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QCD
Quantum ChromoDynamics is a very rich field!

We will focus on perturbative QCD  

confinement

flavour puzzles

spectroscopy

asymptotic freedom

quark-gluon-plasma

lattice gauge theory
strong CP-problem QCD at finite temperature
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Importance of QCD corrections
perturbation theory in the strong coupling 

leading order
next-to-leading order

next-to-next-to-leading order

NLO corrections ~

NNLO corrections typically a few % 

but there are prominent exceptions,  
e.g. Higgs production in gluon fusion: 
NLO corr. ~100%, NNLO ~30%

from M. Grazzini, D. de Florian
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QCD
•  QCD is the theory of one of the 4 fundamental forces in nature:

the strong interactions

•  it describes the interactions between quarks and gluons, also called partons

•  however the strong coupling is not a constant, it depends on the energy 

•  at high energies, the coupling is small: asymptotic freedom

• at small energies: coupling large, no free quarks and gluons 

• what does “strong” interaction mean? 
about         times larger than the gravitational force (at length scales of the size of a nucleon, ~1fm)

confinement (hadrons)
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Hadronic collisions
• at hadron colliders (e.g. CERN LHC), QCD is everywhere

figure: T. Sjøstrand

• need to factorise perturbative from non-perturbative part 

important concepts:

• asymptotic freedom

• factorisation
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non-perturbative stuff

visualisation of pile-up (multiple soft collisions in each bunch crossing)  
in the ATLAS tracker (Run I)

separation of perturbative from non-perturbative parts highly non-trivial!
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Stages of an event

fixed order calculations
(production and decay)

resummation

parton shower

hadronisation

parton distribution 
functions (PDFs)

artwork by G.Luisoni

reduce scale uncertainties

reduce parametric uncertainties 
(couplings, masses)

-dependence

reduce uncertainties in  
particular kinematic regionsunderlying event
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Asymptotic freedom

will be discussed in  
more detail later

strong coupling is not constant

• at very large energies quarks and gluons are almost free particles

• becomes weaker as energy scale increases
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Factorisation

high energy scattering, calculable as a series in perturbation theory
can be (mostly) separated from non-perturbative components

parton distribution functions (PDFs)

factorisation scale

power corrections
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Properties of quarks
• quarks are fermions (spin 1/2)

• they are the constituents of hadrons

• they come in 6 flavours, forming 3 generations of up-type and down-type quarks

(doublets under weak interactions and strong isospin)

• charges: up-type: 2/3, down-type: -1/3 (opposite for antiquarks) 

• additional quantum number: colour charge: SU(3) local gauge theory

• the masses of the different quark flavours are very different, we do not know why
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Evidence for colour
how do we know the colour quantum number exists ?

examples:

•  hadronic R-ratio

would violate Pauli’s exclusion principle without additional quantum number

•  existence of doubly charged baryons, e.g.

note however that with the width would be independent of 

• Pion decay number of  
colours

• jet measurements
hep-ex/0603011
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Evidence for Colour

R = 3

✓
(
2

3
)2 + (�1

3
)2 + (�1

3
)2 + . . .

◆

u d s

R(s) = Nc

X

f=u,d,s,c,...

e2f ✓(s� 4m2
f )
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to produce quark-antiquark-pair  
of mass 
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R-ratio

Harlander, Steinhauser,  
hep-ph/0212294

resonances removed,  
higher order corrections included

mc ' 1.3GeV

<latexit sha1_base64="SRQ8Xwp2KbJx2rPSVOWXlwBSMLk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXEhJtKDuii50WcE+oAlhMr1th84kcWYilFA3/oobF4q49S/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/NfIbDyAVi6M7PUjAF6QbsQ6jRBspsPdEQD3FBNxjt3TqHWeeFPga6sPALjolZww8T9wpKaIpqoH95bVjmgqINOVEqZbrJNrPiNSMchgWvFRBQmifdKFlaEQEKD8bfzDEh0Zp404sTUUaj9XfExkRSg1EaDoF0T01643E/7xWqjvnfsaiJNUQ0cmiTsqxjvEoDtxmEqjmA0MIlczcimmPSEK1Ca1gQnBnX54n9ZOSWy5d3JaLlctpHHm0jw7QEXLRGaqgG1RFNUTRI3pGr+jNerJerHfrY9Kas6Yzu+gPrM8f14KV4A==</latexit>

mb ' 4.5GeV
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QCD Lagrangian
strong interactions: gauge theory, “colours” of quarks

fermionic part: quark fields for flavour f: colour index

for free quark fields:

apply SU(N) group transformation:

generator
group transformation parameter
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QCD Lagrangian
generators of SU(3) in fundamental representation (3x3 matrices)

Gell-Mann matrices (traceless, hermitian)

more about colour algebra coming soon
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QCD Lagrangian
QCD is a local gauge theory

local means that the gauge transformation parameter depends on the space-time point:

how can we keep invariant despite this additional term?

introduce coupling to a gauge field through covariant derivative(gluon)

therefore and
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QCD Lagrangian

quark Lagrangian with “minimal coupling” of gluon:

invariant under local gauge transformations if we have

define then in index-free notation Dµ[A] = @µ + i gs A
µ

<latexit sha1_base64="V0ixlhbEVbXXznoYrVkgHTw18yc=">AAACIHicbZDLSsNAFIYn9VbrrerSzWARBEtJpFBdCPWycFnBXiBJw2Q6aYdOLsxMhBLyKG58FTcuFNGdPo2TNgttPTDw8f/ncOb8bsSokLr+pRWWlldW14rrpY3Nre2d8u5eR4Qxx6SNQxbynosEYTQgbUklI72IE+S7jHTd8XXmdx8IFzQM7uUkIraPhgH1KEZSSU65kViuB2/SvuXH5pQvU/vCihCXFLFMPaFWdegIq5q7/USJqVOu6DV9WnARjBwqIK+WU/60BiGOfRJIzJAQpqFH0k6yPZiRtGTFgkQIj9GQmAoD5BNhJ9MDU3iklAH0Qq5eIOFU/T2RIF+Iie+qTh/JkZj3MvE/z4yld2YnNIhiSQI8W+TFDMoQZmnBAeUESzZRgDCn6q8QjxBHWKpMSyoEY/7kReic1ox67fyuXmle5XEUwQE4BMfAAA3QBLegBdoAg0fwDF7Bm/akvWjv2sestaDlM/vgT2nfP4vloz4=</latexit>

Dµ[A]q(x)
!! U

⇣
Dµ[A] q(x)

⌘

<latexit sha1_base64="C8k1MGZyWFV3vmSPo6qHaN2P6Xc="></latexit>
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SU(3) gauge invariance
This gives a condition on the transformed gluon field 
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Yang-Mills Lagrangian

non-Abelian structure of SU(3) is related to gluon-self-interactions 

purely gluonic part: Yang-Mills Lagrangian

: structure constants of SU(3) 

8 gluons ( in the adjoint representation of SU(3) ) 

(totally antisymmetric)

 (C.N.Yang, R.Mills, 1954)

field strength tensor

a, b, c = 1, . . . , N2
c � 1

<latexit sha1_base64="zH21/AjATYlbgQCuSLHdwFeqr8U=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgIpakFNSFUHTjSirYB7QxTCaTduhkEmYmQgnFjb/ixoUibv0Kd/6N0zYLbT1w4XDOvdx7j58wKpVtfxsLi0vLK6uFteL6xubWtrmz25RxKjBp4JjFou0jSRjlpKGoYqSdCIIin5GWP7ga+60HIiSN+Z0aJsSNUI/TkGKktOSZ+xAiy7fwhWN1WRAracEbD99XThzPLNllewI4T5yclECOumd+dYMYpxHhCjMkZcexE+VmSCiKGRkVu6kkCcID1CMdTTmKiHSzyQsjeKSVAIax0MUVnKi/JzIUSTmMfN0ZIdWXs95Y/M/rpCo8czPKk1QRjqeLwpRBFcNxHjCggmDFhpogLKi+FeI+EggrnVpRh+DMvjxPmpWyUy2f31ZLtcs8jgI4AIfgGDjgFNTANaiDBsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxucPSzSU1Q==</latexit>

)

<latexit sha1_base64="C6jXpHVoYJ/iAcdjFnW6MpF0HSI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMQ9IljA7mU2GzM6uM72REPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Ez9xpBrI2L1gKOE+xHtKREKRtFKPiHte9HrI9U6fuoUS27ZnYEsEy8jJchQ7RS/2t2YpRFXyCQ1puW5CfpjqlEwySeFdmp4QtmA9njLUkUjbvzx7OgJObFKl4SxtqWQzNTfE2MaGTOKAtsZUeybRW8q/ue1Ugwv/bFQSYpcsfmiMJUEYzJNgHSF5gzlyBLKtLC3EtanmjK0ORVsCN7iy8ukflb2zstXd+elynUWRx6O4BhOwYMLqMAtVKEGDB7hGV7hzRk6L8678zFvzTnZzCH8gfP5A0Lckc0=</latexit>
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so far we have L = Lq + LYM

<latexit sha1_base64="wmhm53i88uySckqIhGoFQa7VdHk=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARFKEkUlAXQtGNC4UK9iJNCJPppB06k8SZiVBCnsGNr+LGhSJuXbnzbZxe8NL6w8DHf87hzPn9mFGpLOvTyM3Mzs0v5BcLS8srq2vm+kZdRonApIYjFommjyRhNCQ1RRUjzVgQxH1GGn7vbFBv3BEhaRReq35MXI46IQ0oRkpbnrkHUwcjBi+yk2/ybvd/OHUET28us8wzi1bJGgpOgz2GIhir6pkfTjvCCSehwgxJ2bKtWLkpEopiRrKCk0gSI9xDHdLSGCJOpJsOT8rgjnbaMIiEfqGCQ/f3RIq4lH3u606OVFdO1gbmf7VWooIjN6VhnCgS4tGiIGFQRXCQD2xTQbBifQ0IC6r/CnEXCYSVTrGgQ7AnT56G+kHJLpeOr8rFyuk4jjzYAttgF9jgEFTAOaiCGsDgHjyCZ/BiPBhPxqvxNmrNGeOZTfBHxvsXrfic6Q==</latexit>

is gauge invariant, but:

path integral contains physically equivalent configurations (by gauge transformations)

path integral over the action is not well defined due to this redundancy)

<latexit sha1_base64="C6jXpHVoYJ/iAcdjFnW6MpF0HSI=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6CXjxGMQ9IljA7mU2GzM6uM72REPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Ez9xpBrI2L1gKOE+xHtKREKRtFKPiHte9HrI9U6fuoUS27ZnYEsEy8jJchQ7RS/2t2YpRFXyCQ1puW5CfpjqlEwySeFdmp4QtmA9njLUkUjbvzx7OgJObFKl4SxtqWQzNTfE2MaGTOKAtsZUeybRW8q/ue1Ugwv/bFQSYpcsfmiMJUEYzJNgHSF5gzlyBLKtLC3EtanmjK0ORVsCN7iy8ukflb2zstXd+elynUWRx6O4BhOwYMLqMAtVKEGDB7hGV7hzRk6L8678zFvzTnZzCH8gfP5A0Lckc0=</latexit>

QCD Lagrangian 
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Gauge fixing

• the gluon propagator is constructed from the

inverse of the bilinear term in the gluon fields                  in the action 

SYM = i

Z
d4x

⇢
�1

4
F a
µ⌫ F

a,µ⌫

�
� i

2

Z
d4xAa

µ(x) (@
2gµ⌫ � @µ@⌫)Ab

⌫(x)�ab

<latexit sha1_base64="K2qRBVdynuTgKYX3oj87mdD4SF8="></latexit>

• in momentum space: ⇠ 1

2

Z
d4k

(2⇡)4
Ãa

µ(p) (p
2gµ⌫ � pµp⌫) Ãb

⌫(p) �ab

<latexit sha1_base64="yrVhdjFTw6humV6BsjcF7CTOTQM="></latexit>
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Gauge fixing
in momentum space the propagator should fulfill

however as 

(1)

Eq. (1) has zero modes, so the matrix in the square brackets is not invertible

reason: contains redundant, physically equivalent configurations

need gauge fixing: add constraint on gluon fields with a Lagrange multiplier 

(cf QED Green's function to solve e.o.m.)
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QCD Lagrangian
covariant gauges: add condition 

: propagator in Feynman gauge

: propagator in Landau gauge

leads to bilinear term of the form

with inverse (colour part        omitted)

shifts the poles of the propagator slightly away from the real axis
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QCD Lagrangian

• however in covariant gauges unphysical (non-transverse) degrees of freedom can propagate

• their effect is cancelled by ghost fields
(coloured complex scalars obeying Fermi statistics, do not occur as external states)

Faddeev-Popov matrix in covariant gauge:

[L. Faddeev, V. Popov 1967]

complete QCD Lagrangian:
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Physical gauges
• unphysical degrees of freedom and the ghost fields can be avoided by choosing  

axial (physical) gauges: 

in axial gauges:

vector with

gluon propagator:

no propagating ghost fields:

zero

condition ;

special case light-cone gauge:
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Physical gauges

in light-cone gauge we have

: polarisation vector

only the two physical polarisations propagate

e.g. choose then

or
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Colour algebra



Introduction to QCD Gudrun Heinrich30

Colour Algebra

generators fulfill

SU(N): Lie group (elements depend on a finite number of continuous parameters)

representation: mapping of group elements onto matrices, such that  
group operations translate to matrix operations 

associated algebra:

independent of the representation

number of generators = dimension of the group

U: unitary ;  S: “special” (det U=1)
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Colour Algebra

• fundamental representation:

important representations:

generators are matrices

Gell-Mann matrices

• adjoint representation: generators are matrices

i.e. indices run over dimension of the group

generators with

quarks are in the fundamental representation, gluons in the adjoint
8 gluons, each quark flavour comes in three colours 
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Colour Algebra
explicit example for a quark-gluon vertex

figure:  
Peter Skands

gluons can be represented as double lines of colour-anticolour combinations, e.g.  

note that the combination does not occur for the gluon

,

because this would correspond to a colour singlet
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Gell-Mann matrices (again)
generators of SU(3) in fundamental representation

Gell-Mann matrices (traceless, hermitian)
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Colour Algebra pictorially



Introduction to QCD Gudrun Heinrich35

Colour “Casimirs”
group invariants:

: eigenvalues of Casimir operators in fundamental/adjoint representation

usually (convention)

(Casimir operators commute with any element of the Lie algebra)
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Colour “Fierz identities”
the double line representation for the gluons also allows us to  
 derive some identities, for example

j

<latexit sha1_base64="WEm451zIbhfqJZo7fFsCR/uGFMQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ9lsJ+3azSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpnjz2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5VvfPq1d15pXadx1GEIziGU/DgAmpwC3VoAIMQnuEV3pyR8+K8Ox/z1oKTzxzCHzifPyp0jSQ=</latexit>
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second term is the case where quarks have the same colour no gluon is exchanged;

normalisation can be seen e.g. by contracting with �jk

<latexit sha1_base64="8lvJ6ZsDSX8js+DSHqFUs/u7e1k=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QXcLs7GwyZvbBTK8QlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTzq6CRTjLdZIhPV86nmUsS8jQIl76WK08iXvOuPb2d+94krLZL4AScp9yI6jEUoGEUjucQNuEQ6yB/H00G1ZtftOcgqcQpSgwKtQfXLDRKWRTxGJqnWfcdO0cupQsEkn1bcTPOUsjEd8r6hMY249vL5zVNyZpSAhIkyFSOZq78nchppPYl80xlRHOllbyb+5/UzDK+8XMRphjxmi0VhJgkmZBYACYTiDOXEEMqUMLcSNqKKMjQxVUwIzvLLq6RzUXca9ev7Rq15U8RRhhM4hXNw4BKacActaAODFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx8AI5Gw</latexit>

taijt
a
kl�jk = taijt

a
jl = CF �il

<latexit sha1_base64="rKuTKxykFb3qZH+RCLjXPTlObbE=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIrsqMCCpYKBbEZQV7gbYOmTRt08lcSM4IZZiXceOruHFhEcGVr2LajmBbD4R8/P85JOd3QsEVmOaXkVlZXVvfyG7mtrZ3dvfy+wd1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNRy3MvEbT0wqHvgPMApZxyN9n/c4JaAlO38Nj8SO+TCZ3q5IcLvLBGgeuklpzhyKpFSxb399LhI7XzCL5rTwMlgpFFBaVTs/bncDGnnMByqIUi3LDKETEwmcCpbk2pFiIaEu6bOWRp94THXi6ZYJPtFKF/cCqY8PeKr+nYiJp9TIc3SnR2CgFr2J+J/XiqB32Ym5H0bAfDp7qBcJDAGeRIa7XDIKYqSBUMn1XzEdEEko6GBzOgRrceVlqJ8VrfPi1f15oXyTxpFFR+gYnSILXaAyukNVVEMUPaNX9I7GxovxZnwYn7PWjJHOHKK5Mr5/AJ6jpzA=</latexit>

lhs: rhs: TR

✓
�ilNc �

1

Nc
�il

◆
= TR

N2
c � 1

Nc
�il = CF �il

<latexit sha1_base64="nPF6178LUTMpsu+wHdIb/GAG6nM="></latexit>



Introduction to QCD Gudrun Heinrich37

Colour Algebra

note that contracting with �jk

<latexit sha1_base64="8lvJ6ZsDSX8js+DSHqFUs/u7e1k=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QXcLs7GwyZvbBTK8QlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTzq6CRTjLdZIhPV86nmUsS8jQIl76WK08iXvOuPb2d+94krLZL4AScp9yI6jEUoGEUjucQNuEQ6yB/H00G1ZtftOcgqcQpSgwKtQfXLDRKWRTxGJqnWfcdO0cupQsEkn1bcTPOUsjEd8r6hMY249vL5zVNyZpSAhIkyFSOZq78nchppPYl80xlRHOllbyb+5/UzDK+8XMRphjxmi0VhJgkmZBYACYTiDOXEEMqUMLcSNqKKMjQxVUwIzvLLq6RzUXca9ev7Rq15U8RRhhM4hXNw4BKacActaAODFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx8AI5Gw</latexit>

pictorially corresponds to

j

<latexit sha1_base64="WEm451zIbhfqJZo7fFsCR/uGFMQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ9lsJ+3azSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpnjz2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5VvfPq1d15pXadx1GEIziGU/DgAmpwC3VoAIMQnuEV3pyR8+K8Ox/z1oKTzxzCHzifPyp0jSQ=</latexit>

i

<latexit sha1_base64="vPdmrG38XaHl8PUBMdhjxWdcoZU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA+H9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AyjwjSM=</latexit>

k

<latexit sha1_base64="FxKNxiV9W8kT5aiccKcbbJ7qSsU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHsi4X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr1+r5Wqd/kcRThBE7hHDy4hDrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDyv4jSU=</latexit>

l

<latexit sha1_base64="wFJ+jEVnsx2pllQgD/dqLYFUUv8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSAxH9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay18jSY=</latexit>

�jk

<latexit sha1_base64="8lvJ6ZsDSX8js+DSHqFUs/u7e1k=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QXcLs7GwyZvbBTK8QlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0qh0ba/rdLa+sbmVnm7srO7t39QPTzq6CRTjLdZIhPV86nmUsS8jQIl76WK08iXvOuPb2d+94krLZL4AScp9yI6jEUoGEUjucQNuEQ6yB/H00G1ZtftOcgqcQpSgwKtQfXLDRKWRTxGJqnWfcdO0cupQsEkn1bcTPOUsjEd8r6hMY249vL5zVNyZpSAhIkyFSOZq78nchppPYl80xlRHOllbyb+5/UzDK+8XMRphjxmi0VhJgkmZBYACYTiDOXEEMqUMLcSNqKKMjQxVUwIzvLLq6RzUXca9ev7Rq15U8RRhhM4hXNw4BKacActaAODFJ7hFd6szHqx3q2PRWvJKmaO4Q+szx8AI5Gw</latexit>

j

<latexit sha1_base64="WEm451zIbhfqJZo7fFsCR/uGFMQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ9lsJ+3azSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpnjz2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5VvfPq1d15pXadx1GEIziGU/DgAmpwC3VoAIMQnuEV3pyR8+K8Ox/z1oKTzxzCHzifPyp0jSQ=</latexit>

i

<latexit sha1_base64="vPdmrG38XaHl8PUBMdhjxWdcoZU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA+H9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AyjwjSM=</latexit>

l

<latexit sha1_base64="wFJ+jEVnsx2pllQgD/dqLYFUUv8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSAxH9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay18jSY=</latexit>

=
j

<latexit sha1_base64="WEm451zIbhfqJZo7fFsCR/uGFMQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx6r2A9oQ9lsJ+3azSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJYPZpygH9GB5CFn1Fjpnjz2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZpdOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDglG4K3+PIyaZ5VvfPq1d15pXadx1GEIziGU/DgAmpwC3VoAIMQnuEV3pyR8+K8Ox/z1oKTzxzCHzifPyp0jSQ=</latexit>

=
l

<latexit sha1_base64="wFJ+jEVnsx2pllQgD/dqLYFUUv8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSAxH9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ay18jSY=</latexit>

i

<latexit sha1_base64="vPdmrG38XaHl8PUBMdhjxWdcoZU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA+H9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aVTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ22TAFTIjJpZQpri9lbARVZQZG07JhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5AyjwjSM=</latexit>

(quark self energy diagram)
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Color in pictures
Insert

where

into typical string of fabc structure constants for a Feynman diagram:

• Always single traces (at tree level) 
• comes only from those planar diagrams 
with cyclic ordering of external legs fixed to 1,2,…,n

is color factor for qqg vertex

and

colour decomposition 
we can express gluon amplitudes entirely in terms of generators 

based on

+ all non-cyclic permutations  
(with corresponding signs)

similarly + permutations

we can eliminate
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colour decomposition 

table from arXiv:hep-ph/9910563

• there are various ways to do a colour decomposition

•  the “colour flow decomposition” also eliminates the     , based onta

<latexit sha1_base64="ZQspWzt4eMfXMxwGVx0hyIGkuxk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QxrLZbtqlu0nYnQgl9C948aCIV/+QN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRA04S7is6jEQoGMWZRPCR9ssVt+rOQVaJl5MK5Gj0y1+9QcxSxSNkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rU0ooobP5vfOiVnVhmQMNa2IiRz9fdERpUxExXYTkVxZJa9mfif100xvPIzESUp8ogtFoWpJBiT2eNkIDRnKCeWUKaFvZWwEdWUoY2nZEPwll9eJa2LqlerXt/XKvWbPI4inMApnIMHl1CHO2hAExiM4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gCme44B</latexit>

leads to a large reduction of complexity and  
more manifest IR singularity structure

n-gluon amplitudes
idea: split amplitude into a colour part and a kinematic part

colour “partial amplitude” 
(kinematics only, permutation of colour labels)
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QCD Feynman rules
Propagators:

gluon

quark

ghost

covariant gauge

light-cone gauge

: Feynman gauge
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Feynman rules
Vertices:

ghost-gluon

quark-gluon

a, µ

bc
pµ
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Feynman rules
3-gluon

4-gluon
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4-gluon vertex
• for the 4-gluon vertex the colour and the kinematic part do not factorise
• however one can achieve a factorised form with an auxiliary field carrying two 

Lorentz indices, with propagator
a b

γ δ

α β
and coupling to the gluons with the rule

a, α

c, γ

x
ξ

ζ

• the 4-gluon vertex then can be written as the sum of 3 diagrams  where colour and 
Lorentz structure factorise
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Feynman rules
spinors: incoming fermion

incoming anti-fermion

outgoing anti-fermion

outgoing fermion

polarisation vectors: incoming vector boson

outgoing vector boson
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Feynman rules

further rules:

• factor (-1) for each closed fermion loop

• momentum conservation at each vertex

• factor (-1) for switching identical external fermions

• integrate over loop momenta with
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Summary 

•  Description of QCD as SU(3) local gauge theory has important consequences,  
 for example self-interactions between the gluons

•  Colour algebra: can be separated from kinematics 

•  Next: cross sections, running coupling, scale uncertainties

• Factorisation and asymptotic freedom are essential to separate short-distance  
from long-distance (non-perturbative) dynamics

• Without QCD corrections, (most of) the data are not well described
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Appendix
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Quiz

Wiesemann, Grazzini, Kallweit, Rathlev ‘17

•  What are the red and pink curves 
in the plot above?

• Does factorisation always hold?

• How many different quarks do we have in the SM?

• How can we represent the colour charge of gluons? 

• What is characteristic for physical gauges?

• Why are ghost fields not relevant in QED?

the gluon self-interaction or the Higgs boson self-interaction?

• Which interaction is stronger at  :
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Conventions

(c 6= 1 : E2 = m2c4 + ~p 2c2)

momentum vector: pµ = (E, ~p) = (p0, ~p)

“on-shell” four-momentum: p2 = m2 = E2 � ~p 2

we will use so-called “natural units”: ~ = c = 1

in these conventions, energy, mass and momentumhave the same units 

proton mass:

remember Heisenberg:

therefore with large energies means small distances
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useful spinor relations

(Dirac equation)

(completeness)

(orthogonality)


