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The strong CP problem

complete QCD Lagrangian:

Locp =Lym+Ly+ Lor+ LFp
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The strong CP problem A\KIT

complete QCD Lagrangian: EQC’D — EYM -+ [,q -+ [:GF -+ [:Fp

complete?

 from a theory point of view, another term would be allowed
because it is gauge invariant and renormalizable
1

» we can form a dual field strength tensor: FOmy — —E“mﬁFgg

and a Lagrangian T

1 for even permutation
Lo = z Fa fo
327T H

-1 for odd permutation
O otherwise
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The strong CP problem A

Lo = 327T ZFWF i

» this Lagrangian would violate CP invariance and contribute to the electric dipole moment of the neutron

« measurements leadto @ <« 10~ 1Y

» often In physics a symmetry is behind if a parameter is very small
* Peccei and Quinn (1977) suggested a spontaneously broken U(1) gauge symmetry
* the corresponding Goldstone boson is called axion

 the axion would also be a very good dark matter candidate

» searches for axions are ongoing

Introduction to QCD Gudrun Heinrich



The strong CP problem A\KIT

Lo = 327T ZFWF i

» this Lagrangian would violate CP invariance and contribute to the electric dipole moment of the neutron

« measurements leadto @ <« 10~ 1Y

» often In physics a symmetry is behind if a parameter is very small
* Peccei and Quinn (1977) suggested a spontaneously broken U(1) gauge symmetry

* the corresponding Goldstone boson is called axion
more in the lectures by

- the axion would also be a very good dark matter candidate Mikhail Shaposhnikov

» searches for axions are ongoing
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Cross sections

AT
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n bunches , f: bunch frequency, F: bunch crossing area
N,, Np : number of particles per bunch

. . N, a N, b
luminosity L =f -n-
F
reactionrateR: | R = [, - o

LHC: n=2808 bunches, f ~ 11 kHz
N, = Ny ~ 10", F = 772, r ~ 30um (at the collision point) = [, ~ 10°4

CmM?s

units: 1 barn = 10~ **cm?
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Cross sections

AT

Karlsruhe Institute of Technology

n bunches , f: bunch frequency, F: bunch crossing area
N,, Np : number of particles per bunch

. . N, a N, b
luminosity L =f -n-
F
reactionrateR: | R = [, - o

LHC: n=2808 bunches, f ~ 11 kHz

1
N, = Ny ~ 101 F = 72, r ~ 30um (at the collision point) = [, ~ 10°4
cn?s
~ ~
= example: @./s = 14TeV
units: 1 barn = 10~ **cm? - o~ 1nb=10""cm?

R =L -0 =10 top quark pairs per sec.
- »
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From amplitudes to cross sections

- for a scattering process 9o +~qp — P1 + ... T PN

M : matrix element (derived via Feynman rules)

d® n : phase space of N final state particles

J : statistical factor, J = 1/j ! for each group of identical particles
in the final state

flux = 4\/(qa qp)2 —m2m? — 4q, - qp = 28 (m = 0,cms)

—— 1
unpolarised: |_/\/l|2 — ‘M|2 — H E ‘_/\/[|2 average over initial state,
NpolNcol sum over final state pol., col.

initial pol,col
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Sum over spins/polarisations of external particles

kPnY + KE¥YnH

gluons: ) R (k)e™ (k) = —g" A -

phys. pol. A

for photons, due to ki ...kE" M, ., =0

we can replace the above sum by —gH”

fermions: Fl, Fz strings of “Y-matrices I' = ”YOFTW’O

Y (a(pi, si)T1ulpy, s5)) (@pi, s:)T2ulpy, s5))

SZ',Sj

= TraceI'1( p; + mj)fQ(/ﬁz‘ +m;) |
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Sum over spins/polarisations of external particles

AT
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Y (a(pi, si)T1ulpy, s5)) (@ps, s:)T2ulpy, s5))"

S1455

= Trace[l'1(p; +m;)Ta( i +m;) ]

M

graphical representation: \

Y ulp, s)ulp, s) =p+m Y6 =0
~ _ YoViYo = Vi
> v(p,s)v(p,s) =p—m

S

ﬂ(pz, si)

u(pj7 Sj)

ﬂ(pja SJ)

closed fermion loop
— T[race

Introduction to QCD

see exercise in the appendix
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Tree level amplitudes

the non-Abelian structure of QCD leads to important differences
compared to QED (unphysical polarisations, beta-function, ...)

consider first a simple QED process: ¢ FeT — Yy

P1 k1 y 4 ya| k 1., M

o, U
—N\N\/\/ e g, v
P2 P2

M = —ie* e (ki)es(ka) My , My, = M) + M)

AT
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— —~
kH _Mﬁ) + M}“)_

=0

) /{)1_ /fl we find:
(2) - pl_ /kz
M2 = 5(p2) v or )2 u(p1) QED Ward Identity

Introduction to QCD
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Tree level amplitudes

QCD analogue: qgg — gg

a, 1 a, i a, 1

' + + >ﬂm§
< |

b. v b, v b. v

<€

M = —1 gg E{f(kl)ég(kz) MBVCD

MBVCD — (tbta)ij M;(ul/) + (tatb)@'j M;S,?/) + M;S,?/)

Introduction to QCD Gudrun Heinrich



Tree level amplitudes

use (tbta)z’j — (tatb)ij — ifabct,fj

MOCP = (t9%);; | MDY + M@ | —i pobere. MY + M)

term in square brackets is the same as in QED, so k!’ M}L}) + Mﬁ) = (

for the remaining terms we find ki‘Mﬁ) = —v(p2) 7 u(p1)

. abc i c — . a0Cy1C — k vV
k’i&M;(LBu) =—1f ’ tz’jv(pZ)WU u(p1) +i f ’ tij o(p2) Arulpr) 2k12' ko
%/—/

cancels with contribution from M‘S,l,)

vanishes only when contracted with the
polarisation vector of a physical gluon,

.e. if @2) : kza

Introduction to QCD
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Difference QED vs QCD

QCD: ki€’ (ke)M,, ~ €(k2) - ko = vanishes only for physical gluons

QED: ki'... kim M, ..., = 0 regardless whether e(k;) - k; =0 or not

for cross sections we need |M |2 built as follows:

Z SRR (kl)eu%)‘? (kZ)M'LLLuQ 6?51 JA1 (kl)EZQ,)\Q (kQ) (Myl 73 >T

pOl >\1 7>\2

Let us consider just the sum over A1 € {O, 1,2, 3} (all polarisations, also unphysical ones).

The second boson is treated analogously

Introduction to QCD Gudrun Heinrich
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Polarisation sums

In QED, we can make the replacement Z €010 (kl)e’;h)\l (k1) = — 9,0,
A1
In QCD, this will in general lead to the wrong result. Why?

sum over physical polarisations:

L k“nY + kY nH
g |

| k-n

o O O O
o O O
o= OO
oo O O

er r=(0,1,£i,0)/vV2 k= (k°0,0,k°) n=(k"0,0,—k")

InQED k"M, =0= only g""part of polarisation sum will contribute

Introduction to QCD Gudrun Heinrich
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Polarisation sums

In QCD: kllLMuVEV(kZ) ™ 6(]{}2) ) k2
therefore, if €(ks) - ko 7 0 we can not just use —g"" for the polarisation sum

U,k % kFfn” + EYnt
* either we use Z ex(k)ey™ (k) = —g" 4 L-n

phys. pol. A

* orwe use —g"" and also include the ghost contributions in \/\/l|2

2
s -~ ~
/ -~ N
7 -~ N
. 3 _ 00000
X A < \\
\\ - _
~ v

Introduction to QCD
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Polarisation sums

It can be shown that

Sunphys.

unphysical pol.

calculating the ghost contribution

)1

9
e
e
e
~

'
~N

2

€ (kr)e, (ko) M* |* = i g2 f**t°D(po)

UA'At *

results Iin _Sunphys. (minus sign from Feynman rules for closed fermion loop)

AT

Karlsruhe Institute of Technology

— ghost degrees of freedom cancel the unphysical gluon polarisations!

Introduction to QCD
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Running coupling

—

e e e e

Kérlsruhe Marathon

SM couplings
|
|
|
|
Ay
|
|
|

<
(\®
I

00

| |

| I

P P e Rt TN

R
v - 2 base [ e R
AR T SR

104 106 108 102

RGE scale u in GeV

s 102 10* 10° 10% 10 10%2

AP

i bms

Mols Bierge || sz . o ion oty v e
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QCD beta-function

» couplings are not constant, depend on the scale at which the interaction takes place

1
- strong coupling, running at leading order:  as(Q?) =
bo log (QZ/AéCD)

1 /11 4 .
b= — | —Csx— =Tr N A - scale where perturbative
VT 4r ( 3 3 R/ f) @CD description breaks down

number of quark flavours

b >0 for Nf < 11/20A

» where does the running come from? —— renormalisation introduces a scale U

Introduction to QCD Gudrun Heinrich
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QCD beta-function

* {0 get an idea how this arises, consider the hadronic R-ratio

| h
R(s) — oc(eTe” — hadrons)

olete” = utp~)
perturbative expansion:

R(S) :KQCD(S) R() , RO:NcZQ?cH(S—Zlm?C)
f

Koon(s) =1 Ozs(M Z C ( ) (asgrﬂz))n

n>2 I

known up to 5 loops

Introduction to QCD
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QCD beta-function k“("

Koon(s) — 14 asm T, ) (%(u)

n>2

W e eld -

explicit calculation: integrate over loop momentum k, diverges for £k — oo ultraviolet divergence

| Auv
for now regulate with cutoff Agsy/: / d|k|
0

n=1: cutoff dependence cancels due to Ward ldentity
n=2, i.e. up to order Ozg :
aS

oo oS00
Koep(s) =14 | (%) c + bom log - + O(as) — result is infinite for Ayy — 00 ?

-

17 Introduction to QCD Gudrun Heinrich



18

AT

Karlsruhe Institute of Technology

QCD beta-function

however ¢, is not the measured coupling but the "bare” coupling ag
A2
redefine coupling: /g (,u) — ag + bg log '52‘/ Ozg

as (1) : renormalised coupling

2
S

9 ‘
Kigtoan(u)®/s) = 1+ 20 4 (200)° e+ byn(log &) +0(a)

finite, but now depends on w, explicitly and implicitly through s (1)

insertinto KQcp, expand consistently to order ¢

Introduction to QCD Gudrun Heinrich



QCD beta-function A“(IT

ren

physical quantity """ = R

o p ¢cannot depend on unphysical scale

d ren 0 | a 4 ren
S @) = 0 = (10 0% ) R,

/ v

J

define ¢ =In | Bas) = 1 0as /OB® = |(= 2, + Blas) 52 ) R=0

renormalisation group equation

QS(QQ) dr
solve by ansatz  { = / with o = as(uQ)
87

S B(x)

Introduction to QCD Gudrun Heinrich
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QCD beta-function

QS(Q2) dﬁl)'
t = / differentiate both sides w.r.to

. B
I 90,(QY) 9o, (Q?)
1 = S _ 2
Blas(Q?) ot 5 = 0 (as(@))
solve iteratively in perturbation theory ~ 3(c,) = —boa |1 + Z by, o)
i n=1 _
. O 0Je) 1 1
leading order: 2 5 7% — _bhoo? | — —
INg Q 8@2 Y b()OZS —> aS(QQ) &S(u2) bot
2
— QS(QQ) _ CYS(:“ )

1+ botas(p?)

Introduction to QCD Gudrun Heinrich
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running coupling

2\ _ as (1) 1. Q7
OAS(Q )— 1-|-b()t058(,u2) t = In 12

April 2016
2 v (3T ¢
. . a(Q?) : B ;lgga,\:% (NLO)
2 ( ? — 00 1 ( ) — 0O o \!ets (NL?) - |
— as (Q ) > — 5 O \ eavy Quarkonia (NLO)

bot 03 o e'e jets & shapes (res. NNLO)
® c.w. precision fits (NSLO)

v Pp —> jets (NLO)

v pp —> L (NNLO)

asymptotic freedom "

S. Bethke 85
= QCD oy(M,)=0.1181 £ 0.0011

1 10 Q [GeV] 100 1000

0.1
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QCD lambda parameter

It can be useful to define a dimensionful parameter A (integration constant)

1n<Q2) _/OO dx _/OO dx
A2 s (Q) 6($) s (Q) b() 5172 (1 -+ bl Tr—+ .. )

Keeping only bg(LLO), b1 (NLO)

B 1 B 1 i b; In In (%) ]
s (Q) = - <%§) (LO) as(Q) = _— (%) _1 T (Q_j (NLO)

Note that A depends on the number of active flavours [N f

Below the scale A strong interactions become non-perturbative, A ~ 200 MeV

22 Introduction to QCD Gudrun Heinrich



Baikov A —r— -
Davier '_T._' %
Boito — Qv
SM review — | \ﬁ

.................

HPQCD (wilson loops)
HPQCD (c-c correlators)
Maltmann (Wilson loops)
JLQCD (Adler functions)
PACS-CS (vac. pol. fctns)

ETM (ghost-gluon vertex)
BBGPSYV (static energy)

.......

-t W

I e =%
BBG —e— = o~

| = =
JR ' = 5
NNPDF O I
MMHT > ™

A A & " A L A S - B RN CEERY RN B TEEEE IEET R LEERES EEES

ALEPH (ewsashapes) 1 I o 1P
OPAL (j&s) | ' —®- 1 (D
JADEGes) | B :

: : Jisy 8 Qv
Dissertori (3j) —_— -
JADE @3j) } . S i 3.
DW (1) ——i—i =
Abbate (1) —e— l Y}
Gehrm. F——o y : =
Hoang b—e— I g

O bt fEH,,,,,, AAAAA
=1l electroweak

GFitter p————e— »
....... ] ‘- v o . . Pprecision fits
CMS ® hadron
(tt cros se‘ctigll)A — s . collider
0.11 0. 115 0. 12 0. 125 0.13

unweighted X< average:

alpha_s(2019), ECT*, February 2019 7/10

class averages:

as(M,)=0.1192 + 0.0018 (+1.5%)

(M,)= 0.1184 + 0.0012 (+1.0%)

Xs(M;)=0.1156 = 0.0021

(+1.8%)

&s(M,)= 0.1169 + 0.0034 (+2.9%)

o(M,)= 0.1196 = 0.0030 (+2.5%)
as(M,)= 0.1151 = 0.0028 (+2.5%)

. (M,)= 0.1181 + 0.0011 (+0.9%)

Stefan Kluth & David d'Enterria

World average of
Qg (Mz)

IS based on observables
at different energies and
lattice QCD calculations




beta-functions SKUT
9 Karlsruhe Institute of Technology
Qg ( L
QCD: as(Q%) = ) ; by = i(nz\fc — 2Ny)
1‘|—,\Oés(,u2)b0 In (%) 127
11
coupling decreases with energy bp >0 for Ny < ?NC

0.90

Ny N,
1/137
2 B \ aO 0.10 :
QED: Q") : | |
1 0 1n Q | |
N | |
W@M coupling grows with energy | | |

Q (GeV)
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beta-functions

9 Karlsruhe Institute of Technology
as(41°)
QCD: as(Q?) = - pe by = —— (11N, — 2N;)
1 —|-,\Oés(,u2) bo In (7) 127
11
E)C) > (] fi:)f' lﬁVﬁf’ < 'Ei;‘lﬁVﬂz

only non-Abelian gauge theories
can be asymptotically free
(but don’t have to)

0.90

0.10 |

0.05

V\STF m i 1
coupling grows with energy
(10%00 - I1o% - ﬁofo - ﬁof5 T R0

Q (GeV)
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screening/anti-screening

QED

QCD

(E_I/) qd-Paare

+

Gluonen

®
N\
I
e
.

similar to screening in dielectric material

au(ry) < aulry)

quarks: screening

gluons: enforcement of colour charge

Introduction to QCD

05 (r2) > a(ry)

AT
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screening/anti-screening

QED:

by = L(llNC — 2Ny) — gluon term dominates
127

QCD:

Anti-blue @» Blue

Deur, Brodsky, Teramond,
arXiv:1604.08082

Introduction to QCD Gudrun Heinrich
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O — ag(ﬁ;r) (O'LO(Mf) + Ofs(,UJT)O'NLO(/Lm :uf) T ag(UT)UNNLO(“’H :uf) T .. )
A

renormalisation scale factorisation scale

Scale uncertainties

» scale dependence: due to truncation of perturbative series

—> use scale variations as a measure of missing higher orders

N
- for an observable O calculated up to order N in perturbation theory: O () = Z cn () os ()™

a O(N)(oz (1)) = Bl )aO(N) ~ O (a ()N 1) because [(a,) = —boas + O(a?)
dlog(u?) ’ 7 Do ’

27 Introduction to QCD Gudrun Heinrich



scale uncertainties

AT

l
- i FH-ogeg)/T,
—> the more orders we calculate the smaller the scale uncertainties *}| _gg 0
E MS
However, there are exceptions! L se o

O R
for example, - S S
. s S S S
* if new partonic channels open up beyond LO T | =
e.g. Higgs production in gluon fusion 1.6 —— N'LO - %
. . . . . ---NLo 1§
» If the central scale is chosen inconveniently 9
2 .
see example from single jet inclusive cross sections and W+3jets | N"LO n

14 - ... NLO OS N

* If the observable is very sensitive to extra radiation e

see also jet+X, W+3jets; in many cases resummation may be required 100 200 300 1w/ GeV

« accidental cancellations between MUy and U f dependence or between different partonic channels

see Drell-Yan example

28 Introduction to QCD Gudrun Heinrich
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scale uncertainties: Higgs production in gluon fusion

000000
A 4 P — 50 - pp—>h+X gluon fusion
nstwoseed B LO B NLO B NNLO E NNNLO
entral scale: u = my/2
50! ‘ . | e i Pl
40\ i
g |
30_ 20
Q'
2
5 _
20_ 10 |-
o=
10/ LHC 13 TeV . . -
PDF4LHC15.0 — WO — Lo 02
PP — H+X 01F
| | | | . . 0.0;
30 50 70 90 110 130 150 170 190 210 230 250 0.1 ‘ d
H [GeV] _0'22_'1ill’élllélll{o"l1|2"1174
. S . S /TeV
Anastasiou et al. 1503.06056 stabilisation starts at NNLO

B. Mistlberger, 1802.00833
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scale uncertainties: W-production (Drell-Yan)

PP-W +X
300 PDF4LHC15 nnlo mc
cent.=Q=100 GeV N T T T T T T e T T T T

o e ' -

: ~ -

% 1I6F i

= -

B S 1 14-
Q 1 Jd2
S 11~

u Variation for W~
1088  LHC 13TeV
PDF4LHC15 nnlo mc

) ‘ : ;
- | _ _ . o NS
z 1.06 Q 100 GeV 5 ; NLO ;NNLO N3LO;
N 06 07 08 09 1. 11 12 13 14 15 16 17 18 19
0.95- ur/Q

1 l l 1 1 l I l I

10 20 30 40 50 60 70 80 9

ECM [TeV]

Duhr, Dulat, Mistlberger
2007.13313
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scale uncertainties: single jet inclusive xs ~NCIT

Karlsruhe Institute of Technology

NNLOJET Ys=13TeV, anti-k_jets, R=0.4,2.5 <yl <3.0 NNLOJET Ys=13TeV, anti-k_jets, R=0.4,2.5 <lyl <3.0 (forward region)
= p=p —LO —=NLO '—NNLO I E u=2p —LO =NLO' —NNLO =
O 14 _ T — — T =
= - - - -
€12 | 1 FE =
<y — = = = Currie et al.
= = = - ﬂ = 1807.03692
08 = ________,____n.l-'-" =
E 1 1 1 1 E E =2 1 | | 1 1 1 1 1 E
O14 — = u pT,1 -
= - — — —
<12 - E =
o = - - -
08 4 E =
= | = = : : : — } =
= 4 E u=A =
o014 E 4 B " =
> = - = -
o8 E 1 E =
= 1 I - - 1 1 1 1 1 1 1 ] -

2x10? 4x10° 6x10° 10° p_(

T

2% 102 4x10° 6x102 10°

©
(@
)
S
G
)
S

|

PT : individual jet transverse momentum, PT,1: leading jet transverse momentum, I:IT: sum of parton transverse momenta

31 Introduction to QCD Gudrun Heinrich



scale uncertainties: W+3jets

do/dE. [pb/GeV]

32

[a—
o

[a—
)

'
o

'
W

O =N Wh AN

0 50 100 150 200 250 300 350 400 450 500
| — h — | I I | I | | I I | I | | | I | _
— W +3jets + X —- LO
= = . — NLO =
- s Vs = 14TeV .
i 1 i
- l_ _
1
—1
= -7 =
: ( e E) — z
| B > 30Gev, 1W< 3 L T :
E; >20GeV, Inl <25 | TT—
= | £, > 30Gev, M) > 20Gev ++ E
- R = 04 [siscone] BlackHat+Sherpa i
S R A :
— --- LO/NLO [ NLO scale dependence
- % LO scale depenggg:
0 50 100 150 200 250 300 350 400 450 500

Second Jet ET [ GeV ]

do/dE. [pb/GeV ]

AT

Karlsruhe Institute of Technology

0 50 100 150 200 250 300 350 400 450 500  Berger et al.
B | I | | I I | I | I I I | I | | I I | _ 0 9 07 1 9 8 4
N e W +3jets+X  —- LO ] 1%
10" F — B — NLO 3
- — Vs = 14 TeV ]
— o — - _ P (77)
2 1 p N p
10°F A E ,// \
E l“'R — ""F = H T E ]2 . J3
| EX > 30GeV, 101 < 3 - J
10_3 B E, >20GeV, In | <25 _ | (a)
= | £, >30GeV, M, >20GeV L._L_L%
E R = 04 [siscone] BlackHat+Sherpa 1 ]2
- ! - ¢ vy ey ey eyl
- I ' I ) | ' I ' I ) I ' I ' I ) I S
15[ --- LO/NLO [l NLO scale dependence _ §(W
I “% LOscale dependence ... . p . \ P
i J
: o l 1 . ‘. o i::::.-:::s-::i.r-i o (b)
0 50 100 150 200 250 300 350 400 450 500

Second Jet ET [ GeV ]

(b) dominates at large jet 1
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Basics of NLO calculations
(r tree
: real infrared

corrections subtractions

33 Introduction to QCD
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NLO basics

start with simple example: e+e- annihilation

AT

Karlsruhe Institute of Technology

1.0 % 5
e’ N q at leading order: o — e N, (Z exchange not considered)
7 3s 1
N q split off leptonic part and consider ’}/* — qq
e
NLO: order ¢ corrections at cross section level will be interfered with

Born

w% o

S
e

S

~
”~

Introduction to QCD Gudrun Heinrich
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&

X KRR

real radiation virtual corrections

\,/\/l|2 pictorially: M left of the cut, M right of the cut

&Y

claim: sum over all cuts above is finite ; individual diagrams contain infrared singularities

must be sodueto KLN-Theorem

Introduction to QCD

NLO basics ﬂ(“.

Gudrun Heinrich



Cancellation of IR singularities

KLN Theorem Kinoshita, Lee, Nauenberg, 1962, 1964

AT

Karlsruhe Institute of Technology

Soft and collinear singularities cancel in the sum over degenerate states

what are degenerate states ?

* a quark emitting a soft gluon, or a collinear quark-gluon system cannot be
distinguished from simply a quark

» virtual corrections are not directly observable

—> in the considered inclusive cross section,
singularities cancel between real and virtual corrections

2 2

36 Introduction to QCD

note:
does not hold for

Initial state radiation
In hadronic collisions

reason: exact initial
states unknown for
partons in the proton

(see later)

Gudrun Heinrich
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structure of NLO cross sections

5, = [ do, Mo = [ do,B,

V, = /dgbn 2Re (Mipy M) /dgbn

R, /dgan |Mreal| — /dqﬁn/ de ™' R, ()

V.

€ 0

AT

e of Technology

NLO _ /d¢n{( . Vn) J(pr .. pn, 0) + / dz 27 R, () J(pl...pn,x)}

J 1s called measurement function and defines the observable

cancellation of IR singularities can only work it lim J(p;...p,,z) = J(p1...Pn,0)

x—0

Introduction to QCD
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AT

e of Technology

structure of NLO cross sections

5, = [ do, Mo = [ do,B,

V, = /dgbn 2Re (Mipy M) /dgbn

R /dqu Mieal|” = /d¢n/ de ™' R, ()
N0 — /dgbn{( n - V:) J(py...pn,0) + /O dz 2z ' R, () J(pl...pn,x)}

J 1s called measurement function and defines the observable

cancellation of IR singularities can only work if _ infrared
° d i J(pr- . pny@) = J(P1-- Py 0) | opor

Introduction to QCD Gudrun Heinrich



Dimensional regularisation oo, veiman 72: olini, Giambiagi 72 A“(IT

A convenient way to isolate singularities:
continue space-time from4to D =4 — 2¢ dimensions

e regulates both UV and IR divergences, formally UV: ¢ > 0, IR: ¢ <0

e does not violate gauge invariance

« poles can be isolated in terms of 1/¢"

= need phase space integrals in D dimensions

= need integration over virtual loop momenta in D dimensions

> d*k > dPk
2 C 2 2 e
g (2n) r g U (@)D =" to keep coupling (mass-)dimensionless in D dim.

38 Introduction to QCD Gudrun Heinrich
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Cancellation of IR singularities

real and virtual corrections live on different phase spaces

2

< + < - 3-particle phase space

< + 4 2-particle phase space

O'NLO — /d¢2 ‘M0|2 ‘I‘/ d¢3 |Mreal|2 —+ / d@? 2Re (MvirtMg)
R Vv

5LO

Introduction to QCD Gudrun Heinrich



real radiation matrix element

_ |
L0 Mo = 4PN, w<
p’ = s(1,0,0,0)
with extra gluon radiation: N T p = Ei1(1,0,0,1)
B} ps = F5(1,0,sin6, cosb)
k= ps=p’ —p1—po

INn 4 dimensions:

AT

Karlsruhe Institute of Technology

2
A A 2 — 5 29 Cr ( 813 SHR! 512
|Mreal| — ‘MO‘Q S ( | - 28 ) Sij — (pi +pj)2

40 Introduction to QCD Gudrun Heinrich
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singularity structure

substitute Y1 — 812/Q2, Yo — 813/Q2, Yz — 823/Q2 and keep D dimensions

2 —2 1 — —2 1 —
|M‘?eal _ CFQQQ??QE 8 (1 o 6) { | + ( 6)93 | + ( E)yZ 26}
Ya2Ys3 Y2 Y3

limits:
soft: P33 —)O=>813,823 — 0 = Y2 and Y3 — 0

colinear: p3 || p1=y2—0 , P3| p2=ys—=0

In these limits the matrix element is singular

* we know that the singularities should cancel with the virtual corrections

e however we first have to isolate them to make the cancellation manifest

Introduction to QCD

AT

Karlsruhe Institute of Technology
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phase space in D dimensions

Example Q — p1 + ps + p3

1
AP35 = Z(zw)?’—w dE\dEd6; (B, E,sin0)” 2 dQp_o dQp_;
O(E) O(E) O(E — By — Ey) 6((Q — p1 — p2)°) -

variable transformation: FEj, F9,0 — s19, So3, S13

dimensionless variables: y; = Slz/Qz, Yo = 513/Q2, Y3 = 523/@2

d(I)l_>3 — (27‘(’)3_2D 2_1_D(Q2)D_3 dQD_Q dQD_g dyl dyz dyg

(Y1 y293) "> 72 O(y1) O(y2) O(y3) 6(1 — y1 — y2 — y3)
D/2—2=—¢

Introduction to QCD

Karlsruhe Ins

)

titute of Technology

Gudrun Heinrich



real radiation in D dimensions e olil

d®; 3 = (2m)° 2P 2717 P(Q*)P 72 dQp_2 dQp_3 dy; dy, dys
(y19293)" 272 O(y1) ©(y2) O(y3) 6(1 — y1 — Y2 — y3)

substitute Y1 =1 — 21,Y2 = 2129, Y3 = Zl(]. — Zz) , detJ = 21

Ol ; § D
/d(l);g‘./\/”real—aCF? Q?‘ Q2 e / dZ1/ dz @Zz (1 —21)(1 — 29)

2 | —2—|—1—6211—ZQ | —2‘|‘1—6)le2 ¢~
212 J

1 —25) 2 I 1 — 29
singularities regulated by € H(e) = 1+ O(e) (combination of T" -functions)

Introduction to QCD Gudrun Heinrich



AT

Karlsruhe Institute of Technology

virtual corrections

4
S R

we will not go through the calculation but only quote the result:

e o0 L TA+OT20—¢) [ —s \ ™ 2 3
= 27 Cr ['(1 — 2¢) 47 112 €2 € 8+ 01

obtained by calculating the loop integrals in D dimensions, [) = 4 — 2¢

Introduction to QCD Gudrun Heinrich
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combine real and virtual

OF

Rreal __ RLO W 5 CF

2T

Rvirt _ RLO S % CF
2T

R = R"© x {1+ZCF s (1) | 0(042)}

(1 —¢)
['(1 — 3¢)

(

S _€2|3I
41 2 /EQIEI

gluon both soft and collinear

R0 () (2

KLN theorem at work!

T

Introduction to QCD
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Quiz (instead of summary) A\‘(IT

46

What is the difference between QED and QCD when performing the sum
over polarisations?

What is the reason for the dependence of a theory prediction on an
unphysical scale?

What would happen if there were more than 16 fermion flavours (with
masses near the EW scale)?

If the scale uncertainties do not decrease significantly at the next order,
what could be the reason?

If IR singularities cancel between real and virtual corrections, why do we
need to isolate them (e.g. as 1/eps poles in dimensional regularisation)?

Introduction to QCD Gudrun Heinrich
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Appendix 1: exercise eu — el
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Example for a simple cross section calculation A\‘

calculate  do/df)  for electron-muon scattering

e (p1) +u (p2) — e (p3) + 1~ (pa)

Introduction to QCD

)

titute of Technology
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example electron-muon-scattering

e (p1) +p (p2) — e (p3) + u (pa)

q =— P1 — P3 = P4 — P2

—j ghv

q* + i€

M = ’a(pSa 53)04(_2.67%)045 u(plv 31)5 ﬂ(péla 34)0(_i€7u)p0 u(va 52)0

e
q* + 1€

ﬂ(piiv 83)(1(7/0&5 u(pla 81)5 ﬂ(pél) 84),0(/y'u),00 U(pz, 82)0

cross section: O ‘M|2 — MMT — M(M*)T

unpolarised: sum over final state spins, average over initial state spins

— 1
|/\/l|2 — R Z ‘M|2, here ng, =ng, =2
51752 $1,52,53,54

Introduction to QCD

AT

Karlsruhe Institute of Technology

Gudrun Heinrich



50

electron-muon-scattering

useful formula: T'1,T'2 some strings of 7 -matrices, T' = ~°T'T~

Y (alpi, si)Trulpy, s5)) (@(ps, $:)T2u(py, 57))"

0

= Trace[l'1(p; +m;)To( pi +m;) ]
Z u(p, s =p+m 1 =0
proof: use
YOYiTY0 = Vi
Z<p,><,>—p—m P
i , T
therefore: Z (ﬂ(ps,Ss)W“U(pLSﬂ) (ﬂ(pB,SS)VM U(p1,81)>
$1,53 —
M i
— Trace[v*( p1 + m1)v™ ( ps + m3)] . analogous for Z

4 $2,54

— €

/

AT

Karlsruhe Institute of Technology

= |M]® = yw Trace[y,(p1 + me)vw( s + me) | Trace[y*( po +m )V (s +my,) |

Introduction to QCD
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electron-muon-scattering

M| = 46—(]4 Tracely,( f1 + me) v (s +me) ] Trace[y" (o + my )" (a+my,)]

Trace[y,( p1 + me) v (3 + me)]

= Trace[y, p1vw ps] +m? Tracely,y,/] + m. Tracely, pivw]+me Tracely, psy,

N— N ———
0 0

=4 (p‘fpéf’ +PAPE = s g"“') + 4m? g
analogous for second trace = contraction of Lorentz indices

Mandelstam-variables for 2-particle scattering (Lorentz invariant):

AT

Karlsruhe Institute of Technology

s = (p1+p2)° 4
75:(]?1—103)2 s+t+u:2p,?, here s+t+u=2mg+2mi,t=q
u:(p2_P3)2 = 2 A
— e
= |M]® = 2 (52 +u” —4(s +u)(m’ + mi) +6(m?> + mi)Q)

51 Introduction to QCD
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Electron-Muon-Scattering

AT
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2 2
. N S S° + U
high energy limit: g >>> mz’ mi M2 = 264 -
™~
photon-exchange in the t-channel
center-of-mass-system:
/PS definine unit vectors 77 = (0,0,1) , i’ = (0, sin 6, cos 6)
D1 Vi D2 S S
22 = =), p= (-
(masses 2 2
neglected) S B S .
9 po= L2 (L) pu= L2 (1)
S Lo 0
t=—2p - p3 = —5(1 — cosf) = —s sin 5

_ , 1+ cos* (%)

sin® (%)

S 0
U= —2p2 - P3 = —5(1—|—C089) = —S COSQ§

Introduction to QCD Gudrun Heinrich



AT

Karlsruhe Institute of Technology

2-particle-phase space

cross section: do = J : ‘M‘Q . dDs
fHux

d®, 2-particle phase space p1 + p2 — p3 + pa

dPy = 20 d*psd(p3—m3)O(Es) d*py(2m)* 0 (pi—m3)O(Ey) (27m)*6 U(pﬁ—p; —P3 ])4)

T

A (2 B Py b 8o
massless case: @ p;0(p;)O(FE;) = dE;d’p 5( — D )O(E;) 0F, d’p P
eliminate Py
1 d°p; 1 .
APy = 2m) o (B + B — B9 — Ey
(27)° 2|p3| 2E}4 (2m) ( ) E;=|p;|

53 Introduction to QCD Gudrun Heinrich
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electron-muon-scattering

AT
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1 d’p; 1
dd, = 2m)o( B, + FEy — FE:a — B
2 (27)3 2|p5] 2E4( ™) ( LT i 4) E;=|pj;|
1 ps® 1
— dS) d|p: 210 (Eoyy — B — E
(spherical coordinates) (27-‘-)3 |p3 2| _’3| 2E4 ( ) ( 3 4) Eg:|ﬁg‘
1 P3|
— df)
1672 E.
P3| 1
center-of-mass system (CM) B = B+ Ey = /s PR
do 1 1 _,s?+u? o ?+u? o 1+cos'g
~ a0 2 B > 10
dC)  2s 3272 £2 2s 2s  sin
[ T

flux phase space  matrix element
factor

Introduction to QCD
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Appendix 2: phase space in D dimensions

1 to N particle phase space:

Q—p+...+pnN

[daf = @n ooy [ Taon, 0002 - m2o® (Q - 3" p)
j=1 1=1
In the following consider massless case p? =0. Useforzs=1,..., N—1

/ 2P p:6*(p?) / 1P pS(p2)0(E,) — / 415, dE, 6(E? — 52)0(E,)

1
_ dD—l —;
2F, / b

and eliminate py by momentum conservation

E;=|pi|

N—-1

N-1
N /dCI)]l\)f _ (QW)N—D(N—l) 21N/ H dP-1p. @g?j) 5T ([Q — Zpi]Q)

i=1 I

Introduction to QCD
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phase space in D dimensions

phase space volume of unit sphere in D dimensions

D
272

27 T -
/dQD1 = V(D) = n2y 7 V(D) = / d6’1/ df, sin 0, . / dfp_1 (sin 9D-1)D_2
2 0 5 ;

dD—l —

Er(1p1) = dQp_o Il 15122 £ (1)
7

n—1 n—1
421 = (2P 02700 [T dif 155176 ((@ ~ Y- p)?)
j=1 j=1

in the massless case, use |p;| = E;
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