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Outline

• Generalities of cosmological GW 

- Free wave equation & general solutions 
- Characteristic frequency & discovery potential 
- Reasons for SGWB production 
- Examples: two notable solutions of the SGWB 

equation  

• Example of sources 

- First oder phase transition: more detailed 
- Inflation & cosmic strings: just the basic picture 
- Examples: EPTA parameter estimation



• GW emission processes in the early universe form a fossil radiation, whose 
detection would bring direct information from very early stages of the 
universe evolution, to which we have no access through em radiation 

• amazing discovery potential, linked to high energy physics 

• because of the weakness of the gravitational interaction the universe 
is transparent to GW
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• GWs emerge naturally in General Relativity (Newtonian theory + special 
relativity = a causal theory of gravitation) 

1. take a background space-time metric (the gravitational field)  
2. define a small perturbation over this background metric 
3. insert it into Einstein equations, which describe the space-time dynamics 
4. (if everything goes well) one finds a dynamical solution for the perturbation 

which is propagating as a wave -> GWs!

Cosmological gravitational waves

• How to decide what is the background and what is the fluctuation? 

- Either the background space-time has a clear symmetry  
(Minkowski, static, FLRW…) 

- Or it is possible to resort to a clear separation of scales/frequencies 
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gµ⌫(x) = ḡµ⌫(x) + �gµ⌫(x) , |�gµ⌫(x)| ⌧ 1

FLRW spacetime is “easy” since  
the hypersurfaces of constant time are homogeneous and isotropic: 

No need for a separation of scales, e.g. Inflation 



Cosmological gravitational waves

1. Exploit the invariance of FLRW space-time under spatial rotations, and split 
the metric perturbation into irreducible components under rotations (scalar, 
vector, tensor) -> the dynamical equations decouple 

2. Construct metric perturbation variables that are invariant under infinitesimal 
coordinate transformations -> easy for the tensor, invariant
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Cosmological gravitational waves

Source: tensor 
anisotropic 

stress
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Evolution equation for the tensor mode:
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translational invariance -> 
F.T. in space

1. Exploit the invariance of FLRW space-time under spatial rotations, and split 
the metric perturbation into irreducible components under rotations (scalar, 
vector, tensor) -> the dynamical equations decouple 

2. Construct metric perturbation variables that are invariant under infinitesimal 
coordinate transformations -> easy for the tensor, invariant 

3. Find the metric perturbation variable that obeys a wave equation 
(independently on the presence of the background fluid) -> GWs!



Cosmological gravitational waves

Source: tensor 
anisotropic 

stress
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Evolution equation for the tensor mode:

According to GR, any form of energy contributes to space-time curvature 
Are GWs a source of space-time curvature?
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1. Exploit the invariance of FLRW space-time under spatial rotations, and split 
the metric perturbation into irreducible components under rotations (scalar, 
vector, tensor) -> the dynamical equations decouple 

2. Construct metric perturbation variables that are invariant under infinitesimal 
coordinate transformations -> easy for the tensor, invariant 

3. Find the metric perturbation variable that obeys a wave equation 
(independently on the presence of the background fluid) -> GWs!



<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)

Solution of the homogeneous equation
<latexit sha1_base64="V4lKMVlrLkf+aFOOG2ToTXhsbiU="></latexit>

H
00
r (k, ⌘) +

✓
k
2 � a

00

a

◆
Hr(k, ⌘) = 0

Power-law scale factor (it covers matter and 
radiation domination, and De Sitter inflation)
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<latexit sha1_base64="ykIv5QlrAplmXLBHZewoXDBr+qk=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpii4LbrqsYB/QpGUynaRDJw9mJkINxV9x40IRt/6HO//GSZuFth4YOJxzL/fM8RLOpLKsb6O0tr6xuVXeruzs7u0fmIdHHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1Jre5332gQrI4ulfThLohDiLmM4KVlobmyWRQd4IAOSFWY4J51pwN6kOzatWsOdAqsQtShQKtofnljGKShjRShGMp+7aVKDfDQjHC6azipJImmExwQPuaRjik0s3m6WfoXCsj5MdCv0ihufp7I8OhlNPQ05N5SLns5eJ/Xj9V/o2bsShJFY3I4pCfcqRilFeBRkxQovhUE0wE01kRGWOBidKFVXQJ9vKXV0mnXrOvatbdZbXRKOoowymcwQXYcA0NaEIL2kDgEZ7hFd6MJ+PFeDc+FqMlo9g5hj8wPn8AuluUwA==</latexit>

k2 � H
2

<latexit sha1_base64="ITXxUePfhDwCG0mmpySO9qGUW44="></latexit>

hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

In this limit, GWs 
are plane waves 
with redshifting 

amplitude

CASE 2: Super-Hubble modes, relevant for inflationary tensor perturbations
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Solution of the sourced equation
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• GWs from astrophysical binaries: frequency set (more or less) 
by Kepler’s law

Chirp mass Time to 
coalescence

• GWs from the early universe: frequency set (more or less) 
by the Hubble scale

the characteristic length/time scale of the GW 
generating process cannot be larger than the 
causal horizon at the generation time 
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1. GW signals from the primordial universe have too small correlation scale with 
respect to the detector resolution -> only the statistical properties of the signal 
can be accessed
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Stochastic GW background
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2. The specific frequency range of a GW detector allows it to probe GW generating 
processes occurring at specific energy scales

Two consequences:
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f ⇠ mHz LISA
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f ⇠ 10 nHz PTA
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`⇤H⇤ ⇠ 1

SGWB in cosmology:  
probe of the early 
universe and high 

energy physics

Two consequences:



GENERAL: the incoherent superposition of sources that 
cannot be individually resolved

• Astrophysical: binaries too numerous and with too low SNR to be identified 

• Cosmological: GW signal from many independent horizon volumes: hij(x,t) 
must be treated as a random variable 

• Notable exception SGWB from inflation: intrinsic quantum fluctuations that 
become squeezed (effectively classical) and stochastic outside the horizon 

• From the “a-causal” initial conditions from inflation, use the ergodic 
hypothesis: the ensemble average can be substituted with a volume average, 
and identified with the one necessary to define the GW energy momentum 
tensor

Stochastic gravitational wave background

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G



The SGWB is in general homogenous and isotropic, unpolarised and gaussian

<latexit sha1_base64="8HWUL9OSUG5I/eIGBRc7OxV+Y4U="></latexit>

hhij(x, ⌘1)hlm(y, ⌘2)i = Fijlm(|x� y|, ⌘1, ⌘2)
As the FLRW space-time

If the sourcing process preserves parity

Central limit theorem: the signal comes from the 
superposition of many independent regions 

Helicity basis
There are 

exceptions!
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e±2
ij =

e+ij ± i e⇥ij
2
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hh+2(k, ⌘)h+2(k, ⌘)� h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0

Stochastic gravitational wave background

Certainly some induced anisotropy, e.g. the dipole with 
respect to the cosmological frame

More challenging to detect than the “monopole”  
-> see talk by Carlo, Jishnu



Power spectrum of the 
GW energy density
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⇢GW =
hḣij(x, t) ḣij(x, t)i
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=
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0

dk
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dlogk
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hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

• The source has stopped operating -> freely propagating sub-Hubble modes 
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⇢GW / a(⌘)�4
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⌦GW(f) =
4⇡2

3H2
0

f
2
h
2
c(f)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]

• The oscillations can be time averaged

• GW energy density scales like radiation (free massless particles)

• The expansion of the universe is negligible over the time of the measurement 
so that the SGWB appears stationary in time

• One can F.T. in time as well 

Stochastic gravitational wave background

Coefficients from 
the source



What is/will be known about a stochastic GW background:

FIRST SGWB (?) 
DETECTION!

Are there primordial SGWBs to populate this diagram?
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Examples of GW sources in the early universe : 

• beyond the irreducible SGWB from inflation 
• particle production during inflation (scalar, gauge fields… coupled to the inflaton) 
• spectator fields 
• breaking symmetries (space-dependent inflaton, massive graviton) 
• modified gravity during inflation (massive GWs with c ≠ 1) 
• primordial black holes 
• …

• irreducible SGWB from inflation 

• preheating and non-perturbative phenomena
• parametric amplification of bosons/fermions 
• symmetry breaking in hybrid inflation 
• decay of flat directions 
• oscillons 
• …

• also sourced by second order scalar perturbations

• cosmic topological defects

• irreducible SGWB from topological defect networks 
• decay of cosmic string loops 
• …

• first order phase transition • true vacuum bubble collision 
• sound waves 
• (M)HD turbulence 
• …

CC and Figueroa arXiv:1801.04268



SGWB from a stochastic source in the radiation era

<latexit sha1_base64="cr8eZnChZoJVcrMpbvLQwgjKh3M="></latexit>
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◆
Hr(k, ⌘) = 16⇡Ga

3 ⇧r(k, ⌘)

Possible sources of tensor anisotropic stress in the early universe: 

• Scalar field gradients 

• Bulk fluid motion 

• Gauge fields  

• Second order scalar perturbations, Πij from a combination of  

• … 
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⇧ij ⇠ [�2(⇢+ p)vivj ]
TT

<latexit sha1_base64="vRu3U8+O68XhFelYnHezYqf+gDQ=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4aUlE0WWpFFxW6AuSGCbTSTvtZBJmJkIJWbvxV9y4UMStX+DOv3HaZqGtBy4czrmXe+/xY0qENM1vrbCyura+UdwsbW3v7O7p+wcdESUc4TaKaMR7PhSYEobbkkiKezHHMPQp7vrjm6nffcBckIi15CTGbggHjAQEQakkTz92msRLyShzBAntSsMjDW9UqXuk7o3c+7TVyjy9bFbNGYxlYuWkDHI0Pf3L6UcoCTGTiEIhbMuMpZtCLgmiOCs5icAxRGM4wLaiDIZYuOnslcw4VUrfCCKuikljpv6eSGEoxCT0VWcI5VAselPxP89OZHDtpoTFicQMzRcFCTVkZExzMfqEYyTpRBGIOFG3GmgIOURSpVdSIViLLy+TznnVuqyadxflWj2PowiOwAk4Axa4AjVwC5qgDRB4BM/gFbxpT9qL9q59zFsLWj5zCP5A+/wBeJKaHQ==</latexit>

⇧ij ⇠ [�EiEj �BiBj ]
TT

<latexit sha1_base64="D/yOwDDq2JOrYHCCy+O5gaO173g=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGFF0W3bisYB/QGYZMmrahmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4vaeiBwcs69N7knTDhT2nF+rKXlldW19dJGeXNre2fX3ttvqjiVhDZIzGPZDrGinAna0Exz2k4kxVHIaSsc3uZ+65FKxWLxoEcJ9SPcF6zHCNZGCuwjL8FSM8wD5tUVO0Oz9wEL7IpTdSZAi8QtSAUK1AP72+vGJI2o0IRjpTquk2g/y2cSTsdlL1U0wWSI+7RjqMARVX422WOMTozSRb1YmiM0mqizHRmOlBpFoamMsB6oeS8X//M6qe5d+xkTSaqpINOHeilHOkZ5KKjLJCWajwzBRDLzV0QGWGKiTXRlE4I7v/IiaZ5X3cuqc39Rqd0UcZTgEI7hFFy4ghrcQR0aQOAJXuAN3q1n69X6sD6npUtW0XMAf2B9/QLfGJlO</latexit>

@i , @i�

<latexit sha1_base64="5ryseazWT4BFtDrcXTiRgRlAgn8=">AAACGHicbVC7TsMwFHXKq5RXgJElokJiKgkCwVjBwlikvqQkRI7rtG7txLIdpCrqZ7DwKywMIMTajb/BaSMELUeydO4599q+J+SUSGXbX0ZpZXVtfaO8Wdna3tndM/cP2jJJBcItlNBEdEMoMSUxbimiKO5ygSELKe6Eo9vc7zxiIUkSN9WYY5/BfkwigqDSUmCeeQ0SZGQ48SRhrsehUATSgHh8QH6qYV75D1mzOQnMql2zZ7CWiVOQKijQCMyp10tQynCsEIVSuo7NlZ/lNyOKJxUvlZhDNIJ97GoaQ4aln80Wm1gnWulZUSL0iZU1U39PZJBJOWah7mRQDeSil4v/eW6qoms/IzFPFY7R/KEopZZKrDwlq0cERoqONYFIEP1XCw2ggEjpLCs6BGdx5WXSPq85lzX7/qJavyniKIMjcAxOgQOuQB3cgQZoAQSewAt4A+/Gs/FqfBif89aSUcwcgj8wpt/LXqF8</latexit>
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Suppose the source operates in a time interval ηfin - ηin in the radiation 
dominated era

Matching at ηfin with the homogeneous solution to find the GW signal today

<latexit sha1_base64="Konc3ZensRoC4h6hGWT3Rt/FAAk="></latexit>
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SGWB from a FAST stochastic source in the radiation era

Typical example: first order phase transition



GW amplitude power spectrum today for modes kη0 ≫ 1
<latexit sha1_base64="O8q2KyjXSHCC6ph4AHkH8uFwTgQ="></latexit>
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⇤
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freely propagating sub-
Hubble modesGW energy density power spectrum today

SGWB from a FAST stochastic source in the radiation era

Anisotropic 
stress power 

spectral density 
at unequal time 
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GW amplitude power spectrum today for modes kη0 ≫ 1
<latexit sha1_base64="O8q2KyjXSHCC6ph4AHkH8uFwTgQ="></latexit>
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freely propagating sub-
Hubble modesGW energy density power spectrum today

SGWB from a FAST stochastic source in the radiation era
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<latexit sha1_base64="hRY7rc2kd2KwrdNMmmgThia2vNw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAYhQgi7cU3iLejFYwTzgGwIs5NJMmT2wUxvICz5Ey8eFPHqn3jzb5xNIqhoQUNR1U13lxcJrsCyPozM2vrG5lZ2O7ezu7d/YB4etVQYS8qaNBSh7HhEMcED1gQOgnUiyYjvCdb2Jjep354yqXgY3MMsYj2fjAI+5JSAlvqm6TZ4YVJ0gcRFlwE575t5q3RVq5SdCrZKllW1y3ZKylXnwsG2VlLk0QqNvvnuDkIa+ywAKohSXduKoJcQCZwKNs+5sWIRoRMyYl1NA+Iz1UsWl8/xmVYGeBhKXQHghfp9IiG+UjPf050+gbH67aXiX143hmGtl/AgioEFdLloGAsMIU5jwAMuGQUx04RQyfWtmI6JJBR0WDkdwten+H/SKpfsy5J15+Tr16s4sugEnaICslEV1dEtaqAmomiKHtATejYS49F4MV6XrRljNXOMfsB4+wSJxJL2</latexit>

⇧(k, ⌧, ⌘) constant over
<latexit sha1_base64="IXhGZUmUlvul0EuMHWv+t22Qjqo=">AAAB8XicdVDLTgJBEJz1ifhCPXqZSEw8kV1EwBtRDx4xkUcEQmaHBibMzm5mek0I4S+8eNAYr/6NN//GWcBEjVbSSaWqO91dfiSFQdf9cJaWV1bX1lMb6c2t7Z3dzN5+3YSx5lDjoQx102cGpFBQQ4ESmpEGFvgSGv7oMvEb96CNCNUtjiPoBGygRF9whla6a1+BRNYGZN1M1s2dl4v5QpG6OdcteXkvIflS4bRAPaskyJIFqt3Me7sX8jgAhVwyY1qeG2FnwjQKLmGabscGIsZHbAAtSxULwHQms4un9NgqPdoPtS2FdKZ+n5iwwJhx4NvOgOHQ/PYS8S+vFWO/3JkIFcUIis8X9WNJMaTJ+7QnNHCUY0sY18LeSvmQacbRhpS2IXx9Sv8n9XzOO8u5N4Vs5WIRR4ockiNyQjxSIhVyTaqkRjhR5IE8kWfHOI/Oi/M6b11yFjMH5Aect0/IoJEA</latexit>

�⌘

<latexit sha1_base64="bgOYGv0Wzp0LORGbDl8nxPSde1o=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBZBPIQkjW29Fb14rGDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOShwdlddVCuWOZFo+a4NWiZllW3HTsnTt2tutDWSo4KWKI1KL/3hzFOI8IVZkjKnm0lys+QUBQzMiv1U0kShCdoRHqachQR6WfzY2fwRCtDGMZCF1dwrn6fyFAk5TQKdGeE1Fj+9nLxL6+XqrDhZ5QnqSIcLxaFKYMqhvnncEgFwYpNNUFYUH0rxGMkEFY6n5IO4etT+D9pO6Z9blo3bqV5uYyjCI7AMTgFNqiDJrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CWdCjm0=</latexit>

a3⇤
<latexit sha1_base64="bgOYGv0Wzp0LORGbDl8nxPSde1o=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBZBPIQkjW29Fb14rGDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOShwdlddVCuWOZFo+a4NWiZllW3HTsnTt2tutDWSo4KWKI1KL/3hzFOI8IVZkjKnm0lys+QUBQzMiv1U0kShCdoRHqachQR6WfzY2fwRCtDGMZCF1dwrn6fyFAk5TQKdGeE1Fj+9nLxL6+XqrDhZ5QnqSIcLxaFKYMqhvnncEgFwYpNNUFYUH0rxGMkEFY6n5IO4etT+D9pO6Z9blo3bqV5uYyjCI7AMTgFNqiDJrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CWdCjm0=</latexit>

a3⇤
<latexit sha1_base64="N6HqCvS94CnKeud7Pco9lao2GTc=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQhJjW3dFNy4r2Ae0oUymk3bozCSdmQgl9CfcuFDErb/jzr9x0lZQ0QMXDufcy733hAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OWypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmH4+vcb98TqWgs7vQ0IQFHQ0EjipE2UqenKCcT6PZLZce+rFU8vwId23GqrufmxKv65z50jZKjDJZo9EvvvUGMU06Exgwp1XWdRAcZkppiRmbFXqpIgvAYDUnXUIE4UUE2v3cGT40ygFEsTQkN5+r3iQxxpaY8NJ0c6ZH67eXiX1431VEtyKhIUk0EXiyKUgZ1DPPn4YBKgjWbGoKwpOZWiEdIIqxNREUTwten8H/S8mz3wnZu/XL9ahlHARyDE3AGXFAFdXADGqAJMGDgATyBZ2tiPVov1uuidcVazhyBH7DePgHcw4/c</latexit>' 1

<latexit sha1_base64="rg8gnBNyIANWex11MYO8ZMpdiq4=">AAAB/HicdVDLSsNAFJ34rPVV7dLNYBFchSTWtu6KblxWsA9oQphMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpK2gogcuHM65l3vvCRJGpbKsD2NldW19Y7O0Vd7e2d3brxwc9mScCky6OGaxGARIEkY56SqqGBkkgqAoYKQfTK8Kv39HhKQxv1VZQrwIjTkNKUZKS36lOnWJQn7uighSPnMZg7ZfqVnmRavh1BvQMi2raTt2QZxm/awOba0UqIElOn7l3R3FOI0IV5ghKYe2lSgvR0JRzMis7KaSJAhP0ZgMNeUoItLL58fP4IlWRjCMhS6u4Fz9PpGjSMosCnRnhNRE/vYK8S9vmKqw5eWUJ6kiHC8WhSmDKoZFEnBEBcGKZZogLKi+FeIJEggrnVdZh/D1Kfyf9BzTPjetm3qtfbmMowSOwDE4BTZogja4Bh3QBRhk4AE8gWfj3ng0XozXReuKsZypgh8w3j4BmiOUvg==</latexit>

k⌘in ⌧ 1

<latexit sha1_base64="FoKyqu3nsWJrR9d62HYl+Pd3s+0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzZCpY1t3RTcuK9gHtEPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xlfueeSsUicaunMfVCPBIsYARrI7X7TVaenA6KJWRf1KsVtwqRjVDNqTgZqdTcMxc6RslQAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV46v3YGT4wyhEEkTQkN5+r3iRSHSk1D33SGWI/Vby8T//J6iQ7qXspEnGgqyGJRkHCoI5i9DodMUqL51BBMJDO3QjLGEhNtAiqYEL4+hf+TdsV2zm1045Yal8s48uAIHIMycEANNMA1aIIWIOAOPIAn8GxF1qP1Yr0uWnPWcuYQ/ID19gkQRI7N</latexit>

⇧(k)
SUPPOSE:



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

From the time integrals

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="Ws1a97jfuJhNWOU9k+yCvsQ6tPA="></latexit>

h2⌦GW(k, ⌘0) ⇠ h2⌦0
rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

{
<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

{

<latexit sha1_base64="3QBk2HbigVQjpFUfSH/Sg9Qz4Hk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEurBkRNFl0Y07K9gHtLFMppN26GQSZiZCCQF/xY0LRdz6He78GydtF1o9MHA4517umePHnCntul9WYWFxaXmluFpaW9/Y3LK3d5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud96oFKxSNzpcUy9EA8ECxjB2kg9e68bYj0kmKc3WQW59+kxQtlRzy67VXcC5y9BM1KGGeo9+7Pbj0gSUqEJx0p1kBtrL8VSM8JpVuomisaYjPCAdgwVOKTKSyfxM+fQKH0niKR5QjsT9edGikOlxqFvJvOwat7Lxf+8TqKDCy9lIk40FWR6KEi4oyMn78LpM0mJ5mNDMJHMZHXIEEtMtGmsZEpA81/+S5onVXRWdW9Py7XLWR1F2IcDqACCc6jBNdShAQRSeIIXeLUerWfrzXqfjhas2c4u/IL18Q2WeJSV</latexit>

O(10�11)

Value for detection 
at LISA

{

Factor depending 
slightly on the 

generation epoch 
through the 
number of 

relativistic d.o.f.

<latexit sha1_base64="/G8cQoPXBdv4TS1iCWLtFYAcO2o=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAkYtFl0Y07K9gHtLFMppN26OTBzESoIfgrblwo4tb/cOffOGmz0OqBgcM593LPHDfiTCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yZ+e17KiQLg1s1iajj42HAPEaw0lLf3Ov5WI0I5sl1WrGtu+S4lh71zbJVtaZAf4mdkzLkaPTNz94gJLFPA0U4lrJrW5FyEiwUI5ympV4saYTJGA9pV9MA+1Q6yTR9ig61MkBeKPQLFJqqPzcS7Es58V09mWWV814m/ud1Y+WdOwkLoljRgMwOeTFHKkRZFWjABCWKTzTBRDCdFZERFpgoXVhJl2DPf/kvaZ1U7VrVujkt1y/yOoqwDwdQARvOoA5X0IAmEHiAJ3iBV+PReDbejPfZaMHId3bhF4yPbyaElF4=</latexit>

O(10�5)

Only slow, very 
anisotropic processes 

have the chance to 
generate detectable 

SGWB signals  
for sub-Hubble sources

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="AI6XVIEiWy7B9MNJrGfgseIa5Zs=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhmxPUW9OLNCGaBZAw9nU7SpGehu0eIw+CvePGgiFf/w5t/Y08yB00saCiq3uNVlxtyJpVlfRu5ufmFxaX8cmFldW19w9zcqssgEoTWSMAD0XSxpJz5tKaY4rQZCoo9l9OGO7xK/cYDFZIF/p0ahdTxcN9nPUaw0lLH3Gl7WA0I5vFNUrKt+/jwIjnomEWrbI2BZomdkSJkqHbMr3Y3IJFHfUU4lrJlW6FyYiwUI5wmhXYkaYjJEPdpS1Mfe1Q68Th9gva10kW9QOjnKzRWf2/E2JNy5Ll6Ms0qp71U/M9rRap37sTMDyNFfTI51Is4UgFKq0BdJihRfKQJJoLprIgMsMBE6cIKugR7+suzpH5Utk/LJ7fHxcplVkcedmEPSmDDGVTgGqpQAwKP8Ayv8GY8GS/Gu/ExGc0Z2c42/IHx+QMuipRo</latexit>

O(10�9)
<latexit sha1_base64="RoeI1uC5mx5Gw1++zyaUgO0ePcY=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhm3I9BL96MYBZIxtDT6SRNeha6e4Q4DP6KFw+KePU/vPk39iRz0MSChqLqPV51uSFnUlnWt5Gbm19YXMovF1ZW19Y3zM2tugwiQWiNBDwQTRdLyplPa4opTpuhoNhzOW24w6vUbzxQIVng36lRSB0P933WYwQrLXXMnbaH1YBgHt8kJdu6jw+Pk4OOWbTK1hholtgZKUKGasf8ancDEnnUV4RjKVu2FSonxkIxwmlSaEeShpgMcZ+2NPWxR6UTj9MnaF8rXdQLhH6+QmP190aMPSlHnqsn06xy2kvF/7xWpHoXTsz8MFLUJ5NDvYgjFaC0CtRlghLFR5pgIpjOisgAC0yULqygS7CnvzxL6kdl+6x8entSrFxmdeRhF/agBDacQwWuoQo1IPAIz/AKb8aT8WK8Gx+T0ZyR7WzDHxifPyVmlGI=</latexit>

O(10�3)

Value detected 
at PTA

<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

<latexit sha1_base64="Ws1a97jfuJhNWOU9k+yCvsQ6tPA="></latexit>

h2⌦GW(k, ⌘0) ⇠ h2⌦0
rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

Independent on k for 
large enough scales 

(uncorrelated)

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>

`⇤  H
�1
⇤

0.05 0.10 0.50 1 5 10

0.001

0.010

0.100

1

k L*

<Π
ij(
k,
τ)
Π*
ij(
k,
τ)
>

characteristic size of 
the shear stresses

slope 
depending on 

the source 
details

<latexit sha1_base64="GvJtNNuaK3Wv8cZg/VYH3Htke/s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI4qEkouix6MVjBfsBTQib7aRdupvE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpZXVtfaO8Wdna3tmt2nv7bZVkkkKLJjyR3ZAo4CyGlmaaQzeVQETIoROObqZ+5xGkYkl8r8cp+IIMYhYxSrSRArs68oDz4NRTTMADdgO75tSdGfAycQtSQwWagf3l9ROaCYg15USpnuuk2s+J1IxymFS8TEFK6IgMoGdoTAQoP58dPsHHRunjKJGmYo1n6u+JnAilxiI0nYLooVr0puJ/Xi/T0ZWfszjNNMR0vijKONYJnqaA+0wC1XxsCKGSmVsxHRJJqDZZVUwI7uLLy6R9Vncv6s7dea1xXcRRRofoCJ0gF12iBrpFTdRCFGXoGb2iN+vJerHerY95a8kqZg7QH1ifP/H1kp4=</latexit>

k`⇤ ' 1

White noise

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="Ws1a97jfuJhNWOU9k+yCvsQ6tPA="></latexit>

h2⌦GW(k, ⌘0) ⇠ h2⌦0
rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

<latexit sha1_base64="gWfEZhS6l8hrdbh4yuWzJd3sUTw=">AAACGnicbVDLSgNBEJz1bXytevQyGATNIe6KokfRS44RzAOyYemddOKQ2Qczs0JY8h1e/BUvHhTxJl78G2eTPWi0YIaiqpvuriARXGnH+bLm5hcWl5ZXVktr6xubW/b2TlPFqWTYYLGIZTsAhYJH2NBcC2wnEiEMBLaC4XXut+5RKh5Ht3qUYDeEQcT7nIE2km+77rGHGnzHE4IOaf57Ieg7BiKrjf3KRHGPD8GveCiEXzny7bJTdSagf4lbkDIpUPftD68XszTESDMBSnVcJ9HdDKTmTOC45KUKE2BDGGDH0AhCVN1sctqYHhilR/uxNC/SdKL+7MggVGoUBqYyX1vNern4n9dJdf+im/EoSTVGbDqonwqqY5rnRHtcItNiZAgwyc2ulN2BBKZNmiUTgjt78l/SPKm6Z1Xn5rR8eVXEsUL2yD45JC45J5ekRuqkQRh5IE/khbxaj9az9Wa9T0vnrKJnl/yC9fkNRQSegQ==</latexit>

1/⌘0 ⌧ k ⌧ H⇤ ⌧ 1/(a⇤`⇤){ {
Causality of the 
sourcing process

Range of validity 
of the solution

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="Ws1a97jfuJhNWOU9k+yCvsQ6tPA="></latexit>

h2⌦GW(k, ⌘0) ⇠ h2⌦0
rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)

<latexit sha1_base64="mrhNpIRBT8RC3srNt8Nn3tCQDAk=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRBILMKu7zJooZ0RzAOycZmd3CRDZnaXmVkhLPkCG3/FxkIRW2s7/8bJo9DEAwOHc+7lzjl+xJnStv1tpRYWl5ZX0quZtfWNza3s9k5NhbGkUKUhD2XDJwo4C6CqmebQiCQQ4XOo+/3LkV9/AKlYGNzpQQQtQboB6zBKtJG8bN69EdAlXuJKga/qw0K/6EYyjHSIC30XOPcOivdHXjZnl+wx8DxxpiSHpqh42S+3HdJYQKApJ0o1HTvSrYRIzSiHYcaNFUSE9kkXmoYGRIBqJeM4Q5w3Sht3QmleoPFY/b2REKHUQPhmUhDdU7PeSPzPa8a6c95KWBDFGgI6OdSJOTZhR93gNpNANR8YQqhk5q+Y9ogkVJsGM6YEZzbyPKkdlpzT0sntca58Ma0jjfbQPiogB52hMrpGFVRFFD2iZ/SK3qwn68V6tz4moylrurOL/sD6/AFZeZsH</latexit>

⌦GW(k) / (k`⇤)
3



• Characteristic time of the source evolution

• Characteristic time of the GW production 
from the Green’s function:

• GW production goes faster than source evolution for all 
relevant wave-numbers including the spectrum peak  

• One assumes that the source is constant in time for a finite 
time interval (which can be larger than the Hubble time)

• One can then easily integrate to find the GW spectrum

<latexit sha1_base64="UAor2GB8firnFvKubAmXFppail8=">AAACEHicbVBNS8NAEN34WetX1KOXxSKKh5JIUS9C0YvHClaFpoTNdqKLu0nYnRRKyE/w4l/x4kERrx69+W/cfhz8ejDweG+GmXlRJoVBz/t0pqZnZufmKwvVxaXllVV3bf3SpLnm0OapTPV1xAxIkUAbBUq4zjQwFUm4iu5Oh/5VH7QRaXKBgwy6it0kIhacoZVCdyfogURGMSx4eRzEmvEiACnDvbLoh0WgFdXKlGXo1ry6NwL9S/wJqZEJWqH7EfRSnitIkEtmTMf3MuwWTKPgEspqkBvIGL9jN9CxNGEKTLcYPVTSbav0aJxqWwnSkfp9omDKmIGKbKdieGt+e0PxP6+TY3zULUSS5QgJHy+Kc0kxpcN0aE9o4CgHljCuhb2V8ltmQ0GbYdWG4P9++S+53K/7B/XGeaPWPJnEUSGbZIvsEp8ckiY5Iy3SJpzck0fyTF6cB+fJeXXexq1TzmRmg/yA8/4FvAedrw==</latexit>

�tc =
`⇤
vrms

<latexit sha1_base64="CKtD4Lutbj9V6imrdoYDrKNgc1g=">AAACC3icbVBNS8NAEN3Ur1q/qh69LC2Cp5KIqMeiF48V7Ac0JWw2m3bpbhJ2J0oJuXvxr3jxoIhX/4A3/43bNgdtfTDweG+GmXl+IrgG2/62Siura+sb5c3K1vbO7l51/6Cj41RR1qaxiFXPJ5oJHrE2cBCslyhGpC9Y1x9fT/3uPVOax9EdTBI2kGQY8ZBTAkbyqjU3YAIIBi9zlcTDhxy7mkvshorQzMmzce5V63bDngEvE6cgdVSg5VW/3CCmqWQRUEG07jt2AoOMKOBUsLzippolhI7JkPUNjYhkepDNfsnxsVECHMbKVAR4pv6eyIjUeiJ90ykJjPSiNxX/8/ophJeDjEdJCiyi80VhKjDEeBoMDrhiFMTEEEIVN7diOiImBTDxVUwIzuLLy6Rz2nDOG2e3Z/XmVRFHGR2hGjpBDrpATXSDWqiNKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AHmkJr7</latexit>

�tgw ⇠ 1

k

<latexit sha1_base64="AuLmG0NG+mIBuAo/WKkO2Co2xj4=">AAACBXicbVDLSsNAFJ34rPUVdamLwSKIi5JIUVdSdOOygn1AE8JkOmmHzkzCzKRQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n21paXlldWy9tlDe3tnd27b39lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hbit0dEKhqLBz1OiM9RX9CIYqSNFNhHw2svkghnoyDzJIeSqzzPPMJYcJYHdsWpOlPAReIWpAIKNAL7y+vFOOVEaMyQUl3XSbSfIakpZiQve6kiCcJD1CddQwXiRPnZ9IscnhilB6NYmhIaTtXfExniSo15aDo50gM1703E/7xuqqMrP6MiSTUReLYoShnUMZxEAntUEqzZ2BCEJTW3QjxAJhRtgiubENz5lxdJ67zqXlRr97VK/aaIowQOwTE4BS64BHVwBxqgCTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDGxKY+Q==</latexit>

k >
vrms

`⇤

<latexit sha1_base64="u9Cmf9omdLB9DY8P50KPjOVZoJk=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxJBfuATimZNNOGJpkhuSOUoR/hxl9x40IRty7c+Tdm2iLaeiBwOOdccu8JYsENuO6Xk1taXlldy68XNja3tneKu3sNEyWasjqNRKRbATFMcMXqwEGwVqwZkYFgzWB4lfnNe6YNj9QdjGLWkaSveMgpASt1iyd+jwkgGLqpryUOuRr7hktfEhhQItKb8U+Adoslt+xOgBeJNyMlNEOtW/z0exFNJFNABTGm7bkxdFKigVPBxgU/MSwmdEj6rG2pIpKZTjo5aoyPrNLDYaTtU4An6u+JlEhjRjKwyWxZM+9l4n9eO4HwopNyFSfAFJ1+FCYCQ4SzhnCPa0ZBjCwhVHO7K6YDogkF22PBluDNn7xIGqdl76xcua2UqpezOvLoAB2iY+Shc1RF16iG6oiiB/SEXtCr8+g8O2/O+zSac2Yz++gPnI9vkCmfKA==</latexit>

�tfin ⇠ N �tc

A. Roper Pol et al, arXiv:2201.05630

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="GeHpzz4d98vOB2t1xahrLCJRHxs="></latexit>

h2⌦GW(k, ⌘0) / h2⌦0
rad

✓
g0
g⇤

◆ 1
3
✓

⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)

⇢
ln2[1 +H⇤�tfin] if k �tfin < 1
ln2[1 + (k/H⇤)�1] if k �tfin � 1



Transition from
<latexit sha1_base64="cv9hNzdLjEfV6NzlrQInAP3vLLI=">AAACB3icbVBNS8NAEN3Ur1q/qh4FWSyCeKiJFvVY9OKxgv2ApoTNdtIu3U3i7kYooTcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPjzlT2ra/rdzC4tLySn61sLa+sblV3N5pqCiRFOo04pFs+UQBZyHUNdMcWrEEInwOTX9wPfabDyAVi8I7PYyhI0gvZAGjRBvJK+4PvNSVAsdABiNXMQH3uOLG7MQFzr1jr1iyy/YEeJ44GSmhDDWv+OV2I5oICDXlRKm2Y8e6kxKpGeUwKriJgpjQAelB29CQCFCddPLHCB8apYuDSJoKNZ6ovydSIpQaCt90CqL7atYbi/957UQHl52UhXGiIaTTRUHCsY7wOBTcZRKo5kNDCJXM3Ippn0hCtYmuYEJwZl+eJ43TsnNePrutlKpXWRx5tIcO0BFy0AWqohtUQ3VE0SN6Rq/ozXqyXqx362PamrOymV30B9bnD06lmPI=</latexit>

kpeak ' 4⇡/`⇤
<latexit sha1_base64="LnMAdAJP9/riDZYVJjpZvP7Lxs8=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpyoBBBwruHAsEn1IbVo5rtNasZ3IdkBVaP+ECwcQ4sqXcONvcNocoGWklUYzu9rd8WNGlXacb6uwsrq2vlHcLG1t7+zu2eX9pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlp+eJP5rQciFY3EvR7HxONoKGhAMdJG6tvlsHc2TbuSQx1NpmHPLfXtilN1ZoDLxM1JBeSo9+2v7iDCCSdCY4aU6rhOrL0USU0xI5NSN1EkRjhEQ9IxVCBOlJfOTp/AY6MMYBBJU0LDmfp7IkVcqTH3TSdHeqQWvUz8z+skOrjyUiriRBOB54uChJk3YZYDHFBJsGZjQxCW1NwK8QhJhLVJKwvBXXx5mTRPq+5F9ezuvFK7zuMogkNwBE6ACy5BDdyCOmgADB7BM3gFb9aT9WK9Wx/z1oKVzxyAP7A+fwCTVJOP</latexit>

k3 to k1 Can be smoother if 
<latexit sha1_base64="wr7q6jUIA2L7HBB25Z/7mJruQ3g=">AAACD3icbVBNS8NAEN34bf2KevSyWBRPNVFRj0UvHhWsCk0Im+1El+5u4u5EKKH+Ai/+FS8eFPHq1Zv/xrT2oK0PBh7vzTAzL86ksOh5X87Y+MTk1PTMbGVufmFxyV1eubBpbjg0eCpTcxUzC1JoaKBACVeZAaZiCZdx+7jnX96BsSLV59jJIFTsWotEcIalFLmbRWAUZdi9bwdWKLil/nbQAomMYtT3EqG7lcitejWvDzpK/AGpkgFOI/czaKU8V6CRS2Zt0/cyDAtmUHAJ3UqQW8gYb7NraJZUMwU2LPr/dOlGqbRokpqyNNK++nuiYMrajorLTsXwxg57PfE/r5ljchgWQmc5guY/i5JcUkxpLxzaEgY4yk5JGDeivJXyG2YYxzLCXgj+8Muj5GKn5u/Xds/2qvWjQRwzZI2sky3ikwNSJyfklDQIJw/kibyQV+fReXbenPef1jFnMLNK/sD5+AZK5Zwu</latexit>

at k ' 1/�tfin
<latexit sha1_base64="8lJhzJ0uCxhYLy+wPLMglRpinIU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjioiYq6kqKbrqsYB/QhDCZTtqhk0mYuRFK6Ae48VfcuFDErR/gzr9x0nahrQcGDuecy9x7gkRwDbb9bS0sLi2vrBbWiusbm1vbpZ3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1gcJv7rQemNI/lPQwT5kWkJ3nIKQEj+aWy22UCCAY/c1WEQy5H186JGxHoUyKy2sg/LpqUXbHHwPPEmZIymqLul77cbkzTiEmggmjdcewEvIwo4FSwUdFNNUsIHZAe6xgqScS0l42PGeFDo3RxGCvzJOCx+nsiI5HWwygwyXxLPevl4n9eJ4Xwysu4TFJgkk4+ClOBIcZ5M7jLFaMghoYQqrjZFdM+UYSC6S8vwZk9eZ40TyvOReXs7rxcvZnWUUD76AAdIQddoiqqoTpqIIoe0TN6RW/Wk/VivVsfk+iCNZ3ZQ39gff4AgIqaoQ==</latexit>

�tfin > 1/H⇤
<latexit sha1_base64="RvfuG7na2e4IPyYISNL2uT8bzpw="></latexit>

⌦gw, peak /

✓
⇢⇧
⇢rad

◆2

(H⇤`⇤)
2

A. Roper Pol et al, arXiv:2201.05630

SGWB from a stochastic source in the radiation era: 
example (phase transition)

𝖿3 at low frequency: 
uncorrelated source

𝖿1 at intermediate frequency: 
duration of the source

Peak at f ~ 1/𝓁∗ 

Slope at high 
frequency depends on 

the source details 



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

• No matching at the end time of the source  
• No free sub-Hubble modes

<latexit sha1_base64="2AHb2VUtxoHaqA7ZKvYBGZ8O+fw="></latexit>

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

Z +1

0

dk

k

d⇢GW

dlogk

<latexit sha1_base64="+WcoFyiacOtUmQKnn7J/id0wazc="></latexit>

H
rad
r (k, ⌘) =

16⇡G

k

Z ⌘

⌘in

d⌧ a(⌧)3 sin[k(⌘ � ⌧)]⇧r(k, ⌧)

<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)

<latexit sha1_base64="DjEHVfVzs67XKtbjZyJfk5tokWw="></latexit>

d⇢GW

dlogk
(k, ⌘) ⇠ G

a4
k3

Z ⌘

⌘in

d⌧ a(⌧)

Z ⌘

⌘in

d⇣ a(⇣)G(k, ⌘, ⌧, ⇣)⇧(k, ⌧, ⇣)



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

<latexit sha1_base64="DjEHVfVzs67XKtbjZyJfk5tokWw="></latexit>

d⇢GW

dlogk
(k, ⌘) ⇠ G

a4
k3

Z ⌘

⌘in

d⌧ a(⌧)

Z ⌘

⌘in

d⇣ a(⇣)G(k, ⌘, ⌧, ⇣)⇧(k, ⌧, ⇣)

• Scaling (property of the topological defects network)  

• Decays very fast in off-diagonal  

• Decays as a power law on the diagonal 

<latexit sha1_base64="kzSw8ttW9kSHi7VTvkUlOLqPwAI=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBLx61jw4rGC/YCmlM120i7dbOLuRKm1P8WLB0W8+ku8+W9M2hy09cHA470ZZub5sRQGHefbWlpeWV1bL2wUN7e2d3bt0l7DRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/vAq85v3oI2I1C2OYuiErK9EIDjDVOrapaGHLPEU3NGh9wjIil277FScKegicXNSJjlqXfvL60U8CUEhl8yYtuvE2BkzjYJLmBS9xEDM+JD1oZ1SxUIwnfH09Ak9SpUeDSKdlkI6VX9PjFlozCj0086Q4cDMe5n4n9dOMLjsjIWKEwTFZ4uCRFKMaJYD7QkNHOUoJYxrkd5K+YBpxjFNKwvBnX95kTROKu555ezmtFyt5nEUyAE5JMfEJRekSq5JjdQJJw/kmbySN+vJerHerY9Z65KVz+yTP7A+fwDK5pOz</latexit>

k⌧ 6= k⇣
<latexit sha1_base64="h4zBXtFkGbiVyAZDF7Z68knkcmA=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRLxtREKblxWsA9oYplMJ+2QySTM3Cg19D/cuFDErf/izr9x0mahrQcuHM65l3vv8RPBNdj2t1VaWl5ZXSuvVzY2t7Z3qrt7bR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTp+eJ37nQemNI/lHYwT5kVkKHnAKQEj3YcukPQKh+4TA1LpV2t23Z4CLxKnIDVUoNmvfrmDmKYRk0AF0brn2Al4GVHAqWCTiptqlhAakiHrGSpJxLSXTa+e4COjDHAQK1MS8FT9PZGRSOtx5JvOiMBIz3u5+J/XSyG49DIukxSYpLNFQSowxDiPAA+4YhTE2BBCFTe3YjoiilAwQeUhOPMvL5L2Sd05r5/dntYajSKOMjpAh+gYOegCNdANaqIWokihZ/SK3qxH68V6tz5mrSWrmNlHf2B9/gC2GpIB</latexit>

k⌧ = k⇣

<latexit sha1_base64="enRGGAZitetsIMU7Rx/K+Z8AdQw="></latexit>

⇧(k, ⌧, ⇣) ⇠ v4p
⌧⇣

U(k⌧, k⇣)
D. Figueroa et al, arXiv:1212.5458



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

Progressively 
independent on the 

upper bound

<latexit sha1_base64="SIlkyk2dpAxtu9cYj0u6lXf7xG4="></latexit>

d⇢GW

dlogk
(k, ⌘) ⇠ ⌦rad

⇢c
a4

✓
v

MPl

◆4 Z x

xin

dx1

Z x

xin

dx2
p
x1x2 G(x, x1, x2)U(x1, x2)

<latexit sha1_base64="pCYQwV18d2BIzWp1mKMWGym/MVM="></latexit>

h2⌦GW(f) ⇠ h2⌦rad

✓
v

MPl

◆4

F [U ]
RD(1)

TODAY FLAT SPECTRUM AT 
SUB-HORIZON MODES IN THE 

RADIATION ERAD. Figueroa et al, arXiv:1212.5458



SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

CC and Figueroa arXiv:1801.04268



Examples of signals

• First oder phase transitions



Sources of tensor anisotropic stress  
at a first order phase transition: 

• Bubble collision 
(scalar field gradients) 

• Bulk fluid motion 

• Electromagnetic fields  

ḧij + 3H ḣij + k
2
hij = 16⇡G⇧TT

ij

<latexit sha1_base64="7d3xQ06oW0S7lsZR4BmAM/MqMv4=">AAACHXicbVC7TsMwFHXKq5RXgJElokJiqhKogLGChbFIfSAlIXJcp3XrOJHtIFVRfoSFX2FhACEGFsTf4KQRgpYjWTr3nHtt3+PHlAhpml9aZWl5ZXWtul7b2Nza3tF393oiSjjCXRTRiN/6UGBKGO5KIim+jTmGoU9x359c5X7/HnNBItaR0xi7IRwyEhAEpZI8vem0iZeScXaXdjqZI0hoOzHkkkDqEScekZ9qnFdu0ebpdbNhFjAWiVWSOijR9vQPZxChJMRMIgqFsC0zlm6a34wozmpOInAM0QQOsa0ogyEWblpslxlHShkYQcTVYdIo1N8TKQyFmIa+6gyhHIl5Lxf/8+xEBhduSlicSMzQ7KEgoYaMjDwqY0A4RpJOFYGIE/VXA40gh0iqQGsqBGt+5UXSO2lYZ43Tm2a9dVnGUQUH4BAcAwucgxa4Bm3QBQg8gCfwAl61R+1Ze9PeZ60VrZzZB3+gfX4D7p2jsA==</latexit>

⇧TT
ij ⇠ [@i�@j�]

TT

<latexit sha1_base64="04qeW5oWYPVOhKVRGf2V4ZWvxFU=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgVoSRV1GXRjcsKfUGShsl02k47k4SZSaGE/IYbf8WNC0Vc6sq/cfpYaOuBgcM553LnniBmVCrL+jZWVtfWNzZzW/ntnd29ffPgsCGjRGBSxxGLRCtAkjAakrqiipFWLAjiASPNYHg38ZsjIiSNwpoax8TjqBfSLsVIack3LbdK/ZQOsnZaq2WupBw6bg9xjtrloiv60Xl8Bkc+HfkDbxrxzYJVsqaAy8SekwKYo+qbn24nwgknocIMSenYVqy8FAlFMSNZ3k0kiREeoh5xNA0RJ9JLp5dl8FQrHdiNhH6hglP190SKuJRjHugkR6ovF72J+J/nJKp746U0jBNFQjxb1E0YVBGc1AQ7VBCs2FgThAXVf4W4jwTCSpeZ1yXYiycvk0a5ZF+VLh4uC5XbeR05cAxOQBHY4BpUwD2ogjrA4BE8g1fwZjwZL8a78TGLrhjzmSPwB8bXDy7soGg=</latexit>

⇧TT
ij ⇠ [�2(⇢+ p)vivj ]

TT

<latexit sha1_base64="oeRjmT6Qp71Stu3TorN7trrOV+k=">AAACD3icbVDLSsNAFJ34rPUVdekmWBQ3LYmKuiyVgssKfUETw2Q6aaedScLMRCghf+DGX3HjQhG3bt35N07TLLT1wIXDOfdy7z1eRImQpvmtLS2vrK6tFzaKm1vbO7v63n5bhDFHuIVCGvKuBwWmJMAtSSTF3YhjyDyKO974Zup3HjAXJAyachJhh8FBQHyCoFSSq5/YDeImZJTeJ81magvCeuW6S+ruqFxzSc0dOZnh6iWzYmYwFomVkxLI0XD1L7sfopjhQCIKhehZZiSdBHJJEMVp0Y4FjiAawwHuKRpAhoWTZP+kxrFS+oYfclWBNDL190QCmRAT5qlOBuVQzHtT8T+vF0v/2klIEMUSB2i2yI+pIUNjGo7RJxwjSSeKQMSJutVAQ8ghkirCogrBmn95kbTPKtZl5fzuolSt5XEUwCE4AqfAAlegCm5BA7QAAo/gGbyCN+1Je9HetY9Z65KWzxyAP9A+fwB/YZxR</latexit>

⇧TT
ij ⇠ [�EiEj �BiBj ]

TT

GW sourcing process

Several processes, rich 
phenomenology!



Standard Model  
of particle physics:  

Cross-over 
Negligible GW production

Beyond the Standard Model:  
First order phase transition 

Possibly observable GW production

Electroweak phase transition: phase transition of the Higgs 
field, driven by the temperature decrease as the universe expands 

M. Hindmarsh et al, arXiv:2008.09136

- singlet/multiplet extensions of  SM or 
MSSM (SUSY motivated or not) 

- SM plus dimension six operator (EFT 
approach) 

- Dark Matter sector uncoupled to the SM 
- Warped extra dimensions 
- …

Examples of scenarios leading to 
observable signals:

The SM plasma in thermal equilibrium generates a GW background, but very 
weak and peaking at the GHz: not observable in the near future Ghiglieri and Laine 

arXiv:1504.02569

CC et al arXvi:1512.06239



Parameters entering the GW signal

Determined by the effective potential

<latexit sha1_base64="LJLvSMqa6DsbKpN4uBlCCGDmv7s=">AAACDnicbVDLSgNBEJyNrxhfqx69DIZAhBB2xdcx6MVjBPOAbAi9k0kyZHZ3mJmNhBB/wIu/4sWDIl49e/NvnCR7MIkFDUVVN91dvuBMacf5sVIrq2vrG+nNzNb2zu6evX9QVVEsCa2QiEey7oOinIW0opnmtC4khcDntOb3byZ+bUClYlF4r4eCNgPohqzDCGgjtezcoPWQ94CLHhQ8quGk8Oj1QQiYE1t21ik6U+Bl4iYkixKUW/a3145IHNBQEw5KNVxH6OYIpGaE03HGixUVQPrQpQ1DQwioao6m74xxziht3ImkqVDjqfp3YgSBUsPAN50B6J5a9Cbif14j1p2r5oiFItY0JLNFnZhjHeFJNrjNJCWaDw0BIpm5FZMeSCDaJJgxIbiLLy+T6mnRvSie351lS9dJHGl0hI5RHrnoEpXQLSqjCiLoCb2gN/RuPVuv1of1OWtNWcnMIZqD9fUL+bybcA==</latexit>

vw(↵, ⌘), (↵, ⌘) Determined by the bubble expansion 
hydrodynamics

If the PT is strong and non-linearities in the bulk fluid 
develop, another parameter adds: the fraction of kinetic 
energy which is in turbulent motions

<latexit sha1_base64="uBP8p35VFMFAyUO7S+KnbKcm83U=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiB4CjPidhGCXjxGMAtkQqjp9CRNenqa7p5AGOY3vPgrXjwo4lFP/o2dBdHEBwWP96qoqhdIzrRx3S8nt7S8srqWXy9sbG5t7xR39+o6ThShNRLzWDUD0JQzQWuGGU6bUlGIAk4bweBm7DeGVGkWi3szkrQdQU+wkBEwVuoUXX8IikrNeCyu/FABSf0BSAmd1FcRNokKsuxHGmZZp1hyy+4EeJF4M1JCM1Q7xQ+/G5MkosIQDlq3PFeadgrKMMJpVvATTSWQAfRoy1IBEdXtdPJZho+s0sVhrGwJgyfq74kUIq1HUWA7IzB9Pe+Nxf+8VmLCy3bKhEwMFWS6KEw4NjEex4S7TFFi+MgSIIrZWzHpg43H2DALNgRv/uVFUj8pe+fls7vTUuV6FkceHaBDdIw8dIEq6BZVUQ0R9ICe0At6dR6dZ+fNeZ+25pzZzD76A+fzG1RXomc=</latexit>

" =
turb

v

<latexit sha1_base64="J0IaDbB6ZetbG5v8AXAmed1M/Vc=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWQIiURX8uimy4r9AVNCDfTSTt08mBmIpQQV278FTcuFHHrL7jzb5y2WWjrgcs9nHMvM/d4MaNCmua3VlhaXlldK66XNja3tnf03b22iBKOSQtHLOJdDwRhNCQtSSUj3ZgTCDxGOt7oduJ37gkXNAqbchwTJ4BBSH2KQSrJ1Q+bbuX0wQYWD0F1nwNObY9IyNK6W8lcvWxWzSmMRWLlpIxyNFz9y+5HOAlIKDEDIXqWGUsnBS4pZiQr2YkgMeARDEhP0RACIpx0ekdmHCulb/gRVxVKY6r+3kghEGIceGoyADkU895E/M/rJdK/dlIaxokkIZ495CfMkJExCcXoU06wZGNFAHOq/mrgIagspIqupEKw5k9eJO2zqnVZvbg7L9du8jiK6AAdoRNkoStUQ3XUQC2E0SN6Rq/oTXvSXrR37WM2WtDynX30B9rnD5C+mSU=</latexit>

T⇤, ↵,
�

H⇤

Most of these parameters are known (at least in principle) 
given a PT model
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Parameters entering the GW signal

How much 
kinetic energy is 
in anisotropies 

stresses?

What is the spectral 
shape of the GW signal 

as a function of 
frequency?

Determining both 
quantities often 

requires 
numerical 

simulations
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A. Roper Pol et al, arXiv:2201.05630
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P. Auclair et al, arXiv:2205.02588 

GW signal from kinetic turbulence from a simulation with 
the SCOTTS code, together with the analytical evaluation

GW signal from MHD turbulence from a simulation with 
the Pencil code, together with the analytical evaluation



Just indicative: benchmark point from CC et al arXvi:1512.06239, singlet SM extension
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Examples of detectable signal from the EWPT

,  vw=1



Examples of detectable signal from the EWPT

Reconstruction of a generic double 
broken power law (inspired by 
sound+turbulence) with LISA  

accounting for galactic and extragalactic 
foregrounds, 2-parameter noise model

E. Madge et al, in preparation

PRELIMINARY!!



Examples of detectable signal from the EWPT

Same as before, but in terms of 
hydrodynamic parameters 

Input values: 

E. Madge et al, in preparation
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Examples of detectable signal from the EWPT
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2æ region

Galactic fg best fit

sBHB SGWB best fit

Noise A-channel best fit

Is it possible to reconstruct the GW signal spectral shape, to identify 
that the source is a FOPT?

Signal from a singlet 
extension of SM setting
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CC et al, arXiv:1906.09244, Flauger et al arXiv:2009.11845
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Examples of detectable signal from the EWPT

Several model parameter values can correspond to the same GW 
signal, here assumed to be a single broken power law

E. Madge et al, in preparation



An example of possible detection at PTA?

The PTA signal is compatible with GWs 
generated by MHD turbulence at the QCD scale

J. Antoniadis et al, arXiv:2306.16227 
A. Neronov et al, arXiv:2009.14174 
A. Roper Pol et al, arXiv:2201.05630

• In the Standard Model at zero baryon 
chemical potential QCDPT is a cross-over, 
negligible GW production

• It depends on the (uncertain) 
conditions of the early universe

T. Boekel and J. Schaffner-
Bielich, arXiv:1105.0832

D. Schwarz and Stuke, 
arXiv:0906.3434 

M. Middeldorf-Wygas et al, 
arXiv:2009.00036
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Examples of signals

• Inflation



Amplification of tensor metric vacuum fluctuations by 
the exponential expansion 

✓ canonically normalised free field 

✓ quantisation 

✓ homogeneous wave equation: harmonic oscillator with time dependent 
frequency

v± = aMPl h±

GW signal from inflation
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• tensor spectrum

• transfer function from inflation to today, as modes re-enter the Hubble 
horizon
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GW signal from (slow roll) inflation
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Modes entering the 
Hubble horizon in 

the matter era

Modes entering the 
Hubble horizon in 
the radiation era
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• tensor to scalar ratio
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R ' 2 · 10�9
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• scalar amplitude at CMB pivot scale k⇤ =
0.05
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GW signal from (slow roll) inflation
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• GW signal extended in frequency:

continuous sourcing of GW as modes re-enter the Hubble horizon
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GW signal from (slow roll) inflation

Gw detectors offer the amazing opportunity to probe the inflationary 
power spectrum (and the model of inflation) down to the tiniest scales 

BUT! The signal in the standard slow roll scenario is too low
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(P)reheating generates a signal, but unfortunately at very high frequencies



GW signal from (non-standard) inflation
There is the possibility to enhance the signal going beyond the standard inflationary 

scenario: adding extra fields, modifying the inflaton potential, modifying the 
gravitational interaction, adding a phase with stiff equation of state…
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One example: GW signal from second order scalar 
perturbations, PBH and LISA

A. Riotto, https://indico.math.cnrs.fr/event/5766/contributions/5153/
attachments/2801/3587/Paris2021.pdf

There is a mass window for 
which PBH can still constitute 
the whole of the dark matter

If one wants to produce PBH in 
this mass range, one also has an 

observable SGWB in LISA by 
second order scalar perturbations

N. Bartolo et al, arXiv:1810.12218, 
arXiv:1810.12224

https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf
https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf
https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf


An example of possible detection at PTA?
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J. Antoniadis et al, 
arXiv:2306.16227

Would this be compatible 
with slow roll and a stiff 

equation of state?  
Marginally!
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Examples of signals

• Cosmic strings



Cosmic strings (or other kind of topological defects) are non-trivial field 
configurations left-over after the phase transition has completed  

A network of cosmic strings emits GWs 
(though the results are very model dependent)

https://curl.irmp.ucl.ac.be/~chris/strings.html

GW signal from cosmic strings

https://curl.irmp.ucl.ac.be/~chris/strings.html


One model of 
Nambu Goto 
local strings

Gµ = 10�17
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Auclair et al, arXiv:1909.00819

• The signal extends over many frequencies since the GW production is 
continuous throughout the universe evolution 

• The energy density of the cosmic string network is a constant fraction of 
the universe’s one 

GW signal from cosmic strings



An example of possible detection at PTA?

J. Antoniadis et al, 
arXiv:2306.16227
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To summarise:

• SGWB might reveal a powerful tool to probe the early universe and high energy 
physics 

• The spectral shape must be predicted with good accuracy in order to disentangle the 
different sources (and also for foregrounds) 

• General considerations about the characteristics of the spectral shape are possible in 
some cases, to pin down at least the class of SGWB sources  

• Electroweak PT: at the limit of tested physics, GW signal can be accessed/
constrained by LISA only for models beyond the standard model of particle physics 

• QCD PT: tested physics but difficult to predict, GW signal can be accessed/
constrained by PTA only for models beyond the standard model of particle physics 

• Inflation: new physics but observationally compelling, extended GW signal in 
frequency, only accessible by CMB unless one goes beyond the standard slow roll 
scenario (there are well motivated scenarios!) 

• Cosmic strings: amazing potential to probe high energy theory, but need to account 
for GW signal model dependent 

• SGWBs from the primordial universe might seem speculative but their potential 
to probe fundamental physics is great and amazing discoveries can be around 
the corner, especially after the PTA results!


