

dt
= ⇠(t), h⇠i(t1)⇠j(t2)i =

q̂

2
�ij�(t1 � t2). (23)

This equation describes the motion of a particle sub-
jected to a random force ⇠(t), with the strength of the
associated white noise controlled by the jet quenching
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There are two limiting cases where the solution is eas-
ily interpreted. The first case corresponds to the absence
of interactions with the medium. Then, ⇢s,o(`,x, t) =

⇢
(0)
s,o (`,X(t)) describes free streaming, where the rela-

tive coordinate X(t) evolves in time at constant veloc-
ity `/E. The Wigner transform corresponding to this
solution is ⇢W (b � tK/E,K, t = 0), showing in par-
ticular that, as expected, the momentum distribution is
not affected by the free motion, i.e.

R
b ⇢W (b,K, t) =R

b ⇢W (b � tK/E,K, 0) = P(K, 0).
The other simple solution corresponds to the case

where the drift term can be ignored, which occurs ei-
ther for ` = 0 or E ! 1, i.e. the exact eikonal limit.
This corresponds to the infinite mass limit in the heavy
quark problem, a limit where one expects classical fea-
tures to emerge in the coordinate space description of
the dynamics. In particular, in this limit x and b are in-
dependent of time and the solution

⇢s,o(b,x, t) = ⇢
(0)
s,o (b,x) e�t�s,o(x) . (18)

This formula shows that the coordinate space density
matrix is damped at rates �s,o(x) that depend solely on
x. These rates exhibit interesting features in the limit
of small x. Indeed, when x ! 0, �s ! 0 while �o !

�
CA
2

R
q �(q), see Eq. (19) below. The first property, �s !

0, is related to the phenomenon commonly referred to as
color transparency [33, 34]. Technically, it results from
a destructive interference between the three diagrams
in Fig. 2. Physically, as argued earlier, one may view
the upper and lower lines of the diagrams in Fig. 2 as
the two members of a fictitious color dipole propagating
into the medium. A color singlet dipole of small size is
seen as a neutral object by the medium, which results in
the suppression of the interactions.

In the case of the octet the aforementioned cancella-
tion does not take place. In fact, in the limit of vanishing
size, the octet behaves as a gluon, and the corresponding
damping factor involves the so-called gluon damping
rate [35, 36]. This suppression of the color octet compo-
nent of the density matrix results in the equilibration of
colors: the density matrix of a quark initially in a given
color state (generally containing both singlet and octet
components) will, over a time scale 1/�o, turn into a
singlet density matrix where all color states are equally
populated [20]. A similar color equilibration was re-
cently illustrated for the case of color antenna, with fixed
kinematics, evolving in a dense medium [37].

There is another effect of the damping �s: since it in-
creases as |x| increases, it suppresses the non diagonal
matrix elements of ⇢(b,x). This suppression of non di-
agonal matrix elements due to collisions is commonly
referred to as decoherence. It will be discussed in more
details later.

A useful approximation for the rates �s,o(x) is the so-
called harmonic approximation [5], �(x) = 1

4 q̂ x2, where
q̂ is the jet quenching parameter which will be specified

shortly. This form correctly describes soft interactions
between the jet and the medium and can be shown to be
valid for most relevant models used in jet quenching [29,
38, 39]. It corresponds to the approximation � = g

4
n/q4

of �(q), with which we get
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with CA = Nc, and q̂ is the jet quenching parameter
in the fundamental representation. This is a logarith-
mically divergent quantity, and requires the introduc-
tion of an ultraviolet cut-off Q, which can be chosen as
the characteristic saturation scale [39], as well as an in-
frared cut-off chosen to be the medium’s Debye mass
mD ⇠ gT , with T the medium’s temperature. Notice
that since � / n ⇠ T

3, then q̂ ⇠ T
3. We can also under-

stand �o ⇠ 1/`fmp ⇠ g
2
T , as defining the inverse of a

mean free path `fmp for gluons in the medium.
Using the harmonic approximation one can write

Eq. (14) as the following (frictionless) Fokker-Planck
equation for the Wigner function

@t⇢W(b,K, t) =


�
K

E

@

@b
+

q̂

4

@
2

@K2

�
⇢W(b,K, t).

(20)

By integrating this equation over b one gets an equation
for the momentum distribution

@tP(K, t) =
q̂

4

@
2

@K2P(K, t). (21)

This is a diffusion equation in momentum space, with
q̂/4 playing the role of diffusion constant. The solution
to that equation with initial condition P(k, t = 0) =
(2⇡)2�(k) is simply

P(k, t) =
4⇡

q̂t
e
�k2

q̂t . (22)

As this formula illustrates, q̂t is the average transverse
momentum acquired by the energetic quark as it tra-
verses the medium during a time t, i.e. hk2

it = q̂t.
As is well known, the dynamics encoded in the

solution of the Fokker-Planck equation (Eq. (20)) can
be equivalently obtained by solving an associated
Langevin equation, which in the present case takes the
following simple form

E
d2b

dt
= ⇠(t), h⇠i(t1)⇠j(t2)i =

q̂

2
�ij�(t1 � t2). (23)

This equation describes the motion of a particle sub-
jected to a random force ⇠(t), with the strength of the
associated white noise controlled by the jet quenching

Harmonic approximation yields a Fokker-Planck equation for the Wigner transform 

Equivalent to a simple Langevin equation 

Note the absence of dissipation in this equation
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to

⇢(b, t) =
1

⇡hb2i(0)t

e
� b2

hb2i(0)t , hb2i(0)t ⌘
1

µ2

✓
1 +

t
2

t
2
0

◆
.

(27)

Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +

K2

E2
t
2
. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):

⇢(`,x, t) = ⇢
(0) (`,X(t)) e� q̂

4
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The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by

⇢W(b,K) =
4

D
exp
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(32)

with

a = hK2
it,

c

E2
= hb2it,

b

E
= �2hb · Kit, (33)

Solution for a simple initial condition
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to

⇢(b, t) =
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Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +

K2

E2
t
2
. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):

⇢(`,x, t) = ⇢
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The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by

⇢W(b,K) =
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with

a = hK2
it,

c

E2
= hb2it,

b

E
= �2hb · Kit, (33)
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to
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Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +
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E2
t
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. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):

⇢(`,x, t) = ⇢
(0) (`,X(t)) e� q̂

4
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The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by

⇢W(b,K) =
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with

a = hK2
it,

c

E2
= hb2it,
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E
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to
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Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +
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. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):

⇢(`,x, t) = ⇢
(0) (`,X(t)) e� q̂

4
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The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by

⇢W(b,K) =
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with

a = hK2
it,
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= hb2it,

b

E
= �2hb · Kit, (33)
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to
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Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +
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E2
t
2
. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):

⇢(`,x, t) = ⇢
(0) (`,X(t)) e� q̂

4
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The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by
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with

a = hK2
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and
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The averages are taken with ⇢W , for instance

hK2
it =

Z

b,K
K2

⇢w(b,K, t). (35)

Alternatively, the same expectation values can be ob-
tained by solving the Langevin equation (Eq. (23)), and
performing averages over both the noise (as in Eq. (24))
and the initial condition (as in Eq. (29)). Thus, to a
large extent, the time evolution is governed by the clas-
sical Langevin equation, quantum mechanics entering
mainly in the averaging over the initial condition de-
fined by the initial wave packet.

At this point, it is useful to make further contact with
the formalism used in [8] (see also Appendix A). There,
we introduced a two-point function S

(2) which plays a
role similar to that of the Liouville operator that propa-
gates the density matrix from the initial time to the final
time (see Appendix B1 in [8]) . We have indeed

hr0
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where (with a somewhat different notation than in [8])
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In this formula, s(u) is a linear function of u such that
s(0) = r � r̄ and s(t) = r0

� r̄0. This expression of
the density matrix is similar to that in Eq. (17), and it
also reflects the structure of Eq. (12). The first line in
this expression is the product of a free propagator and a
complex conjugate one, and represents free motion. The
second line is the exponential representing the effects of
the collisions, as in Eq. (17). The two lines are not in-
dependent since the trajectory s(u) depends on the end
points (r, r̄, r0

, r̄0).9 Given an initial density matrix of
the form of Eq. (25), viz.
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one can explicitly calculate the relevant Gaussian inte-
grals involved in Eq. (36) and obtain for ⇢(t) the follow-
ing expression
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9 Note that in [8] no attempt was made to determine the density ma-
trix. Rather we proceeded with simplifications that were appropri-
ate to get only the momentum distribution.

where we have set b = (r + r0)/2 and x = r0
� r̄0. It

is easily verified that this is the same as Eq. (30 ) after
Fourier transform of the variable b.

We return now to the analysis of the physical content
of the density matrix. Its momentum representation is
obtained by a Fourier transform of ⇢W (b,K) with re-
spect to b. It reads
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From this expression, the momentum distribution is ob-
tained simply by setting ` = 0. It is of the form dis-
played in Eq. (22) with q̂t substituted by

hk2
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One can therefore identify two regimes, separated by
the time scale

t1 =
µ
2
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. (42)

When t ⌧ t1, the collisions have little effect on the
momentum distribution which retains its initial shape.
When q̂t � µ

2 or t � t1, collisions dominate and move
the quark away from the region covered by the initial
wave packet.

Another time scale emerges when one considers the
density ⇢(b), obtained from ⇢(b,x) in Eq. (39) by setting
x = 0. One gets
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and the new time scale t2 is given by (see Eqs. (31) and
(33))

t
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We recognize in the first two contributions to hb2it (that
are independent of t2) the width of the Gaussian that
corresponds to the collisionless evolution of the initial
wave packet, i.e. hb2i(0)t in Eq. (27): hb2it = hb2i(0)t +
q̂t

3
/3E

2. The initial spreading of the wave packet is am-
plified by the momentum space diffusion, which even-
tually leads to a rapid spreading of the density, with
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The averages are taken with ⇢W , for instance

hK2
it =

Z

b,K
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⇢w(b,K, t). (35)

Alternatively, the same expectation values can be ob-
tained by solving the Langevin equation (Eq. (23)), and
performing averages over both the noise (as in Eq. (24))
and the initial condition (as in Eq. (29)). Thus, to a
large extent, the time evolution is governed by the clas-
sical Langevin equation, quantum mechanics entering
mainly in the averaging over the initial condition de-
fined by the initial wave packet.

At this point, it is useful to make further contact with
the formalism used in [8] (see also Appendix A). There,
we introduced a two-point function S

(2) which plays a
role similar to that of the Liouville operator that propa-
gates the density matrix from the initial time to the final
time (see Appendix B1 in [8]) . We have indeed
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i =
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where (with a somewhat different notation than in [8])
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In this formula, s(u) is a linear function of u such that
s(0) = r � r̄ and s(t) = r0

� r̄0. This expression of
the density matrix is similar to that in Eq. (17), and it
also reflects the structure of Eq. (12). The first line in
this expression is the product of a free propagator and a
complex conjugate one, and represents free motion. The
second line is the exponential representing the effects of
the collisions, as in Eq. (17). The two lines are not in-
dependent since the trajectory s(u) depends on the end
points (r, r̄, r0

, r̄0).9 Given an initial density matrix of
the form of Eq. (25), viz.
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one can explicitly calculate the relevant Gaussian inte-
grals involved in Eq. (36) and obtain for ⇢(t) the follow-
ing expression
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9 Note that in [8] no attempt was made to determine the density ma-
trix. Rather we proceeded with simplifications that were appropri-
ate to get only the momentum distribution.

where we have set b = (r + r0)/2 and x = r0
� r̄0. It

is easily verified that this is the same as Eq. (30 ) after
Fourier transform of the variable b.

We return now to the analysis of the physical content
of the density matrix. Its momentum representation is
obtained by a Fourier transform of ⇢W (b,K) with re-
spect to b. It reads
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From this expression, the momentum distribution is ob-
tained simply by setting ` = 0. It is of the form dis-
played in Eq. (22) with q̂t substituted by
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One can therefore identify two regimes, separated by
the time scale

t1 =
µ
2

q̂
. (42)

When t ⌧ t1, the collisions have little effect on the
momentum distribution which retains its initial shape.
When q̂t � µ

2 or t � t1, collisions dominate and move
the quark away from the region covered by the initial
wave packet.

Another time scale emerges when one considers the
density ⇢(b), obtained from ⇢(b,x) in Eq. (39) by setting
x = 0. One gets
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and the new time scale t2 is given by (see Eqs. (31) and
(33))
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We recognize in the first two contributions to hb2it (that
are independent of t2) the width of the Gaussian that
corresponds to the collisionless evolution of the initial
wave packet, i.e. hb2i(0)t in Eq. (27): hb2it = hb2i(0)t +
q̂t

3
/3E

2. The initial spreading of the wave packet is am-
plified by the momentum space diffusion, which even-
tually leads to a rapid spreading of the density, with
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The averages are taken with ⇢W , for instance

hK2
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Alternatively, the same expectation values can be ob-
tained by solving the Langevin equation (Eq. (23)), and
performing averages over both the noise (as in Eq. (24))
and the initial condition (as in Eq. (29)). Thus, to a
large extent, the time evolution is governed by the clas-
sical Langevin equation, quantum mechanics entering
mainly in the averaging over the initial condition de-
fined by the initial wave packet.

At this point, it is useful to make further contact with
the formalism used in [8] (see also Appendix A). There,
we introduced a two-point function S

(2) which plays a
role similar to that of the Liouville operator that propa-
gates the density matrix from the initial time to the final
time (see Appendix B1 in [8]) . We have indeed
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In this formula, s(u) is a linear function of u such that
s(0) = r � r̄ and s(t) = r0

� r̄0. This expression of
the density matrix is similar to that in Eq. (17), and it
also reflects the structure of Eq. (12). The first line in
this expression is the product of a free propagator and a
complex conjugate one, and represents free motion. The
second line is the exponential representing the effects of
the collisions, as in Eq. (17). The two lines are not in-
dependent since the trajectory s(u) depends on the end
points (r, r̄, r0

, r̄0).9 Given an initial density matrix of
the form of Eq. (25), viz.

⇢0(r, r̄) =
µ
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one can explicitly calculate the relevant Gaussian inte-
grals involved in Eq. (36) and obtain for ⇢(t) the follow-
ing expression
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9 Note that in [8] no attempt was made to determine the density ma-
trix. Rather we proceeded with simplifications that were appropri-
ate to get only the momentum distribution.

where we have set b = (r + r0)/2 and x = r0
� r̄0. It

is easily verified that this is the same as Eq. (30 ) after
Fourier transform of the variable b.

We return now to the analysis of the physical content
of the density matrix. Its momentum representation is
obtained by a Fourier transform of ⇢W (b,K) with re-
spect to b. It reads
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From this expression, the momentum distribution is ob-
tained simply by setting ` = 0. It is of the form dis-
played in Eq. (22) with q̂t substituted by
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One can therefore identify two regimes, separated by
the time scale

t1 =
µ
2

q̂
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When t ⌧ t1, the collisions have little effect on the
momentum distribution which retains its initial shape.
When q̂t � µ

2 or t � t1, collisions dominate and move
the quark away from the region covered by the initial
wave packet.

Another time scale emerges when one considers the
density ⇢(b), obtained from ⇢(b,x) in Eq. (39) by setting
x = 0. One gets
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1
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and the new time scale t2 is given by (see Eqs. (31) and
(33))
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We recognize in the first two contributions to hb2it (that
are independent of t2) the width of the Gaussian that
corresponds to the collisionless evolution of the initial
wave packet, i.e. hb2i(0)t in Eq. (27): hb2it = hb2i(0)t +
q̂t

3
/3E

2. The initial spreading of the wave packet is am-
plified by the momentum space diffusion, which even-
tually leads to a rapid spreading of the density, with

⇢(b, t) ⇡
3E

2

⇡q̂t3
exp

⇢
�

3E
2

q̂t3
b2
�

(t � t2) , (46)

7

and

D = hb2ihK2
i � hK · bi =

ac

E2
�

b

2E
. (34)

The averages are taken with ⇢W , for instance

hK2
it =

Z

b,K
K2

⇢w(b,K, t). (35)

Alternatively, the same expectation values can be ob-
tained by solving the Langevin equation (Eq. (23)), and
performing averages over both the noise (as in Eq. (24))
and the initial condition (as in Eq. (29)). Thus, to a
large extent, the time evolution is governed by the clas-
sical Langevin equation, quantum mechanics entering
mainly in the averaging over the initial condition de-
fined by the initial wave packet.

At this point, it is useful to make further contact with
the formalism used in [8] (see also Appendix A). There,
we introduced a two-point function S

(2) which plays a
role similar to that of the Liouville operator that propa-
gates the density matrix from the initial time to the final
time (see Appendix B1 in [8]) . We have indeed
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i =
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S
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where (with a somewhat different notation than in [8])
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In this formula, s(u) is a linear function of u such that
s(0) = r � r̄ and s(t) = r0

� r̄0. This expression of
the density matrix is similar to that in Eq. (17), and it
also reflects the structure of Eq. (12). The first line in
this expression is the product of a free propagator and a
complex conjugate one, and represents free motion. The
second line is the exponential representing the effects of
the collisions, as in Eq. (17). The two lines are not in-
dependent since the trajectory s(u) depends on the end
points (r, r̄, r0

, r̄0).9 Given an initial density matrix of
the form of Eq. (25), viz.

⇢0(r, r̄) =
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one can explicitly calculate the relevant Gaussian inte-
grals involved in Eq. (36) and obtain for ⇢(t) the follow-
ing expression
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9 Note that in [8] no attempt was made to determine the density ma-
trix. Rather we proceeded with simplifications that were appropri-
ate to get only the momentum distribution.

where we have set b = (r + r0)/2 and x = r0
� r̄0. It

is easily verified that this is the same as Eq. (30 ) after
Fourier transform of the variable b.

We return now to the analysis of the physical content
of the density matrix. Its momentum representation is
obtained by a Fourier transform of ⇢W (b,K) with re-
spect to b. It reads
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From this expression, the momentum distribution is ob-
tained simply by setting ` = 0. It is of the form dis-
played in Eq. (22) with q̂t substituted by
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One can therefore identify two regimes, separated by
the time scale

t1 =
µ
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When t ⌧ t1, the collisions have little effect on the
momentum distribution which retains its initial shape.
When q̂t � µ

2 or t � t1, collisions dominate and move
the quark away from the region covered by the initial
wave packet.

Another time scale emerges when one considers the
density ⇢(b), obtained from ⇢(b,x) in Eq. (39) by setting
x = 0. One gets
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and the new time scale t2 is given by (see Eqs. (31) and
(33))
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We recognize in the first two contributions to hb2it (that
are independent of t2) the width of the Gaussian that
corresponds to the collisionless evolution of the initial
wave packet, i.e. hb2i(0)t in Eq. (27): hb2it = hb2i(0)t +
q̂t

3
/3E

2. The initial spreading of the wave packet is am-
plified by the momentum space diffusion, which even-
tually leads to a rapid spreading of the density, with

⇢(b, t) ⇡
3E

2

⇡q̂t3
exp

⇢
�

3E
2

q̂t3
b2
�

(t � t2) , (46)

7

and

D = hb2ihK2
i � hK · bi =

ac

E2
�

b

2E
. (34)

The averages are taken with ⇢W , for instance

hK2
it =
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⇢w(b,K, t). (35)

Alternatively, the same expectation values can be ob-
tained by solving the Langevin equation (Eq. (23)), and
performing averages over both the noise (as in Eq. (24))
and the initial condition (as in Eq. (29)). Thus, to a
large extent, the time evolution is governed by the clas-
sical Langevin equation, quantum mechanics entering
mainly in the averaging over the initial condition de-
fined by the initial wave packet.

At this point, it is useful to make further contact with
the formalism used in [8] (see also Appendix A). There,
we introduced a two-point function S

(2) which plays a
role similar to that of the Liouville operator that propa-
gates the density matrix from the initial time to the final
time (see Appendix B1 in [8]) . We have indeed
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In this formula, s(u) is a linear function of u such that
s(0) = r � r̄ and s(t) = r0

� r̄0. This expression of
the density matrix is similar to that in Eq. (17), and it
also reflects the structure of Eq. (12). The first line in
this expression is the product of a free propagator and a
complex conjugate one, and represents free motion. The
second line is the exponential representing the effects of
the collisions, as in Eq. (17). The two lines are not in-
dependent since the trajectory s(u) depends on the end
points (r, r̄, r0

, r̄0).9 Given an initial density matrix of
the form of Eq. (25), viz.

⇢0(r, r̄) =
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one can explicitly calculate the relevant Gaussian inte-
grals involved in Eq. (36) and obtain for ⇢(t) the follow-
ing expression
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9 Note that in [8] no attempt was made to determine the density ma-
trix. Rather we proceeded with simplifications that were appropri-
ate to get only the momentum distribution.

where we have set b = (r + r0)/2 and x = r0
� r̄0. It

is easily verified that this is the same as Eq. (30 ) after
Fourier transform of the variable b.

We return now to the analysis of the physical content
of the density matrix. Its momentum representation is
obtained by a Fourier transform of ⇢W (b,K) with re-
spect to b. It reads
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From this expression, the momentum distribution is ob-
tained simply by setting ` = 0. It is of the form dis-
played in Eq. (22) with q̂t substituted by
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One can therefore identify two regimes, separated by
the time scale
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When t ⌧ t1, the collisions have little effect on the
momentum distribution which retains its initial shape.
When q̂t � µ

2 or t � t1, collisions dominate and move
the quark away from the region covered by the initial
wave packet.

Another time scale emerges when one considers the
density ⇢(b), obtained from ⇢(b,x) in Eq. (39) by setting
x = 0. One gets
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and the new time scale t2 is given by (see Eqs. (31) and
(33))
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We recognize in the first two contributions to hb2it (that
are independent of t2) the width of the Gaussian that
corresponds to the collisionless evolution of the initial
wave packet, i.e. hb2i(0)t in Eq. (27): hb2it = hb2i(0)t +
q̂t

3
/3E

2. The initial spreading of the wave packet is am-
plified by the momentum space diffusion, which even-
tually leads to a rapid spreading of the density, with
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parameter q̂. This equation is easily solved. As an il-
lustration, consider the momentum K = E db/dt. By
integrating Eq. (23) over time, one gets

K(t) = K(t = 0) +

Z t

0
dt

0⇠(t0). (24)

This solution can be used to evaluate the expectation
value hK2(t)i by averaging over the noise. Taking, for
simplicity, as initial condition K(t = 0) = 0, one gets
hK2(t)i = q̂t, in agreement with the result obtained ear-
lier from the momentum distribution.

In the following we shall analyze in detail various fea-
tures of the solution of the equation of motion for the
quark density matrix for a specific initial condition and
using the harmonic approximation. Since, as we have
argued above, the color octet component of the density
matrix is damped when the energetic quark propagates
in a color neutral medium, we now focus on the singlet
component and study in more detail its time evolution.
As we only consider singlet quantities, we drop from
now on the subscript s.

III. EVOLUTION OF THE SINGLET DENSITY MATRIX

To study the evolution of the singlet component,
we will assume that initially the energetic quark is
described by a gaussian wave packet  0(k) centered
around vanishing transverse momentum. The initial
density matrix is then given by its momentum space ma-
trix elements

hk| ⇢(0) |k̄i =  0(k) ⇤
0(k̄) =

4⇡

µ2
e
�k2+k̄2

2µ2
, (25)

with µ a parameter characterizing the extension of the
initial wave packet. The corresponding Wigner trans-
form reads

⇢W(b,K, 0) = 4e�µ2b2

e
�K2

µ2
. (26)

This Wigner transform is akin to that of a coherent state,
where the particle is localized in both momentum space
and coordinate space, with an accuracy specified by
the single parameter µ. Thus the dispersion in posi-
tion and momentum are correlated and when µ ! 0,
⇢(K) ! (2⇡)2�(K), while when µ ! 1, ⇢(b) ! �(b).
Note that, due to our specific choice of initial condition,
the Wigner transform is initially positive and remains so
as it evolves in time, as we shall verify.

In the absence of interactions, the initial wave packet
spreads freely and, as observed earlier, its Wigner trans-
form evolves as ⇢W(b � (K/E)t,K, 0). The momentum
distribution remains unchanged, but the density ⇢(b, t),
obtained by integrating the Wigner transform over K,

spreads according to

⇢(b, t) =
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e
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(27)

Here the characteristic time scale

t0 ⌘
E

µ2
, (28)

denotes the time at which the spreading of the wave
packet starts to become significant; it corresponds to
the time it takes the quark to cover, at velocity µ/E, a
distance equal to the spatial size ⇠ 1/µ of the initial
wave packet. Note that the same result would have
been obtained for a classical distribution function. In
fact, hb2i(0)t , the time-dependent mean square radius of
the density, can be obtained via a simple argument that
exploits the underlying classical dynamics. Indeed, the
trajectory of the quark in the transverse plane is given
by b(t) = b(0) + K

E t, so that

b2(t) = b2(0) + 2
K · b(0)

E
t +

K2

E2
t
2
. (29)

By averaging this expression over the initial conditions
encoded in Eq. (26), i.e., hb2(0)i = 1/µ

2, hK2
i = µ

2,
hKi = 0, one easily reproduces the result given in
Eq. (27).

When one allows for interactions, and employs the
harmonic approximation in Eq. (17), one obtains the fol-
lowing expression for the density matrix in the mixed
representation (`,x):
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where
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2

�
. (31)

The time scales t1 and t2 will be defined shortly. The co-
efficients a(t), b(t), c(t) have a simple physical interpre-
tation which is best seen on the Wigner transform, given
by

⇢W(b,K) =
4

D
exp

⇢
�

1

D

✓
a b2 +

b

E
b · K +

c

E2
K2

◆�
,

(32)

with

a = hK2
it,

c

E2
= hb2it,

b

E
= �2hb · Kit, (33)

Initial Gaussian wave packet

Solution for the Wigner transform remains Gaussian at all times

Three time scales 

10

✓` ⌘ |k � k̄|/E)

⇢(`,K, t) ' P(K, t) exp

⇢
�

1

48

✓
2
`

✓2c

�
eitK·`/(2E)

, (56)

and gradually identifies to the momentum distribution
as t grows. Fig. 4 also reveals the existence of a cross-
over time tE where ✓c = ✓br:

tE ⌘

s
E

q̂
=

p
t0t1, t1 < tE < t2. (57)

This corresponds to the time where the energy of the
quark satisfies E = q̂t

2
⌘ !c. However, neither the time

scale tE nor the energy !c seem to play any significant
role in the evolution of the density matrix.

Figure 4. Relation between the temporal and angular scales
identified in the main text. We have identified three regions
(shaded blue, yellow and pink regions), related to the evolu-
tion of ⇢ in momentum space. In the first (blue), the initial
condition sets the form of the density matrix. This is followed
by a region (yellow) where momentum broadening drives dif-
fusion in momentum space, but the off-diagonal elements are
still sensitive to the initial configuration of the system. In po-
sition space, this region is characterized by the suppression
of off-diagonal elements, while the diagonal has roughly the
same form as the initial condition. Finally, at later times the
system loses all knowledge of the initial condition (pink re-
gion). We used the values q̂ = 0.3 GeV3, µ = 0.3 GeV, and
E = 200 GeV. We also identify the scale when the quark en-
ergy matches the scale !c, i.e. when t = tE . This divides the
plot into a region where E > !c and E < !c.

Interestingly, the angle ✓c has been previously identi-
fied in the context of color coherence of QCD antennas
in the medium [41–46]. It is also related to the character-
istic angle for medium induced radiation [5, 6]. In the
present case, ✓c controls the loss of coherence between
the two legs of the effective dipole in the third diagram
in Fig. 2. As discussed earlier, this loss of coherence, that
manifests itself in the vanishing of the off-diagonal ma-
trix elements of hk| ⇢ |k̄i, can be related to the random

walk done by the quark in the transverse plane. The
scale !c is also associated to the medium induced radia-
tion problem, characterizing the critical frequency above
which gluon emissions are suppressed due to QCD LPM

effect [5, 6] and is related to ✓c by ✓c =
q

hk2
it/!c.

IV. ENTROPY AS A MEASURE OF QUANTUM TO
CLASSICAL TRANSITION

The two regimes that we have indentified in the pre-
vious section, with their associated characteristic time
scales t1 and t2, are nicely reflected in the entropy associ-
ated with the density matrix. There are several entropy
measures which, although differing quantitatively, are
maximized/minimized by the same density matrices,
and share common qualitative features, see e.g. [47] and
references therein. Here we shall consider the von Neu-
mann entropy which we shall compare to the classical
entropy associated with the Wigner representation of
the density matrix. We shall also mention the Renyi-2
entropy which, in the present context, carries essentially
the same information as the von Neumann entropy.

The von Neumann entropy SvN is defined as

SvN[⇢] = �Tr⇢ ln ⇢ . (58)

In the present case, the calculation of SvN reduces to
the calculation of multidimensional Gaussian integrals.
It is explicitly carried out in Appendix B. It is shown
there that SvN depends on time through a single vari-
able, which can be chosen to be the so-called purity p

p ⌘ Tr⇢2 =
E

2

ac �
b2

4

. (59)

The purity measure the deviation of the density matrix
from that of a pure state. For a pure state, Tr⇢2 = Tr⇢ =
1, and p = 1. When the density matrix represent a sta-
tistical mixture, p < 1. In terms of p, SvN takes the form

SvN = log

✓
1 � p

4p

◆
+

1
p

p
ln

1 + p + 2
p

p

(1 � p)
. (60)

By using the explicit time dependence of the coefficients
a, b and c given by Eq. (31), one obtains

1

p
=

✓
1 +

t

t1

◆✓
1 +

t
3

12t
3
2

t + 4t1

t + t1

◆
. (61)

As discussed in the previous section, the following or-
dering of time scales holds in the relevant high energy
regime: t1 < t2 < t0. There are therefore three regimes
of interest :

• Initial stage:

t ⌧ t1, p ' 1 . (62)
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with t0 > t1, appears to be the one of physical inter-
est when discussing the dynamics of a highly energetic
quark (see estimates below). In this regime, the colli-
sions with the medium constituents dominate the time
evolution and the spreading of the initial wave packet
plays a minor role. This regime corresponds to an ini-
tial wave packet well localized in momentum space, and
correspondingly a broad density distribution. Formally
this matches the small µ, large E limit, where the exact
solution for the Wigner transform reads

⇢W(b,K, t)E!1 =
4µ

2

hk2
it

e
�µb2

e
� K2

hk2it , (54)

where hk2
it = µ

2 + q̂t ⇡ q̂t. In this limit, the motion
of the quark in the transverse plane is negligible, and
the sole effect of collisions is diffusion in momentum
space.10

To further illustrate all the points made so far, in
Fig. ?? we plot the real part of hk| ⇢ |k̄i in terms of the
absolute value of k (k?) and k̄ (k̄?), for increasing evo-
lution times and taking k k k̄.11 In addition, we provide
the respective position space representation, hr| ⇢ |r̄i in
terms of the absolute values of r (r?) and r̄ (r̄?), with
again r k r̄. For the chosen values of the parameters
(q̂ = 0.3 GeV3, µ = 0.3 GeV, and E = 200GeV) we have
t1 ' 0.06 fm, and t2 ' 22.80 fm, while t0 ' 444.44 fm.
The qualitative features discussed above are clearly vis-
ible. At early times, when t < t1, the general pattern is
set by the initial condition. As time increases, there is
an overall decrease of the weight of each entry due to
the underlying broadening of the distributions. At late
time, when t > t2, the density matrix becomes diagonal.
How this occurs depends on the representation. In co-
ordinate space, the x dependence of ⇢(b,x) is controlled
by momentum broadening, and the concentration along
the diagonal becomes visible for t & t1. In momentum
space, the same phenomenon occurs at later time, t & t2,
and is controlled by the spreading of the quark density
in the transverse plane.

In view of making closer contact with the physics of
jets, the initial motivation of this paper, it is interesting
to note that the previous discussion can be carried out
in terms of dimensionless angular variables which are
more closely related to jet observables. To that aim, we
introduce the following angles

✓
2
µ =

µ
2

E2
, ✓

2
c (t) =

1

q̂t3
, ✓

2
br(t) =

q̂t

E2
. (55)

10 The other time ordering, t0 < t2 < t1, would correspond formally
to the large µ limit. In that case the dominant phenomenon at early
time would be the broadening of the density, ampified beyond t2
by the collisions, while the effect of the collisions on the momentum
distribution would not be visible until t & t1 � t2.

11 See [? ] for equivalent plots in the case of heavy quark evolution in
the medium.

Figure 3. Time evolution of the real part of the quark density
matrix, in momentum (top, red) and position (bottom, blue)
space. We have used q̂ = 0.3 GeV3, µ = 0.3 GeV, and E =
200 GeV. Also, k and k̄ (as well as r and r̄) are taken to be
parallel vectors. The first plot, in each representation, is in the
region t < t1, while the last plot is taken at very late times
when t > t2. The color axis is dimensionless.

Both ✓µ and ✓br have simple physical interpretations: ✓µ

measures the angle made by the quark momentum with
respect to the initial direction of the high energy quark
(the z-axis in Fig. ??). If the initial distribution is very
sharply peaked then ✓µ ! 0. The angle ✓br has a similar
interpretation, with the initial spread in transverse mo-
mentum substituted by the transverse momentum ac-
quired by collisions. The angle ✓c depends only on q̂

and time, but neither on µ nor E. Its role will be clar-
ified shortly. Note that t1 is determined by ✓µ = ✓br

and t2 by ✓µ = ✓c, see Fig. ??. At early times, i.e.
when t ⌧ t1 ⌧ t2 ⌧ t0, the system is in the regime
✓br ⌧ ✓µ ⌧ ✓c, and the dispersion around the diagonal
of the density matrix in momentum space remains of or-
der µ, see Eq. (??). At later times, when t > t1, one has
✓br > ✓µ, and, as time increases, the average momentum

(t0 < t1 < t2)
<latexit sha1_base64="QjgEKS8uadc8C5sQ/tukd5aCo00="></latexit>

Angular variables
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where we have used that, for t � t2, hb2it ' q̂t
3
/3E

2.
Note that, as was the case for the momentum distribu-
tion, in this late time regime, ⇢(b, t) is independent of
the scale µ: the memory of the initial condition is lost.

So far we have considered the diagonal components
of the density matrix, either the momentum distribution
or the spatial density. The evolutions of these diagonal
components are driven by the natural spreading of the
initial wave packet in coordinate space, together with
diffusion in momentum space induced by collisions. As
we have seen both phenomena are captured by a sim-
ple Langevin equation and they would not be different
if the Fokker-Planck equation were solved for a classical
phase-space distribution function, provided this distri-
bution was initialized as in Eq. (25). We turn now to the
off-diagonal components of the density matrix which
encode quantum correlations. A priori, the density ma-
trix cannot be simultaneously diagonal in both momen-
tum and position spaces, so we shall consider both rep-
resentations in turn. We consider first the momentum
space representation. To simplify the discussion, we fo-
cus on the case K = 0. We have

⇢(`,K = 0, t) =
4⇡

µ2(1 + (t/t1))
exp

⇢
�

`2

4µ2
d(t)

�
, (47)

where

d(t) = 1 +
1

12

✓
t

t2

◆3
t + 4t1

t + t1
. (48)

When t ⌧ t2, d(t) ⌧ 1 and the `2-distribution is only
moderately affected by the collisions. In the opposite
regime where t � t2, the t

3 factor becomes dominant,
and the µ dependence in the exponent cancels out, leav-
ing us with

⇢(`,K = 0, t) ⇡
4⇡

µ2 + q̂t
exp

⇢
�
`2 q̂t

3

48E2

�

=
4⇡

hk2
it

exp

⇢
�
`2hb2it

16

�
. (49)

The first factor accounts for the decrease of the momen-
tum distribution P(k = 0, t) when t & t1. The other
factor is a Gaussian distribution in ` = k � k̄, whose
width decreases rapidly, as 1/t

3, indicating that at late
times the density matrix becomes diagonal in k-space.
The width of this distribution is the inverse of that in
Eq. (46) characterizing the behavior of the density at late
time.

A similar analysis can be performed in coordinate
space. We have

⇢(b = 0,x, t) =
E

2

⇡c(t)
exp

⇢
�

E
2
a(t)

4µ2c(t)
d(t)x2

�
. (50)

At late times, this expression reduces to

⇢(b = 0,x, t) ⇡
1

⇡hb2it
exp

⇢
�

hk2
it x2

4

�
, (51)

which shows that also in coordinate space the density
matrix becomes diagonal. The width of the x distribu-
tion is now inversely proportional to that of the momen-
tum distribution, while the prefactor before the Gaus-
sian represents the fast decrease of the density at b = 0
due to its spreading in the transverse plane.

One important aspect of the calculation that leads to
Eq. (39), is that the collisions only affect the location b(t)
of the particle, or its total momentum K = Edb/dt, but
not the relative distance x. This property emerges natu-
rally in the path integral formulation (see the discussion
after Eq. (B6) in [8]). At the level of Eq. (17) it is reflected
in the explicit equation X(t) = x �

`
E t stemming from

the fact that in the (`,x) mixed representation ` plays the
role of a constant of motion. Now, in contrast to what we
found for b and K, there is no obvious classical equation
of motion that would allow us to calculate directly the
spread in x, nor that in `. However, these dispersions
of the off-diagonal elements (of a quantum nature) are
controlled by the (classical) expectation values of K2 for
hx2

i and of b2 for h`2i.
The analysis that has been presented in this section

reveals that at late times, t � t2, the density matrix
becomes effectively diagonal both in momentum space
and in coordinate space, reflecting the loss of quan-
tum correlations associated to the off-diagonal elements.
Note that this occurs sequentially, the suppression of the
off-diagonal elements of the coordinate space density
matrix occurring first, for time t & t1, while the mo-
mentum space density matrix becomes diagonal only
for t & t2. The fact that there seems to be no limit to
this diagonalisation is of course due to the absence of
friction. We return to this issue at the end of the next
section.

As we have seen, the evolution of the density matrix
is determined by three time scales

t0 =
E

µ2
, t1 =

µ
2

q̂
, t

3
2 =

E
2

q̂µ2
. (52)

These time scales are not independent but are related to
each other via the identity

t
3
2 = t1t

2
0 . (53)

Thus, there are only two possible time orderings: ei-
ther t0 > t2 > t1 or t0 < t2 < t1. The former regime,
with t0 > t1, appears to be the one of physical inter-
est when discussing the dynamics of a highly energetic
quark (see estimates below). In this regime, the colli-
sions with the medium constituents dominate the time
evolution and the spreading of the initial wave packet
plays a minor role. This regime corresponds to an ini-
tial wave packet well localized in momentum space, and
correspondingly a broad density distribution. Formally
this matches the small µ, large E limit, where the exact
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where we have used that, for t � t2, hb2it ' q̂t
3
/3E

2.
Note that, as was the case for the momentum distribu-
tion, in this late time regime, ⇢(b, t) is independent of
the scale µ: the memory of the initial condition is lost.

So far we have considered the diagonal components
of the density matrix, either the momentum distribution
or the spatial density. The evolutions of these diagonal
components are driven by the natural spreading of the
initial wave packet in coordinate space, together with
diffusion in momentum space induced by collisions. As
we have seen both phenomena are captured by a sim-
ple Langevin equation and they would not be different
if the Fokker-Planck equation were solved for a classical
phase-space distribution function, provided this distri-
bution was initialized as in Eq. (25). We turn now to the
off-diagonal components of the density matrix which
encode quantum correlations. A priori, the density ma-
trix cannot be simultaneously diagonal in both momen-
tum and position spaces, so we shall consider both rep-
resentations in turn. We consider first the momentum
space representation. To simplify the discussion, we fo-
cus on the case K = 0. We have

⇢(`,K = 0, t) =
4⇡

µ2(1 + (t/t1))
exp

⇢
�

`2

4µ2
d(t)

�
, (47)

where

d(t) = 1 +
1

12

✓
t

t2

◆3
t + 4t1

t + t1
. (48)

When t ⌧ t2, d(t) ⌧ 1 and the `2-distribution is only
moderately affected by the collisions. In the opposite
regime where t � t2, the t

3 factor becomes dominant,
and the µ dependence in the exponent cancels out, leav-
ing us with

⇢(`,K = 0, t) ⇡
4⇡

µ2 + q̂t
exp

⇢
�
`2 q̂t

3

48E2

�

=
4⇡

hk2
it

exp

⇢
�
`2hb2it

16

�
. (49)

The first factor accounts for the decrease of the momen-
tum distribution P(k = 0, t) when t & t1. The other
factor is a Gaussian distribution in ` = k � k̄, whose
width decreases rapidly, as 1/t

3, indicating that at late
times the density matrix becomes diagonal in k-space.
The width of this distribution is the inverse of that in
Eq. (46) characterizing the behavior of the density at late
time.

A similar analysis can be performed in coordinate
space. We have

⇢(b = 0,x, t) =
E

2

⇡c(t)
exp

⇢
�

E
2
a(t)

4µ2c(t)
d(t)x2

�
. (50)

At late times, this expression reduces to

⇢(b = 0,x, t) ⇡
1

⇡hb2it
exp

⇢
�

hk2
it x2

4

�
, (51)

which shows that also in coordinate space the density
matrix becomes diagonal. The width of the x distribu-
tion is now inversely proportional to that of the momen-
tum distribution, while the prefactor before the Gaus-
sian represents the fast decrease of the density at b = 0
due to its spreading in the transverse plane.

One important aspect of the calculation that leads to
Eq. (39), is that the collisions only affect the location b(t)
of the particle, or its total momentum K = Edb/dt, but
not the relative distance x. This property emerges natu-
rally in the path integral formulation (see the discussion
after Eq. (B6) in [8]). At the level of Eq. (17) it is reflected
in the explicit equation X(t) = x �

`
E t stemming from

the fact that in the (`,x) mixed representation ` plays the
role of a constant of motion. Now, in contrast to what we
found for b and K, there is no obvious classical equation
of motion that would allow us to calculate directly the
spread in x, nor that in `. However, these dispersions
of the off-diagonal elements (of a quantum nature) are
controlled by the (classical) expectation values of K2 for
hx2

i and of b2 for h`2i.
The analysis that has been presented in this section

reveals that at late times, t � t2, the density matrix
becomes effectively diagonal both in momentum space
and in coordinate space, reflecting the loss of quan-
tum correlations associated to the off-diagonal elements.
Note that this occurs sequentially, the suppression of the
off-diagonal elements of the coordinate space density
matrix occurring first, for time t & t1, while the mo-
mentum space density matrix becomes diagonal only
for t & t2. The fact that there seems to be no limit to
this diagonalisation is of course due to the absence of
friction. We return to this issue at the end of the next
section.

As we have seen, the evolution of the density matrix
is determined by three time scales

t0 =
E

µ2
, t1 =

µ
2

q̂
, t

3
2 =

E
2

q̂µ2
. (52)

These time scales are not independent but are related to
each other via the identity

t
3
2 = t1t

2
0 . (53)

Thus, there are only two possible time orderings: ei-
ther t0 > t2 > t1 or t0 < t2 < t1. The former regime,
with t0 > t1, appears to be the one of physical inter-
est when discussing the dynamics of a highly energetic
quark (see estimates below). In this regime, the colli-
sions with the medium constituents dominate the time
evolution and the spreading of the initial wave packet
plays a minor role. This regime corresponds to an ini-
tial wave packet well localized in momentum space, and
correspondingly a broad density distribution. Formally
this matches the small µ, large E limit, where the exact
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and gradually identifies to the momentum distribution
as t grows. Fig. 4 also reveals the existence of a cross-
over time tE where ✓c = ✓br:

tE ⌘

s
E

q̂
=

p
t0t1, t1 < tE < t2. (57)

This corresponds to the time where the energy of the
quark satisfies E = q̂t

2
⌘ !c. However, neither the time

scale tE nor the energy !c seem to play any significant
role in the evolution of the density matrix.

Figure 4. Relation between the temporal and angular scales
identified in the main text. We have identified three regions
(shaded blue, yellow and pink regions), related to the evolu-
tion of ⇢ in momentum space. In the first (blue), the initial
condition sets the form of the density matrix. This is followed
by a region (yellow) where momentum broadening drives dif-
fusion in momentum space, but the off-diagonal elements are
still sensitive to the initial configuration of the system. In po-
sition space, this region is characterized by the suppression
of off-diagonal elements, while the diagonal has roughly the
same form as the initial condition. Finally, at later times the
system loses all knowledge of the initial condition (pink re-
gion). We used the values q̂ = 0.3 GeV3, µ = 0.3 GeV, and
E = 200 GeV. We also identify the scale when the quark en-
ergy matches the scale !c, i.e. when t = tE . This divides the
plot into a region where E > !c and E < !c.

Interestingly, the angle ✓c has been previously identi-
fied in the context of color coherence of QCD antennas
in the medium [41–46]. It is also related to the character-
istic angle for medium induced radiation [5, 6]. In the
present case, ✓c controls the loss of coherence between
the two legs of the effective dipole in the third diagram
in Fig. 2. As discussed earlier, this loss of coherence, that
manifests itself in the vanishing of the off-diagonal ma-
trix elements of hk| ⇢ |k̄i, can be related to the random

walk done by the quark in the transverse plane. The
scale !c is also associated to the medium induced radia-
tion problem, characterizing the critical frequency above
which gluon emissions are suppressed due to QCD LPM

effect [5, 6] and is related to ✓c by ✓c =
q

hk2
it/!c.

IV. ENTROPY AS A MEASURE OF QUANTUM TO
CLASSICAL TRANSITION

The two regimes that we have indentified in the pre-
vious section, with their associated characteristic time
scales t1 and t2, are nicely reflected in the entropy associ-
ated with the density matrix. There are several entropy
measures which, although differing quantitatively, are
maximized/minimized by the same density matrices,
and share common qualitative features, see e.g. [47] and
references therein. Here we shall consider the von Neu-
mann entropy which we shall compare to the classical
entropy associated with the Wigner representation of
the density matrix. We shall also mention the Renyi-2
entropy which, in the present context, carries essentially
the same information as the von Neumann entropy.

The von Neumann entropy SvN is defined as

SvN[⇢] = �Tr⇢ ln ⇢ . (58)

In the present case, the calculation of SvN reduces to
the calculation of multidimensional Gaussian integrals.
It is explicitly carried out in Appendix B. It is shown
there that SvN depends on time through a single vari-
able, which can be chosen to be the so-called purity p

p ⌘ Tr⇢2 =
E

2

ac �
b2

4

. (59)

The purity measure the deviation of the density matrix
from that of a pure state. For a pure state, Tr⇢2 = Tr⇢ =
1, and p = 1. When the density matrix represent a sta-
tistical mixture, p < 1. In terms of p, SvN takes the form

SvN = log

✓
1 � p

4p

◆
+

1
p

p
ln

1 + p + 2
p

p

(1 � p)
. (60)

By using the explicit time dependence of the coefficients
a, b and c given by Eq. (31), one obtains

1

p
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t1

◆✓
1 +
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3

12t
3
2

t + 4t1
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◆
. (61)

As discussed in the previous section, the following or-
dering of time scales holds in the relevant high energy
regime: t1 < t2 < t0. There are therefore three regimes
of interest :

• Initial stage:

t ⌧ t1, p ' 1 . (62)
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Figure 5. Time evolution of the quark’s SvN and SW entropies.
Here we used the same parameters as in Fig. 3.

the coordinate space density matrix remain significant
in a small range of the order of the thermal wavelength
�T ⇠ 1/ET , rather than becoming arbitrarily small. For
the present choice of parameters, q̂ = 0.3 GeV3, T = 0.5
GeV, and E = 200 GeV, we find trel ' 66.7 fm, which
is larger than t2 ' 22 fm, but not much larger.13 Thus,
whether, in the presence of dissipation, the regime of the
rapid entropy growth will develop fully or not may de-
pend significantly on the values of the relevant parame-
ters.

V. SUMMARY AND CONCLUSIONS

We have studied the time evolution of the density ma-
trix of an energetic quark in the presence of a dense QCD
medium, by solving simple master equations for its re-
duced density matrix. The two color components of the
density matrix evolve independently, with only the sin-
glet component surviving the propagation through the
QCD medium. At late times we observe that the off-
diagonal elements are suppressed sooner in the position
representation than in the momentum representation of
the density matrix. We interpret the simultaneous “di-
agonalisation” of the density matrix in both representa-
tions as a signal that its Wigner representation behaves
at late times as a classical phase space distribution. This
interpretation is further supported by the explicit cal-
culation of the von Neumann entropy, which is shown
to agree completely with the classical Wigner entropy
at late time. The two regimes of entropy growth can
be interpreted as two regimes where first the momen-
tum space is populated, and then the coordinate space.

13 Note that trel = t2ET is independent of the initial condition, but t2
is.

We note that the regime of the fast entropy growth at
late time is not accessible in the exact eikonal limit, i.e.
E ! 1, where the density matrix reduces to Eq. (54),
because in this regime the transverse position of the
quark is frozen. We also argue that this regime may be
affected by dissipation effects that are not included in
the master equation that we used. A simple estimate of
these dissipation effects suggests that the development
of the late time entropy growth may be tamed before de-
veloping fully, depending on the values of the relevant
parameters.

The model that we have studied in this paper is an
oversimplified picture of an in-medium jet. More realis-
tic situations can of course be considered, such as more
complex initial conditions for the quark, and a more re-
alistic description of the plasma. More importantly the
present study needs to be extended by including radia-
tive corrections to the reduced density matrix. Such ra-
diative correction would, in particular, have impact on
the jet entropy [51]. In addition, increasing the num-
ber of particles in the jet leads to more complex color
structures that are worth exploring [8, 52]. Although
the in-medium evolution results in the randomization
of the jet’s color degrees of freedom [37], how such an
effect manifests itself beyond fixed order is not known
in detail so far [JP: I do not understand this technical
remark ”fixed order” here...]. Understanding this as-
pect is important to describe the final particle distribu-
tion after hadronization, see e.g. [53]. Such issues will
be addressed in future works.
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Appendix A: Derivation of the color singlet and octet
evolution equations

Here we derive the master equations for the singlet
and octet color components of the density matrix, i.e.
Eqs. (14) and (13). For that, we start from the relation

11

In this stage, collisions do not play a significant
role and the system evolves as a nearly pure state
with vanishing entropy, SvN ! 0 as p ! 1.

• Spatial decoherence: t1 ⌧ t ⌧ t2

p '
1⇣

t
t1

⌘⇣
1 + t3

12t32

⌘ '
t1

t
⌧ 1 . (63)

In this regime, p ⌧ 1 and the system is in a mixed
state. Moreover, the off-diagonal elements of the
density matrix in the position representation be-
come strongly suppressed by the growth of hK2

it

(see Eq. (51)). In this regime, the von Neumann
entropy takes the simple form:

SvN = ln
1

p
+ 2 � ln 4 + O(p1/2)

'
t1⌧t⌧t2

ln
t

t1
= ln

hK2
it

µ2
. (64)

It increases logarithmically with hK2
it. Note the

constant, 2 � ln 4, beyond the leading logarithmic
term. We shall encounter it again shortly.

• Memory loss: t � t2

p '
12t1t

3
2

t4
⌧ 1 . (65)

What characterizes this regime is the diagonaliza-
tion of the density matrix in the momentum space,
as well as the loss of memory of the initial condi-
tion. Asymptotically the entropy behaves as

SvN ' ln
1

p
' ln

q̂
2
t
4

E2
⇠ lnhk2

ithb
2
it . (66)

Its increase as the logarithm of the total phase
space measured by hk2

ithb
2
it is what one could

expect in a classical regime.

To confirm this classical feature, let us consider the
following Wigner entropy

SW ⌘ �

Z

K,b
⇢W(b,K) log ⇢W(b,K) , (67)

where ⇢W is the Wigner representation of the density
matrix, see e.g. [48, 49]. Eq. (67) can be understood as the
classical entropy obtained from the phase space distri-
bution associated with ⇢W . A simple calculation yields

SW = ln
1

p
+ 2 � ln 4. (68)

The constant SW(t = 0) = 2 � ln 4, is that met earlier
in the small p expansion of SvN (see Eq. (64)). It corre-
sponds to the entropy of a classical distribution function

that takes the same form as the initial density matrix.
Comparing Eq. (68) to Eq. (64) we find that at late times

SW � SvN

SW

⇡

p
p

ln(1/p)
. (69)

This vanishes as t ! 1, indicating that at late times the
entropy content of the quark density matrix coincides
with that of a classical phase space distribution.

The Renyi-2 entropy is often used in place of the von
Neumann entropy, because it is much simpler to evalu-
ate. It is defined as [50]

S2[⇢] = �
1

2
log(Tr ⇢

2) =
1

2
log

1

p
, (70)

Thus, to within a factor 1/2 and the constant 2 � ln 4, it
is identical to the Wigner entropy introduced in Eq. (68).
At late time all three entropies, the von Neumann en-
tropy, the Renyi-2 entropy and the Wigner entropy carry
the same information.

To illustrate all the above points, we display in Fig. 5
the time evolutions of both the von Neumann and the
Wigner entropies. This figure confirms that SvN ' SW

as soon as t & t1. In addition, the figure displays the
drop of the purity when t ⇠ t1.

As a final remark, we note that the apparent un-
bounded growth of the entropy at late times, is a con-
sequence of the fact that the master equation for the re-
duced density matrix that we have used accounts only
for collisional decoherence, but ignore friction and dis-
sipation. We could expect indeed friction to alter the
late time evolution and drive the transverse motion of
the quark to equilibrium with the surrounding medium.
It is relatively straightforward to include such effects in
the master equation, following for instance the analogy
with the heavy quark problem [20]. Including friction
effect amounts in particular to generalize the correlation
function in Eq. (4) beyond the instantaneous limit. In
momentum space, this leads generically to an evolution
equation of the form12 (cp. Eq. (21))


@

@t
�

@

@K

✓
q̂

4

@

@K
+ �f

K

E

◆�
P(K, t) = 0 , (71)

where we used the harmonic approximation and �f

is the friction coefficient, related to q̂ via the Einstein
relation, �f = q̂/4T ⇠ T

2. The late time solution
to this equation is a thermal momentum distribution,
P(K, t) / exp[�K2

/(2ET )]. This implies that at late
times the entropy saturates at a maximum value, which
is achieved once hK2

it ' q̂t = 2ET , that is at time t &
trel, where trel ⌘ ET/q̂. When this transverse thermal-
isation is reached, the off-diagonal matrix elements of

12 We postpone the discussion of the evolution equation for the full
density matrix to a forthcoming work.
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and gradually identifies to the momentum distribution
as t grows. Fig. 4 also reveals the existence of a cross-
over time tE where ✓c = ✓br:

tE ⌘

s
E

q̂
=

p
t0t1, t1 < tE < t2. (57)

This corresponds to the time where the energy of the
quark satisfies E = q̂t

2
⌘ !c. However, neither the time

scale tE nor the energy !c seem to play any significant
role in the evolution of the density matrix.

Figure 4. Relation between the temporal and angular scales
identified in the main text. We have identified three regions
(shaded blue, yellow and pink regions), related to the evolu-
tion of ⇢ in momentum space. In the first (blue), the initial
condition sets the form of the density matrix. This is followed
by a region (yellow) where momentum broadening drives dif-
fusion in momentum space, but the off-diagonal elements are
still sensitive to the initial configuration of the system. In po-
sition space, this region is characterized by the suppression
of off-diagonal elements, while the diagonal has roughly the
same form as the initial condition. Finally, at later times the
system loses all knowledge of the initial condition (pink re-
gion). We used the values q̂ = 0.3 GeV3, µ = 0.3 GeV, and
E = 200 GeV. We also identify the scale when the quark en-
ergy matches the scale !c, i.e. when t = tE . This divides the
plot into a region where E > !c and E < !c.

Interestingly, the angle ✓c has been previously identi-
fied in the context of color coherence of QCD antennas
in the medium [41–46]. It is also related to the character-
istic angle for medium induced radiation [5, 6]. In the
present case, ✓c controls the loss of coherence between
the two legs of the effective dipole in the third diagram
in Fig. 2. As discussed earlier, this loss of coherence, that
manifests itself in the vanishing of the off-diagonal ma-
trix elements of hk| ⇢ |k̄i, can be related to the random

walk done by the quark in the transverse plane. The
scale !c is also associated to the medium induced radia-
tion problem, characterizing the critical frequency above
which gluon emissions are suppressed due to QCD LPM

effect [5, 6] and is related to ✓c by ✓c =
q

hk2
it/!c.

IV. ENTROPY AS A MEASURE OF QUANTUM TO
CLASSICAL TRANSITION

The two regimes that we have indentified in the pre-
vious section, with their associated characteristic time
scales t1 and t2, are nicely reflected in the entropy associ-
ated with the density matrix. There are several entropy
measures which, although differing quantitatively, are
maximized/minimized by the same density matrices,
and share common qualitative features, see e.g. [47] and
references therein. Here we shall consider the von Neu-
mann entropy which we shall compare to the classical
entropy associated with the Wigner representation of
the density matrix. We shall also mention the Renyi-2
entropy which, in the present context, carries essentially
the same information as the von Neumann entropy.

The von Neumann entropy SvN is defined as

SvN[⇢] = �Tr⇢ ln ⇢ . (58)

In the present case, the calculation of SvN reduces to
the calculation of multidimensional Gaussian integrals.
It is explicitly carried out in Appendix B. It is shown
there that SvN depends on time through a single vari-
able, which can be chosen to be the so-called purity p

p ⌘ Tr⇢2 =
E

2

ac �
b2

4

. (59)

The purity measure the deviation of the density matrix
from that of a pure state. For a pure state, Tr⇢2 = Tr⇢ =
1, and p = 1. When the density matrix represent a sta-
tistical mixture, p < 1. In terms of p, SvN takes the form

SvN = log
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1 � p

4p
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1
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p
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1 + p + 2
p

p

(1 � p)
. (60)

By using the explicit time dependence of the coefficients
a, b and c given by Eq. (31), one obtains

1
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t
3
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3
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t + 4t1
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◆
. (61)

As discussed in the previous section, the following or-
dering of time scales holds in the relevant high energy
regime: t1 < t2 < t0. There are therefore three regimes
of interest :

• Initial stage:

t ⌧ t1, p ' 1 . (62)
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measures which, although differing quantitatively, are
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and share common qualitative features, see e.g. [47] and
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entropy which, in the present context, carries essentially
the same information as the von Neumann entropy.
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of interest :
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In this stage, collisions do not play a significant
role and the system evolves as a nearly pure state
with vanishing entropy, SvN ! 0 as p ! 1.
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In this regime, p ⌧ 1 and the system is in a mixed
state. Moreover, the off-diagonal elements of the
density matrix in the position representation be-
come strongly suppressed by the growth of hK2
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(see Eq. (51)). In this regime, the von Neumann
entropy takes the simple form:
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It increases logarithmically with hK2
it. Note the

constant, 2 � ln 4, beyond the leading logarithmic
term. We shall encounter it again shortly.
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What characterizes this regime is the diagonaliza-
tion of the density matrix in the momentum space,
as well as the loss of memory of the initial condi-
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Its increase as the logarithm of the total phase
space measured by hk2

ithb
2
it is what one could

expect in a classical regime.

To confirm this classical feature, let us consider the
following Wigner entropy

SW ⌘ �

Z

K,b
⇢W(b,K) log ⇢W(b,K) , (67)

where ⇢W is the Wigner representation of the density
matrix, see e.g. [48, 49]. Eq. (67) can be understood as the
classical entropy obtained from the phase space distri-
bution associated with ⇢W . A simple calculation yields

SW = ln
1

p
+ 2 � ln 4. (68)

The constant SW(t = 0) = 2 � ln 4, is that met earlier
in the small p expansion of SvN (see Eq. (64)). It corre-
sponds to the entropy of a classical distribution function

that takes the same form as the initial density matrix.
Comparing Eq. (68) to Eq. (64) we find that at late times
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This vanishes as t ! 1, indicating that at late times the
entropy content of the quark density matrix coincides
with that of a classical phase space distribution.

The Renyi-2 entropy is often used in place of the von
Neumann entropy, because it is much simpler to evalu-
ate. It is defined as [50]
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Thus, to within a factor 1/2 and the constant 2 � ln 4, it
is identical to the Wigner entropy introduced in Eq. (68).
At late time all three entropies, the von Neumann en-
tropy, the Renyi-2 entropy and the Wigner entropy carry
the same information.

To illustrate all the above points, we display in Fig. 5
the time evolutions of both the von Neumann and the
Wigner entropies. This figure confirms that SvN ' SW

as soon as t & t1. In addition, the figure displays the
drop of the purity when t ⇠ t1.

As a final remark, we note that the apparent un-
bounded growth of the entropy at late times, is a con-
sequence of the fact that the master equation for the re-
duced density matrix that we have used accounts only
for collisional decoherence, but ignore friction and dis-
sipation. We could expect indeed friction to alter the
late time evolution and drive the transverse motion of
the quark to equilibrium with the surrounding medium.
It is relatively straightforward to include such effects in
the master equation, following for instance the analogy
with the heavy quark problem [20]. Including friction
effect amounts in particular to generalize the correlation
function in Eq. (4) beyond the instantaneous limit. In
momentum space, this leads generically to an evolution
equation of the form12 (cp. Eq. (21))
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where we used the harmonic approximation and �f

is the friction coefficient, related to q̂ via the Einstein
relation, �f = q̂/4T ⇠ T

2. The late time solution
to this equation is a thermal momentum distribution,
P(K, t) / exp[�K2

/(2ET )]. This implies that at late
times the entropy saturates at a maximum value, which
is achieved once hK2

it ' q̂t = 2ET , that is at time t &
trel, where trel ⌘ ET/q̂. When this transverse thermal-
isation is reached, the off-diagonal matrix elements of

12 We postpone the discussion of the evolution equation for the full
density matrix to a forthcoming work.



• The theory of open quantum systems offers a useful 
framework to calculate the interactions of complex hard 
probes with their environment.

Summary

• It also provides interesting perspectives and reveals 
connections between seemingly unrelated problems (examples 
discussed in the talk: quarkonia and (simplified) jets). 

• It allows to derive many different approaches from a common 
starting point.


