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Quantum does it better!

Quantum objects give an advantage over ordinary ones.

Unifying theme in quantum information: quantum is a
resource.

This idea is made mathematically rigorous with resource
theories.
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What is a resource?

Something becomes a resource when there’s some limitation.

Oil as a resource
Oil is a resource because e.g. cars need fuel.
It becomes more valuable if there isn’t much of it.
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Quantum resource theories [Chitambar & Gour]

Everything starts with a restriction on the allowed
operations (i.e. channels). . .

Only a subset of operations can be performed (free
operations), dictated by the physical setting:

the identity channel is free;
the composition of free operations is free;
the tensor product of free operations is free.
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States as resources

A state ρ of A can be viewed as a channel from the trivial
quantum system I to A.

Free operations from I to A are the free states of A.

Main question
Can ρ be converted into σ with free operations?
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Success of resource theories

A lot of results:

entanglement theory [Plenio & Virmani, Horodecki et al.];
quantum thermodynamics [Goold et al., Lostaglio];
quantum coherence [Streltsov et al.];
symmetry and reference frames [Bartlett et al.].
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Are resource theories really quantum?

The definition of quantum resource theory doesn’t employ
quantum concepts!

The key is the restriction!
We start from an underlying theory where:

1 we can compose systems;
2 there is a trivial system (lack of a system);
3 we can compose processes in sequence and in parallel;
4 there is an identity;
5 we can swap systems.

Mathematically, this is a strict symmetric monoidal category.

States of A are processes from the trivial system to A.
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Resource theories as subcategories [Coecke et al.]

The restriction determines a partition of processes between
free and non-free ones:

the identity is free;
swapping resource systems is free;
sequential and parallel composition of free processes is
free.

Mathematical description of a resource theory
It’s a wide symmetric monoidal subcategory of an underlying
strict symmetric monoidal category.

Free states of A are free processes from the trivial system to A.
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Section 2

Discrete dynamical systems
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Discrete dynamical systems (DDSs)

DDSs model many different situations.

Evolution is often split into an unperturbed part and a
perturbation.
The perturbation is assumed to be small.
We want to move beyond this assumption.
We want results that apply to a large class of DDSs. . .
regardless of the actual details of the concrete DDS.

Use resource theories.

We work in the finite case: a finite set S , with a generator of
dynamics ϕ : S → S .
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Mathematical details

The evolution of a (deterministic) state s ∈ S after n
time steps is ϕn (s).

We replace perturbations with influences: functions
f : S → S .
To model uncertainty on the state of the system, we
introduce randomness.
Stochastic states: probability vectors p.
The evolution stays deterministic: p evolves under ϕ.
We may allow stochastic influences: stochastic maps
f : S → S, with S simplex of probability vectors on S .
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Features of a DDS
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There is always at least one attractor (cycle).
An attractor is reached after enough time steps.
There may be transient states too.
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Three important notions

S is partitioned into basins of attraction.
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ℓ = 4

2

ℓ = 2ℓ = 2

The length ℓ of a state is the length of the cycle in its basin of
attraction.
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d = 2d = 2

d = 0

The transient progeny d of a state is the number of steps
necessary to reach its attractor.
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S is partitioned into basins of attraction.

b

b

b

b

b

b

b

b

b

b

b b

b

bb

b

φ

a = 2a = 2

a = +∞a = +∞

The ancestry a (s) of a state s is the number of steps
necessary to reach s from its farthest predecessor.
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Covariance

To get a resource theory, we must introduce a restriction
on influences.

We restrict ourselves to covariant influences [CMS et al.]:

f ◦ ϕ = ϕ ◦ f .

The idea is that the influence “respects” unperturbed evolution.

Theorem
Covariant influences form a wide symmetric monoidal
subcategory of the category of influences.

Carlo Maria Scandolo From quantum resource theories to DDSs



Resource theories
Discrete dynamical systems

Covariance

To get a resource theory, we must introduce a restriction
on influences.
We restrict ourselves to covariant influences [CMS et al.]:

f ◦ ϕ = ϕ ◦ f .

The idea is that the influence “respects” unperturbed evolution.

Theorem
Covariant influences form a wide symmetric monoidal
subcategory of the category of influences.

Carlo Maria Scandolo From quantum resource theories to DDSs



Resource theories
Discrete dynamical systems

Covariance

To get a resource theory, we must introduce a restriction
on influences.
We restrict ourselves to covariant influences [CMS et al.]:

f ◦ ϕ = ϕ ◦ f .

The idea is that the influence “respects” unperturbed evolution.

Theorem
Covariant influences form a wide symmetric monoidal
subcategory of the category of influences.

Carlo Maria Scandolo From quantum resource theories to DDSs



Resource theories
Discrete dynamical systems

Covariance

To get a resource theory, we must introduce a restriction
on influences.
We restrict ourselves to covariant influences [CMS et al.]:

f ◦ ϕ = ϕ ◦ f .

The idea is that the influence “respects” unperturbed evolution.

Theorem
Covariant influences form a wide symmetric monoidal
subcategory of the category of influences.

Carlo Maria Scandolo From quantum resource theories to DDSs



Resource theories
Discrete dynamical systems

Conversions in the deterministic case [CMS et al.]

We have a resource theory of covariant influences.

Take two deterministic states s and s ′.
Can we go from s to s ′ with (deterministic) covariant
influences?

Theorem
We have a covariant transition from s to s ′ if and only if

1 ℓ′ | ℓ, and
2 d ′ ≤ d , and
3 a (ϕn (s ′)) ≥ a (ϕn (s)) for n = 0, . . . , d ′ − 1.
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Resource theories
Discrete dynamical systems

Conversions in the stochastic case [CMS et al.]

Represent a stochastic influence with a stochastic matrix
F .

Take two stochastic states p and p′.
Does there exist a covariant F such that Fp = p′?

No concise and universal answer, but the problem can be
phrased as a linear decision problem.

We can still say something general about the stochastic
case. . .
The entries of F are p (s ′|s): the probability of jumping
from s to s ′ (deterministic states).
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The entries of a covariant F [CMS et al.]

If p (s ′|s) = 0, no transition is possible from s to s ′.

New question: which transitions from s to s ′ are
forbidden under stochastic covariant influences?

Proposition
If d ′ > d or a (ϕn (s ′)) < a (ϕn (s)) for some n, then no
transition is possible from s to s ′.

Now transitions violating the divisibility rule are possible!

Randomness in covariant influences is a resource: it activates
transitions between deterministic states.
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Resource theories
Discrete dynamical systems

Conclusions

Resource theories are a powerful tool from quantum
information. . .

but they can be applied outside of the quantum domain.
An example are DDSs.
We were able to find universal results in the presence of
covariant influences.
What other non-quantum areas could we apply them to?
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