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The strong CP problem 
complete QCD Lagrangian:
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The strong CP problem 
complete QCD Lagrangian:

complete?

• from a theory point of view, another term would be allowed  
because it is gauge invariant and renormalizable

• we can form a dual field strength tensor: F̃ a,µ⌫ =
1

2
✏µ⌫↵�F a

↵�

<latexit sha1_base64="k5Ahdh7HgU+kwI57WSarQuD+rNI="></latexit>

 1 for even permutation 
-1 for odd permutation 
 0 otherwise

L⇥ = ⇥
gs

32⇡2

X

a

F a
µ⌫ F̃

a,µ⌫

<latexit sha1_base64="5aSUkrlshrVYr5mQoropu9+5mEU="></latexit>

and a Lagrangian
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The strong CP problem 

L⇥ = ⇥
gs

32⇡2

X

a

F a
µ⌫ F̃

a,µ⌫

<latexit sha1_base64="5aSUkrlshrVYr5mQoropu9+5mEU="></latexit>

• this Lagrangian would violate CP invariance and contribute to the electric dipole moment of the neutron 

• measurements lead to ⇥ < 10�10

<latexit sha1_base64="aP0+vkFgRUZc9SrVrN5eOQA0HRM=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwYkmkoIKHohePFfoFbSyb7aRdutmE3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZ58ecKe0439bK6tr6xmZhq7i9s7u3bx+UWipKJIUmjXgkOz5RwJmApmaaQyeWQEKfQ9sf30799iNIxSLR0JMYvJAMBQsYJdpIfbvUa4xAE4yvses8pGeuk/XtslNxZsDLxM1JGeWo9+2v3iCiSQhCU06U6rpOrL2USM0oh6zYSxTEhI7JELqGChKC8tLZ7Rk+McoAB5E0JTSeqb8nUhIqNQl90xkSPVKL3lT8z+smOrj0UibiRIOg80VBwrGO8DQIPGASqOYTQwiVzNyK6YhIQrWJq2hCcBdfXiat84pbrVzdV8u1mzyOAjpCx+gUuegC1dAdqqMmougJPaNX9GZl1ov1bn3MW1esfOYQ/YH1+QMw6JKe</latexit>

• often in physics a symmetry is behind if a parameter is very small

• Peccei and Quinn (1977) suggested a spontaneously broken U(1) gauge symmetry

• the corresponding Goldstone boson is called axion

• the axion would also be a very good dark matter candidate 

• searches for axions are ongoing
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The strong CP problem 

L⇥ = ⇥
gs

32⇡2

X

a

F a
µ⌫ F̃

a,µ⌫

<latexit sha1_base64="5aSUkrlshrVYr5mQoropu9+5mEU="></latexit>

• this Lagrangian would violate CP invariance and contribute to the electric dipole moment of the neutron 

• measurements lead to ⇥ < 10�10
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• often in physics a symmetry is behind if a parameter is very small

• Peccei and Quinn (1977) suggested a spontaneously broken U(1) gauge symmetry

• the corresponding Goldstone boson is called axion

• the axion would also be a very good dark matter candidate 

• searches for axions are ongoing

more in the lectures by  
Mikhail Shaposhnikov
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n bunches , f: bunch frequency, F: bunch crossing area
Na, Nb : number of particles per bunch

luminosity L = f · n · NaNb

F

LHC: n = 2808 bunches, f ' 11 kHz
) L ' 1034

1

cm2s

units: 1 barn = 10�24cm2

Cross sections

reaction rate R:

Na = Nb ' 1011 F = ⇡r2, r ⇠ 30µm (at the collision point),

3



Introduction to QCD Gudrun Heinrich

n bunches , f: bunch frequency, F: bunch crossing area
Na, Nb : number of particles per bunch

luminosity L = f · n · NaNb

F

LHC: n = 2808 bunches, f ' 11 kHz
) L ' 1034

1

cm2s

units:
example:
�tt̄ ' 1nb = 10�33cm2

@
p
s = 14TeV

R = L · � = 10 top quark pairs per sec.

1 barn = 10�24cm2

Cross sections

reaction rate R:

Na = Nb ' 1011 F = ⇡r2, r ⇠ 30µm (at the collision point),

3
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From amplitudes to cross sections
• for a scattering process

unpolarised:

: phase space of N final state particles

J : statistical factor, for each group of identical particles  
in the final state

average over initial state,  
sum over final state pol., col.

matrix element (derived via Feynman rules)
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Sum over spins/polarisations of external particles

gluons:

X

si,sj

(ū(pi, si)�1u(pj , sj)) (ū(pi, si)�2u(pj , sj))
†

= Trace[�1( 6 pj +mj)�̄2( 6 pi +mi) ]

for photons, due to

we can replace the above sum by 

fermions: strings of -matrices
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X

si,sj

(ū(pi, si)�1u(pj , sj)) (ū(pi, si)�2u(pj , sj))
†

= Trace[�1( 6 pj +mj)�̄2( 6 pi +mi) ]

X

s

u(p, s)ū(p, s) = 6 p+m

X

s

v(p, s)v̄(p, s) = 6 p�m
�0�i�0 = �i

�†
0 = �0 closed fermion loop

Trace

Sum over spins/polarisations of external particles

see exercise in the appendix

graphical representation:
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Tree level amplitudes
the non-Abelian structure of QCD leads to important differences 
 compared to QED  (unphysical polarisations, beta-function, …)

consider first a simple QED process:

,

we find:

QED Ward Identity
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Tree level amplitudes

QCD analogue: qq̄ ! gg

<latexit sha1_base64="naRTofW8t3WpbBOckV+lylYODyM=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUL0VvXisYD+giWWz3aRLN5t0d6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+QlnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRWnktAWiXksuz5WlDNBW5ppTruJpDjyOe34o5uZ33mkUrFY3OtJQr0Ih4IFjGBtpIex62OZjaeujlEY9ssVu2rPgVaJk5MK5Gj2y1/uICZpRIUmHCvVc+xEexmWmhFOpyU3VTTBZIRD2jNU4IgqL5tfPUVnRhmgIJamhEZz9fdEhiOlJpFvOiOsh2rZm4n/eb1UB5dexkSSairIYlGQcmR+nEWABkxSovnEEEwkM7ciMsQSE22CKpkQnOWXV0n7ourUqld3tUrjOo+jCCdwCufgQB0acAtNaAEBCc/wCm/Wk/VivVsfi9aClc8cwx9Ynz+025Kq</latexit>
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Tree level amplitudes
 use

term in square brackets is the same as in QED, so

for the remaining terms we find

cancels with contribution from  vanishes only when contracted with the  
 polarisation vector of a physical gluon, 
 i.e. if 

kµ1M
(3)
µ⌫ = �i fabctcij v̄(p2) �⌫ u(p1)| {z }

+i fabctcij v̄(p2) 6 k1 u(p1)
k2,⌫

2k1 · k2

<latexit sha1_base64="KFRxDHOXLNR/FaB8CcW7HQpeTFM="></latexit>
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Difference QED vs QCD
QCD:

QED:

vanishes only for physical gluons

regardless whether or not

for cross sections we need

X

pol�1,�2

✏µ1,�1(k1)✏µ2,�2(k2)Mµ1µ2✏?⌫1,�1
(k1)✏

?
⌫2,�2

(k2) (M⌫1⌫2)†

<latexit sha1_base64="T99m5eHuglf6HwNw8k3zMRazLOM="></latexit>

Let us consider just the sum over 

The second boson is treated analogously

built as follows:

(all polarisations, also unphysical ones). 
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Polarisation sums
In QED, we can make the replacement

In QCD, this will in general lead to the wrong result. Why?

sum over physical polarisations: 

In QED 

X

�1

✏µ1,�1(k1)✏
?
⌫1,�1

(k1) ! �gµ1⌫1

<latexit sha1_base64="uo3+EociGK0U/KgtSOf/XGOjpn0="></latexit>

only          part of polarisation sum will contribute
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Polarisation sums
In QCD: 

therefore, if we can not just use for the polarisation sum

• either we use 
X

phys. pol.�

✏µ�(k)✏
⌫,?
� (k) = �gµ⌫ +

kµn⌫ + k⌫nµ

k · n

<latexit sha1_base64="5wo0NmD0mUAkdX+mzH3YlD8oF7U="></latexit>

• or we use �gµ⌫

<latexit sha1_base64="8ojTqiCKuNM2zHp79yFkO7gkm00=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHYloN6CXjxGMA/IrmF2MpsMmZ1d5xEIS77DiwdFvPox3vwbJ8keNLGgoajqprsrTDlT2nW/nZXVtfWNzcJWcXtnd2+/dHDYVImRhDZIwhPZDrGinAna0Exz2k4lxXHIaSsc3k791ohKxRLxoMcpDWLcFyxiBGsrBei8/5j5sfGFmaBuqexW3BnQMvFyUoYc9W7py+8lxMRUaMKxUh3PTXWQYakZ4XRS9I2iKSZD3KcdSwWOqQqy2dETdGqVHooSaUtoNFN/T2Q4Vmoch7YzxnqgFr2p+J/XMTq6CjImUqOpIPNFkeFIJ2iaAOoxSYnmY0swkczeisgAS0y0zaloQ/AWX14mzYuKV61c31fLtZs8jgIcwwmcgQeXUIM7qEMDCDzBM7zCmzNyXpx352PeuuLkM0fwB87nDxcnka8=</latexit>

and also include the ghost contributions in |M|2

<latexit sha1_base64="euiXc+1y0wAGenwm7ytQ2I079Wk=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvXgRKtgPaGPZbDft0s0m7m4KJe3v8OJBEa/+GG/+G7dpDtr6YODx3gwz87yIM6Vt+9vKra1vbG7ltws7u3v7B8XDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHN3G+NqVQsFA96ElE3wAPBfEawNpKLpkmXYI7uZtPHSq9Ysst2CrRKnIyUIEO9V/zq9kMSB1RowrFSHceOtJtgqRnhdFboxopGmIzwgHYMFTigyk3So2fozCh95IfSlNAoVX9PJDhQahJ4pjPAeqiWvbn4n9eJtX/pJkxEsaaCLBb5MUc6RPMEUJ9JSjSfGIKJZOZWRIZYYqJNTgUTgrP88ippVspOtXx1Xy3VrrM48nACp3AODlxADW6hDg0g8ATP8Apv1th6sd6tj0VrzspmjuEPrM8fA56RoQ==</latexit>

M M∗

=
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Polarisation sums
it can be shown that

calculating the ghost contribution

results in 

ghost degrees of freedom cancel the unphysical gluon polarisations!

M M∗

=

(minus sign from Feynman rules for closed fermion loop)
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Running coupling

1307.3536

Mols Bjerge

Karlsruhe Marathon
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QCD beta-function
• couplings are not constant, depend on the scale at which the interaction takes place

• strong coupling, running at leading order:

scale where perturbative  
description breaks down

number of quark flavours

for

• where does the running come from? renormalisation introduces a scale 
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QCD beta-function
• to get an idea how this arises, consider the hadronic R-ratio

perturbative expansion:

,

known up to 5 loops
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QCD beta-function

n=1 + …n=2

explicit calculation: 

n=1: cutoff dependence cancels due to Ward Identity

integrate over loop momentum k, diverges for  ultraviolet divergence
for now regulate with cutoff :

result is infinite for ?

n=2, i.e. up to order :
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QCD beta-function

redefine coupling:

however is not the measured coupling but the “bare” coupling 

: renormalised coupling

expand consistently to order insert into ,

finite, but now depends on , explicitly and implicitly through 
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QCD beta-function
physical quantity cannot depend on unphysical scale 

renormalisation group equation

define ,

solve by ansatz with
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QCD beta-function

solve iteratively in perturbation theory

differentiate both sides w.r.to

leading order:
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running coupling

 asymptotic freedom

S. Bethke



Introduction to QCD Gudrun Heinrich22

 It can be useful to define a dimensionful parameter  (integration constant)  

4 Reduction of scale dependence

R = R0 ×∆QCD = 3
∑

q

Q2
q ×∆QCD

∆QCD = 1 +
αs(µ2)

π
+

∞
∑

n=2

Cn

(
s

µ2

)(
αs(µ2)

π

)n

dR

dµ
= 0 ⇒ µ2 ∂R

∂µ2
+ β(αs)

∂R

∂αs
= 0

β(αs) = −b0 α
2
s (1 + b1 αs) +O(α4

s)

b0 =
1

12π
(11Nc − 2Nf) , b1 =

17N2
c − 5NcNf − 3CFNf

2π (11Nc − 2Nf)

ln

(
Q2

Λ2

)

= −
∫ ∞

αs(Q)

dx

β(x)
=

∫ ∞

αs(Q)

dx

b0 x2 (1 + b1 x+ . . .)

x

αs(Q) =
1

b0 ln
(

Q2

Λ2

) LO

αs(Q) =
1

b0 ln
(

Q2

Λ2

)



1−
b1 ln ln

(
Q2

Λ2

)

b0 ln
(

Q2

Λ2

)



 NLO

MZ/2 ≤ µ ≤ 2MZ

EW
T =

√

M2
W + p2T (W )

HT =
∑

jets

Ejet
T + E lepton

T + Emiss
T

 Keeping only b0(LO), b1(NLO)

4 Reduction of scale dependence

R = R0 ×∆QCD = 3
∑

q

Q2
q ×∆QCD

∆QCD = 1 +
αs(µ2)

π
+

∞
∑

n=2

Cn

(
s

µ2

)(
αs(µ2)

π

)n

dR

dµ
= 0 ⇒ µ2 ∂R

∂µ2
+ β(αs)

∂R

∂αs
= 0

β(αs) = −b0 α
2
s (1 + b1 αs) +O(α4

s)

b0 =
1

12π
(11Nc − 2Nf) , b1 =

17N2
c − 5NcNf − 3CFNf

2π (11Nc − 2Nf)

ln

(
Q2

Λ2

)

= −
∫ ∞

αs(Q)

dx

β(x)
=

∫ ∞

αs(Q)

dx

b0 x2 (1 + b1 x+ . . .)

x

αs(Q) =
1

b0 ln
(

Q2

Λ2

) LO

αs(Q) =
1

b0 ln
(

Q2

Λ2

)



1−
b1 ln ln

(
Q2

Λ2

)

b0 ln
(

Q2

Λ2

)



 NLO

MZ/2 ≤ µ ≤ 2MZ

EW
T =

√

M2
W + p2T (W )

HT =
∑

jets

Ejet
T + E lepton

T + Emiss
T

 (LO) 

4 Reduction of scale dependence

R = R0 ×∆QCD = 3
∑

q

Q2
q ×∆QCD

∆QCD = 1 +
αs(µ2)

π
+

∞
∑

n=2

Cn

(
s

µ2

)(
αs(µ2)

π

)n

dR

dµ
= 0 ⇒ µ2 ∂R

∂µ2
+ β(αs)

∂R

∂αs
= 0

β(αs) = −b0 α
2
s (1 + b1 αs) +O(α4

s)

b0 =
1

12π
(11Nc − 2Nf) , b1 =

17N2
c − 5NcNf − 3CFNf

2π (11Nc − 2Nf)

ln

(
Q2

Λ2

)

= −
∫ ∞

αs(Q)

dx

β(x)
=

∫ ∞

αs(Q)

dx

b0 x2 (1 + b1 x+ . . .)

x

αs(Q) =
1

b0 ln
(

Q2

Λ2

) LO

αs(Q) =
1

b0 ln
(

Q2

Λ2

)



1−
b1 ln ln

(
Q2

Λ2

)

b0 ln
(

Q2

Λ2

)



 NLO

MZ/2 ≤ µ ≤ 2MZ

EW
T =

√

M2
W + p2T (W )

HT =
∑

jets

Ejet
T + E lepton

T + Emiss
T

 (NLO) 

QCD lambda parameter

 Note that  depends on the number of active flavours  

Below the scale strong interactions become non-perturbative ,
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World average of 

is based on observables 

at different energies and

lattice QCD calculations 
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b0 =
1

12�
(11Nc � 2Nf )

 QED: �(Q2) =
�0

1� �0
3⇥ ln

⇣
Q2

m2
e

⌘
 1/137

 coupling grows with energy

 QCD: �s(Q
2) =

�s(µ2)

1 + �s(µ2) b0 ln
⇣

Q2

µ2

⌘

 coupling decreases with energy

 (a)  (b)  (ghost loop)

The QCD beta function

Gluon self-couplings reverse the sign of the beta function

Asymptotic freedom; coupling constant decreases at high energies
and the perturbative expansion improves

⇥QCD(�s) = �⇥0

4⇤
�2
s, ⇥0 = 11� 2

3
NF

�s(Q
2) =

�s(µ2)

1 + �s(µ2) �0

4⇥ ln
⇣

Q2

µ2

⌘

beta-functions 

for 

�

Comparisons with data

QCD
O(α  )

251 MeV

178 MeV

Λ MS
(5) α  (Μ  )s Z

0.1215

0.1153

0.1

0.2

0.3

0.4

0.5

αs (Q)

1 10 100Q [GeV]

Heavy Quarkonia
Hadron Collisions
e+e-  Annihilation
Deep Inelastic Scattering

N
L

O
 

N
N

L
OTheory

Data L
at

tic
e

213 MeV 0.1184
s4 {

There is nowadays a very
solid evidence that αS

runs as predicted by QCD
with NC = 3

QEDα10

αQCD
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b0 =
1

12�
(11Nc � 2Nf )

 QED: �(Q2) =
�0

1� �0
3⇥ ln

⇣
Q2

m2
e

⌘
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The QCD beta function

Gluon self-couplings reverse the sign of the beta function

Asymptotic freedom; coupling constant decreases at high energies
and the perturbative expansion improves

⇥QCD(�s) = �⇥0

4⇤
�2
s, ⇥0 = 11� 2

3
NF

�s(Q
2) =

�s(µ2)

1 + �s(µ2) �0

4⇥ ln
⇣

Q2

µ2

⌘

beta-functions 

for 

�

only non-Abelian gauge theories  
 can be asymptotically free  
 (but don’t have to)

Comparisons with data
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L
OTheory

Data L
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There is nowadays a very
solid evidence that αS

runs as predicted by QCD
with NC = 3

QEDα10

αQCD
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screening/anti-screening

Figures: Paul, Kaiser, Wiese, TUM 

QED:

QCD:

similar to screening in dielectric material

quarks: screening 

gluons: enforcement of colour charge 
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screening/anti-screening

Deur, Brodsky, Teramond,  
arXiv:1604.08082

QED:

QCD: b0 =
1

12�
(11Nc � 2Nf ) gluon term dominates
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Scale uncertainties

factorisation scalerenormalisation scale

•  scale dependence: due to truncation of perturbative series

use scale variations as a measure of missing higher orders

• for an observable O calculated up to order N in perturbation theory:

because
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scale uncertainties
the more orders we calculate the smaller the scale uncertainties

F.
 H

er
zo

g 
et

 a
l. 

17
07

.0
10

44

However, there are exceptions!

• if new partonic channels open up beyond LO

• if the central scale is chosen inconveniently

• if the observable is very sensitive to extra radiation

for example,

e.g. Higgs production in gluon fusion

see example from single jet inclusive cross sections and W+3jets 

see also jet+X, W+3jets; in many cases resummation may be required 

• accidental cancellations between and dependence or between different partonic channels
see Drell-Yan example
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scale uncertainties: Higgs production in gluon fusion

Anastasiou et al. 1503.06056 
B. Mistlberger, 1802.00833

stabilisation starts at NNLO
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scale uncertainties: W-production (Drell-Yan)

Duhr, Dulat, Mistlberger 
2007.13313
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scale uncertainties: single jet inclusive xs 

Currie et al. 
1807.03692

: individual jet transverse momentum, : leading jet transverse momentum, : sum of parton  transverse momenta

(forward region)
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scale uncertainties: W+3jets
Berger et al. 
0907.1984

(b) dominates at large jet 
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Basics of NLO calculations

corrections

real infrared

subtractions

virtual

corrections

tree

level
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start with simple example:  e+e- annihilation

at leading order: 

Renormalisation group
QCD beta function

Short-distance observables

The ratio R at two loops

At Born level, for nf massless quarks, we have

RPT

 

α,
Q2

Λ2
UV

!

= R0 = Nc

nf
X

q=1

e2
q

qe+

e− q

At 1-loop, both UV and IR divergences cancel, leaving a finite result

RPT

 

α,
Q2

Λ2
UV

!

= R0

“

1 +
α

π

”

Only at 2-loop do we meet UV divergences, which we regulate with a cutoff ΛUV

RPT

 

α,
Q2

Λ2
UV

!

= R0

 

1 +
α

π
+
“α

π

”2
 

c2 + πβ0 ln
Λ2

UV

Q2

!!
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�⇤ (Z exchange not considered)

NLO basics

split off leptonic part and consider 

NLO: order corrections at cross section level

+

Born

will be interfered with

itself

virtual

real
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NLO basics

Renormalisation group
QCD beta function

Short-distance observables

The ratio R at two loops

At Born level, for nf massless quarks, we have

RPT

 

α,
Q2

Λ2
UV

!

= R0 = Nc

nf
X

q=1

e2
q

qe+

e− q

At 1-loop, both UV and IR divergences cancel, leaving a finite result

RPT

 

α,
Q2

Λ2
UV

!

= R0

“

1 +
α

π

”

+

2

+ + +

2

Only at 2-loop do we meet UV divergences, which we regulate with a cutoff ΛUV

RPT

 

α,
Q2

Λ2
UV

!

= R0

 

1 +
α

π
+
“α

π

”2
 

c2 + πβ0 ln
Λ2

UV

Q2

!!
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Renormalisation group
QCD beta function

Short-distance observables

The ratio R at two loops

At Born level, for nf massless quarks, we have

RPT

 

α,
Q2

Λ2
UV

!

= R0 = Nc

nf
X

q=1

e2
q

qe+

e− q

At 1-loop, both UV and IR divergences cancel, leaving a finite result

RPT

 

α,
Q2

Λ2
UV

!

= R0

“

1 +
α

π

”

+

2

+ + +

2

Only at 2-loop do we meet UV divergences, which we regulate with a cutoff ΛUV

RPT

 

α,
Q2

Λ2
UV

!

= R0

 

1 +
α

π
+
“α

π

”2
 

c2 + πβ0 ln
Λ2

UV

Q2

!!
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 real radiation virtual corrections 

claim: sum over all cuts above is finite ; individual diagrams contain infrared singularities

must be so due to KLN-Theorem

pictorially: left of the cut, right of the cut

at order 
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KLN Theorem Kinoshita, Lee, Nauenberg, 1962, 1964 

Soft and collinear singularities cancel in the sum over degenerate states 

 what are degenerate states ?

Cancellation of IR singularities

• virtual corrections are not directly observable

• a quark emitting a soft gluon, or a collinear quark-gluon system cannot be  
 distinguished from simply a quark Renormalisation group

QCD beta function
Short-distance observables

Infrared and collinear safety

In the partonic ratio R̂ IRC singularities cancel in the inclusive sum of real and
virtual contributions

+

2

+  =    finite+

2

R̂ is insensitive to soft and collinear emission. It is then called an infrared and
collinear safe observable
In case of R̂ there is complete cancellation of soft and collinear radiation, R̂
becomes completely insensitive to soft and collinear emissions up to the hard
scale Q2 = s

The key features that guarantee cancellation of IRC divergences are
1 In the IRC region the matrix elements for real and virtual corrections are equal but
with opposite sign

2 The observable assigns the same weight to real emissions and virtual corrections

Andrea Banfi Lecture 2

in the considered inclusive cross section,  
singularities cancel between real and virtual corrections

note:
does not hold for  
initial state radiation 
in hadronic collisions 

reason: exact initial  
states unknown for 
partons in the proton

(see later)
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structure of NLO cross sections

cancellation of IR singularities can only work if 

J is called measurement function and defines the observable
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structure of NLO cross sections

cancellation of IR singularities can only work if 

J is called measurement function and defines the observable
infrared  
safety
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A convenient way to isolate singularities: 

• regulates both UV and IR divergences,

• does not violate gauge invariance

• poles can be isolated in terms of 

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

➡ need phase space integrals in D dimensions

➡ need integration over virtual loop momenta in D dimensions

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

g2
∫ ∞

−∞

d4k

(2π)4
−→ g2µ2ε

∫ ∞

−∞

dDk

(2π)D

Dimensional regularisation

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2εcontinue space-time from 4 to dimensions

’t Hooft, Veltman ’72; Bollini, Giambiagi ‘72

formally UV:  , IR:

to keep coupling (mass-)dimensionless in D dim.,
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Cancellation of IR singularities
real and virtual corrections live on different phase spaces

Renormalisation group
QCD beta function

Short-distance observables

Infrared and collinear safety

In the partonic ratio R̂ IRC singularities cancel in the inclusive sum of real and
virtual contributions

+

2

+  =    finite+

2

R̂ is insensitive to soft and collinear emission. It is then called an infrared and
collinear safe observable
In case of R̂ there is complete cancellation of soft and collinear radiation, R̂
becomes completely insensitive to soft and collinear emissions up to the hard
scale Q2 = s

The key features that guarantee cancellation of IRC divergences are
1 In the IRC region the matrix elements for real and virtual corrections are equal but
with opposite sign

2 The observable assigns the same weight to real emissions and virtual corrections

Andrea Banfi Lecture 2

Renormalisation group
QCD beta function

Short-distance observables

Infrared and collinear safety

In the partonic ratio R̂ IRC singularities cancel in the inclusive sum of real and
virtual contributions

+

2

+  =    finite+

2

R̂ is insensitive to soft and collinear emission. It is then called an infrared and
collinear safe observable
In case of R̂ there is complete cancellation of soft and collinear radiation, R̂
becomes completely insensitive to soft and collinear emissions up to the hard
scale Q2 = s

The key features that guarantee cancellation of IRC divergences are
1 In the IRC region the matrix elements for real and virtual corrections are equal but
with opposite sign

2 The observable assigns the same weight to real emissions and virtual corrections

Andrea Banfi Lecture 2

3-particle phase space 

2-particle phase space 



Introduction to QCD Gudrun Heinrich40

at LO: 

Cross sections for a scattering process qa + qb → p1 + . . . + pN can be
written as

dσ =
J

flux
× |M|2 × dΦN

flux = 4
√

(qa · qb)2 −m2
am

2
b

J = 1/j ! is a statistical factor to be included for each group of j identical
particles in the final state.

Schematically, a next-to-leading order (NLO) cross section is constructed
in the following way: (for simplicity we use NLO in the strong coupling
constant αs and ma, mb = 0 here, the analogous is valid for NLO in the
expansion of other couplings):

σ = σLO + σNLO

σLO =
1

2s

∫

dΦN |MLO|2

σNLO =
αs

2s

∫

dΦN

[

MLOM†
NLO,virt. +M†

LOMNLO,virt. +
∑

j

∫

dΦ1,jDj

]

+
αs

2s

∫

dΦN+1

[

|MNLO,real|2 −
∑

j

Dj

]

(1)

The objects Dj are subtraction terms for divergences caused by soft/collinear
real radiation (e.g. sum over dipole subtraction terms).

The modulus of the matrix element involves the average over colours in
the initial state and sum over colours in the final state. For unpolarized in-
coming particles and if the spins of the final state particles are not measured,
the same is done for the polarisations.

|M|2 →
∑

λ,c
|Mλ,c|2 =

1
∏

initialNpolNcol

∑

final pol,col

|Mλ,c|2

|M0|2 =
1

3
4e2Q2

qNc s

2

with extra gluon radiation:

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

Phase space:

3 Phase space integrals

Q → p1 + . . .+ pN

∫

dΦD
N = (2π)N−D(N−1)

∫ N
∏

j=1

dDpj δ
+(p2j −m2

j)δ
(D)

(

Q−
N
∑

i=1

pi
)

(2)

In the following consider massless case p2j = 0. Use for i = 1, . . . , N − 1

∫

dDpiδ
+(p2i ) ≡

∫

dDpiδ(p
2
i )θ(Ei) =

∫

dD−1$pi dEi δ(E
2
i − $p 2

i )θ(Ei)

=
1

2Ei

∫

dD−1$pi
∣

∣

∣

Ei=|"pi|

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

Phase space:

3 Phase space integrals

Q → p1 + . . .+ pN

∫

dΦD
N = (2π)N−D(N−1)

∫ N
∏

j=1

dDpj δ
+(p2j −m2

j)δ
(D)

(

Q−
N
∑

i=1

pi
)

(2)

In the following consider massless case p2j = 0. Use for i = 1, . . . , N − 1

∫

dDpiδ
+(p2i ) ≡

∫

dDpiδ(p
2
i )θ(Ei) =

∫

dD−1$pi dEi δ(E
2
i − $p 2

i )θ(Ei)

=
1

2Ei

∫

dD−1$pi
∣

∣

∣

Ei=|"pi|

Renormalisation group
QCD beta function

Short-distance observables

Infrared and collinear safety

In the partonic ratio R̂ IRC singularities cancel in the inclusive sum of real and
virtual contributions

+

2

+  =    finite+

2

R̂ is insensitive to soft and collinear emission. It is then called an infrared and
collinear safe observable
In case of R̂ there is complete cancellation of soft and collinear radiation, R̂
becomes completely insensitive to soft and collinear emissions up to the hard
scale Q2 = s

The key features that guarantee cancellation of IRC divergences are
1 In the IRC region the matrix elements for real and virtual corrections are equal but
with opposite sign

2 The observable assigns the same weight to real emissions and virtual corrections
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k

 real radiation matrix elementpγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

p3 ≡ k = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

Phase space:

3 Phase space integrals

Q → p1 + . . .+ pN

∫

dΦD
N = (2π)N−D(N−1)

∫ N
∏

j=1

dDpj δ
+(p2j −m2

j)δ
(D)

(

Q−
N
∑

i=1

pi
)

(2)

In the following consider massless case p2j = 0. Use for i = 1, . . . , N − 1

∫

dDpiδ
+(p2i ) ≡

∫

dDpiδ(p
2
i )θ(Ei) =

∫

dD−1$pi dEi δ(E
2
i − $p 2

i )θ(Ei)

=
1

2Ei

∫

dD−1$pi
∣

∣

∣

Ei=|"pi|

in 4 dimensions:



Introduction to QCD Gudrun Heinrich41

singularity structure

in these limits the matrix element is singular  

• we know that the singularities should cancel with the virtual corrections  

• however we first have to isolate them to make the cancellation manifest

limits:

soft:

collinear: ,

substitute and keep D dimensions
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phase space in D dimensions
Example 

variable transformation:

dimensionless variables:
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real radiation in D dimensions

substitute

(combination of -functions)singularities regulated by  
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virtual corrections

Renormalisation group
QCD beta function

Short-distance observables

The ratio R at two loops

At Born level, for nf massless quarks, we have

RPT

 

α,
Q2

Λ2
UV

!

= R0 = Nc

nf
X

q=1

e2
q

qe+

e− q

At 1-loop, both UV and IR divergences cancel, leaving a finite result

RPT

 

α,
Q2

Λ2
UV

!

= R0

“

1 +
α

π

”

+

2

+ + +

2

Only at 2-loop do we meet UV divergences, which we regulate with a cutoff ΛUV

RPT

 

α,
Q2

Λ2
UV

!

= R0

 

1 +
α

π
+
“α

π

”2
 

c2 + πβ0 ln
Λ2

UV

Q2

!!
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we will not go through the calculation but only quote the result:

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

g2
∫ ∞

−∞

d4k

(2π)4
−→ g2µ2ε

∫ ∞

−∞

dDk

(2π)D

Rvirt = RLO ×
αs

2π
CF

Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

(

−s

4πµ2

)−ε{

−
2

ε2
−

3

ε
− 8 +O(ε)

}

Rreal = RLO ×
αs

2π
CF

Γ2(1− ε)

Γ(1− 3ε)

(

s

4πµ2

)−ε{ 2

ε2
+

3

ε
+

19

2
+O(ε)

}

R = RLO ×
{

1 +
αs(µ)

π
+O(α2

s)

}

obtained by calculating the loop integrals in D dimensions, 
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 combine real and virtual

KLN theorem at work! 

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

g2
∫ ∞

−∞

d4k

(2π)4
−→ g2µ2ε

∫ ∞

−∞

dDk

(2π)D

Rvirt = RLO ×
αs

2π
CF

Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

(

−s

4πµ2

)−ε{

−
2

ε2
−

3

ε
− 8 +O(ε)

}

Rreal = RLO ×
αs

2π
CF

Γ2(1− ε)

Γ(1− 3ε)

(

s

4πµ2

)−ε{ 2

ε2
+

3

ε
+

19

2
+O(ε)

}

R = RLO ×
{

1 +
αs(µ)

π
+O(α2

s)

}

gluon both soft and collinear 

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

g2
∫ ∞

−∞

d4k

(2π)4
−→ g2µ2ε

∫ ∞

−∞

dDk

(2π)D

Rvirt = RLO ×
αs

2π
CF

Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

(

−s

4πµ2

)−ε{

−
2

ε2
−

3

ε
− 8 +O(ε)

}

Rreal = RLO ×
αs

2π
CF

Γ2(1− ε)

Γ(1− 3ε)

(

s

4πµ2

)−ε{ 2

ε2
+

3

ε
+

19

2
+O(ε)

}

R = RLO ×
{

1 +
αs(µ)

π
+O(α2

s)

}

pγ =
√
s (1, 0, 0, 0)

p1 = E1 (1, 0, 0, 1)

p2 = E2 (1, 0, sin θ, cos θ)

k ≡ p3 = pγ − p1 − p2

sij = (pi + pj)
2

gluon energy:
Eg =

√
s (1− x1 − x2)

|M1|2 = |M0|2
2g2CF

s

(

s13
s23

+
s23
s13

+ 2s
s12

s13s23

)

Define
x1 = 2E1/

√
s , x2 = 2E1/

√
s

|M1|2 = |M0|2
2g2CF

s

(

x2
1 + x2

2

(1− x1)(1− x2)

)

p1 ‖ p3 x1 → 1 x2 → 1 x1 → 1− x2

p2 ‖ p3 D = 4− 2ε
1/εb

g2
∫ ∞

−∞

d4k

(2π)4
−→ g2µ2ε

∫ ∞

−∞

dDk

(2π)D

Rvirt = RLO ×
αs

2π
CF

Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)

(

−s

4πµ2

)−ε{

−
2

ε2
−

3

ε
− 8 +O(ε)

}

Rreal = RLO ×
αs

2π
CF

Γ2(1− ε)

Γ(1− 3ε)

(

s

4πµ2

)−ε{ 2

ε2
+

3

ε
+

19

2
+O(ε)

}

R = RLO ×
{

1 +
3

4
CF

αs(µ)

π
+O(α2

s)

}
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What is the difference between QED and QCD when performing the sum 
over polarisations? 

What is the reason for the dependence of a theory prediction on an 
unphysical scale? 

What would happen if there were more than 16 fermion flavours (with 
masses near the EW scale)? 

If the scale uncertainties do not decrease significantly at the next order, 
what could be the reason? 

If IR singularities cancel between real and virtual corrections, why do we 
need to isolate them (e.g. as 1/eps poles in dimensional regularisation)?

46

Quiz (instead of summary)
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Appendix 1: exercise
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Example for a simple cross section calculation 

calculate for electron-muon scattering

e�(p1) + µ�(p2) ! e�(p3) + µ�(p4)

e� µ�p1 p2

p3 p4

q
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example electron-muon-scattering
e�(p1) + µ�(p2) ! e�(p3) + µ�(p4)

q = p1 � p3 = p4 � p2

e� µ�p1 p2

p3 p4

q

cross section: � ⇠ |M|2 = MM† = M(M⇤)T

unpolarised: sum over final state spins, average over initial state spins

ns1 = ns2 = 2here|M|2 =
1

ns1ns2

X

s1,s2,s3,s4

|M|2 ,
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electron-muon-scattering
useful formula: some strings of -matrices,��1,�2 �̄ = �0�†�0

X

si,sj

(ū(pi, si)�1u(pj , sj)) (ū(pi, si)�2u(pj , sj))
†

= Trace[�1( 6 pj +mj)�̄2( 6 pi +mi) ]

proof: use

therefore:

X

s

u(p, s)ū(p, s) = 6 p+m

X

s

v(p, s)v̄(p, s) = 6 p�m
�0�i�0 = �i

�†
0 = �0

X

s1,s3

(ū(p3, s3)�
µu(p1, s1))| {z }

M

⇣
ū(p3, s3)�

µ0
u(p1, s1)

⌘†

| {z }
M†

= Trace[�µ( 6 p1 +m1)�
µ0
( 6 p3 +m3) ] , analogous for 

X

s2,s4
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analogous for second trace ) contraction of Lorentz indices

Mandelstam-variables for 2-particle scattering (Lorentz invariant):

)

, here s+ t+ u = 2m2
e + 2m2

µ, t = q

electron-muon-scattering
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Electron-Muon-Scattering

center-of-mass-system:

p4

p3
p1 p2✓

high energy limit: |M|2 = 2e4
s2 + u2

t2

definine unit vectors

)
(masses  

neglected)

|M|2 = 2e4
1 + cos4( ✓2 )

sin4( ✓2 )
)

~n = (0, 0, 1) , ~n0 = (0, sin ✓, cos ✓)

photon-exchange in the t-channel
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2-particle-phase space
cross section: d� =

J

flux
· |M|2 · d�2

d�2 2-particle phase space

massless case:

eliminate ~p4
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electron-muon-scattering

(spherical coordinates)

center-of-mass system (CM): ,

)

flux phase space  
factor

matrix element
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1 to N particle phase space:

Phase space:

3 Phase space integrals

Q → p1 + . . .+ pN

∫

dΦD
N = (2π)N−D(N−1)

∫ N
∏

j=1

dDpj δ
+(p2j −m2

j)δ
(D)

(

Q−
N
∑

i=1

pi
)

(2)

In the following consider massless case p2j = 0. Use for i = 1, . . . , N − 1

∫

dDpiδ
+(p2i ) ≡

∫

dDpiδ(p
2
i )θ(Ei) =

∫

dD−1$pi dEi δ(E
2
i − $p 2

i )θ(Ei)

=
1

2Ei

∫

dD−1$pi
∣

∣

∣

Ei=|!pi|

and eliminate pN by momentum conservation

⇒
∫

dΦD
N = (2π)N−D(N−1) 21−N

∫ N−1
∏

j=1

dD−1$pj
Θ(Ej)

Ej
δ+([Q−

N−1
∑

i=1

pi]
2)
∣

∣

∣

Ej=|!pj |

N = 2 :

Q = qa + qb → p1 + p2
∫

dΦD
qa+qb→p1+p2 =

(2π)2−D

4

∫

dD−1$p1
1

|$p1|2
δ
(

√

Q2 − 2|$p1|
)

=
(2π)2−D

8

∫

dΩD−2 d|$p1| |$p1|D−4 δ
(

√

Q2/2− |$p1|
)

(3)

∫

dΩD−2 = V (D − 2)

∫ π

0

dθ(sin θ)D−3

where θ is the angle between the z-axis (in qa-direction) and p1:

qa =

√

Q2

2
(1,$0(D−2), 1) , qb =

√

Q2

2
(1,$0(D−2),−1)

p1 = E1 (1,$0
(D−3), sin θ, cos θ) , p2 = Q− p1

Phase space:

3 Phase space integrals

Q → p1 + . . .+ pN

∫

dΦD
N = (2π)N−D(N−1)

∫ N
∏

j=1

dDpj δ
+(p2j −m2

j)δ
(D)

(

Q−
N
∑

i=1

pi
)

(2)

In the following consider massless case p2j = 0. Use for i = 1, . . . , N − 1

∫

dDpiδ
+(p2i ) ≡

∫

dDpiδ(p
2
i )θ(Ei) =

∫

dD−1$pi dEi δ(E
2
i − $p 2

i )θ(Ei)

=
1

2Ei

∫

dD−1$pi
∣

∣

∣

Ei=|!pi|

and eliminate pN by momentum conservation

⇒
∫

dΦD
N = (2π)N−D(N−1) 21−N

∫ N−1
∏

j=1

dD−1$pj
Θ(Ej)

Ej
δ+([Q−

N−1
∑

i=1

pi]
2)
∣

∣

∣

Ej=|!pj |

N = 2 :

Q = qa + qb → p1 + p2
∫

dΦD
qa+qb→p1+p2 =

(2π)2−D

4

∫

dD−1$p1
1

|$p1|2
δ
(

√

Q2 − 2|$p1|
)

=
(2π)2−D

8

∫

dΩD−2 d|$p1| |$p1|D−4 δ
(

√

Q2/2− |$p1|
)

(3)

∫

dΩD−2 = V (D − 2)

∫ π

0

dθ(sin θ)D−3

where θ is the angle between the z-axis (in qa-direction) and p1:

qa =

√

Q2

2
(1,$0(D−2), 1) , qb =

√

Q2

2
(1,$0(D−2),−1)

p1 = E1 (1,$0
(D−3), sin θ, cos θ) , p2 = Q− p1

 Appendix 2: phase space in D dimensions
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phase space volume of unit sphere in D dimensions

as in the analysis of so-called Landau singularities, which are singularities where detS or a
sub-determinant of S is vanishing (see below for more details).

Remember that we are in Minkowski space, where l2 = l20 − !l2, so temporal and spatial com-
ponents are not on equal footing. Note that the poles of the denominator are located at

l20 = R2 + !l2 − iδ ⇒ l±0 # ±
√

R2 +!l2 ∓ i δ. Thus the iδ term shifts the poles away from the
real axis.
For the integration over the loop momentum, we better work in Euclidean space where l2E =
∑4

i=1 l2i . Hence we make the transformation l0 → i l4, such that l2 → −l2E = l24 + !l2, which
implies that the integration contour in the complex l0-plane is rotated by 90◦ such that the
contour in the complex l4-plane looks as shown below. The is called Wick rotation. We see
that the iδ prescription is exactly such that the contour does not enclose any poles. Therefore
the integral over the closed contour is zero, and we an use the identity

∞∫

−∞

dl0f(l0) = −
−i∞∫

i∞

dl0f(l0) = i

∞∫

−∞

dl4f(l4) (6)

Re l4

Im l4
Our integral now reads

ID
N = (−1)NΓ(N)

∫ ∞

0

N
∏

i=1

dzi δ(1 −
N

∑

l=1

zl)

∫ ∞

−∞

dDlE

π
D
2

[

l2E + R2 − iδ
]−N

(7)

Now we can introduce polar coordinates in D dimensions to evaluate the integral: Using

∫ ∞

−∞

dDl =

∫ ∞

0

dr rD−1

∫

dΩD−1 , r =
√

l2E =

(
4∑

i=1

l2i

)1
2

(8)

∫

dΩD−1 = V (D) =
2π

D
2

Γ(D
2 )

(9)

where V (D) is the volume of a unit sphere in D dimensions:

V (D) =

∫ 2π

0

dθ1

∫ π

0

dθ2 sin θ2 . . .

∫ π

0

dθD−1(sin θD−1)
D−2

Thus we have

ID
N = 2(−1)N Γ(N)

Γ(D
2 )

∫ ∞

0

N
∏

i=1

dzi δ(1 −
N

∑

l=1

zl)

∫ ∞

0

dr rD−1 1

[r2 + R2 − iδ]N

4
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For the integration over the loop momentum, we better work in Euclidean space where l2E =
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i=1 l2i . Hence we make the transformation l0 → i l4, such that l2 → −l2E = l24 + !l2, which
implies that the integration contour in the complex l0-plane is rotated by 90◦ such that the
contour in the complex l4-plane looks as shown below. The is called Wick rotation. We see
that the iδ prescription is exactly such that the contour does not enclose any poles. Therefore
the integral over the closed contour is zero, and we an use the identity

∞∫

−∞

dl0f(l0) = −
−i∞∫

i∞

dl0f(l0) = i

∞∫

−∞

dl4f(l4) (6)

Re l4

Im l4
Our integral now reads

ID
N = (−1)NΓ(N)

∫ ∞

0

N
∏

i=1

dzi δ(1 −
N

∑

l=1

zl)

∫ ∞

−∞

dDlE

π
D
2

[

l2E + R2 − iδ
]−N

(7)

Now we can introduce polar coordinates in D dimensions to evaluate the integral: Using

∫ ∞

−∞

dDl =

∫ ∞

0

dr rD−1

∫

dΩD−1 , r =
√

l2E =

(
4∑

i=1

l2i

)1
2

(8)

∫

dΩD−1 = V (D) =
2π

D
2

Γ(D
2 )

(9)

where V (D) is the volume of a unit sphere in D dimensions:

V (D) =

∫ 2π

0

dθ1

∫ π

0

dθ2 sin θ2 . . .

∫ π

0

dθD−1(sin θD−1)
D−2

Thus we have

ID
N = 2(−1)N Γ(N)

Γ(D
2 )

∫ ∞

0

N
∏

i=1

dzi δ(1 −
N

∑

l=1

zl)

∫ ∞

0

dr rD−1 1

[r2 + R2 − iδ]N
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 phase space in D dimensions

,

in the massless case, use 


