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Scalar toy model
L =

√−g
(
−gµν (∇µϕ)

† ∇νϕ+
λ

4
|ϕ|4

)
+

1
16πG

√−gR
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Distribution functions

fϕ(t , k) ≡ Number of ϕ-states with momentum k in d3k interval
V d3k/(2π)3 ,

fh(t , k) ≡ Number of gravitons with momentum k in d3k interval
V d3k/(2π)3 ,

Evolution equations

ḟϕ(t , k) = Gϕ(t , k)− Lϕ(t , k),

ḟh(t , k) = Gh(t , k) − Lh(t , k),

p'1

p'm

k'1

k'n

p1

pi

k=k1

kj

Gh(t , k) =
1

4k

∑
all processes r

with at least one
final state graviton

Sr

ˆ
dΩr |Mr |2 × fϕ(p′

1) · · · fϕ(p
′
m) fh(k ′

1) · · · fh(k
′
n)×

×
(
1 + fϕ(p1)

)
· · ·

(
1 + fϕ(pi )

)
(1 + fh(k)) · · ·

(
1 + fh(kj )

)
.
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fϕ(k) = nB(k) + · · · ,

fh(k) = 0 + f (2,2)h (k) + f (0,4)h (k) + f (2,4)h (k) + · · · ,
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fϕ(k) = nB(k) + · · · ,

fh(k) = 0 + f (2,2)h (k) + f (0,4)h (k) + f (2,4)h (k) + · · · ,

Quantum gravity effects

Interference
effects
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h2
0Ωgw(fg) ∼

Tmax

mp
nB(ymax)

 λ
2
ψ

(2,2) (ymax) +
1

3

(
Tmax

mp

)2

ψ
(0,4) (ymax) +

1

3
λ

2
(

Tmax

mp

)2

ψ
(2,4) (ymax)



with ymax ≡
2πfg

Ttoday

(
g∗s(Tmax)

g∗s(Ttoday)

)1/3
= 0.14

( fg
1010 Hz

) (
g∗s(Tmax)

2

)1/3

[Ghiglieri, JSE, Speranza 22]
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Graviton pair production dominates
if:

λ2ψ(2,2) (ymax) <
1
3

(
Tmax

mp

)2

ψ(0,4) (ymax)

10
Tmax

mp
≳ λ

(result also applies for more general models)

Equilibrium condition:

H < ḟϕ

with H ∼ T 2

mp
and ḟϕ ∼ λ2T

λ2 ≳
Tmax

mp
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SM calculation
L =

√−gLSM +
1

16πG
√−gR
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The CGMB spectrum in the Standard Model

[Ghiglieri, Jackson, Laine, Zhu 20]

Only single graviton production processes included

Graviton pair production not yet known
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Graviton pair production dominates
if:

X
Tmax

mp
≳ couplings
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[Laine, Schicho, Schröder 19]
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The CGMB spectrum in the SM and beyond

[Ghiglieri, Jackson, Laine, Zhu 20], [Ringwald, JSE, Tamarit 20]

In BSM theories:

fpeak(Tmax) ∼
[

106.75
g∗s(Tmax)

] 1
3 SM MSSM

g∗s(Tmax) 106.75 228
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Conclusions
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Backup
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CGMB for complex scalar model

Lϕ =
√−g

(
−gµν (∇µϕ)

† ∇νϕ +
λ

4
|ϕ|4

)
,

LEH = 2κ−2√−g R, κ ≡
√

32πG, G ≡ 1/m2
p

Expansion around flat space-time:

L = LEH + Lϕ = −ηµν (
∂µϕ

)†
∂νϕ− U +

1

2
∂µhσν

∂
µhσν

+κ hµν (
∂µϕ

)†
∂νϕ + κ

(
−

1

2
hαβ∂αhµν∂

βhνµ − hαβ∂µhνα∂
µhβν + hβµ∂νhαβ∂

µhνα

)
+κ2

[(
−hµλh ν

λ +
1

4
η
µνhαρhρα

) (
∂µϕ

)†
∂νϕ +

1

4
hαρhρα U

]
+ O(h3).

λ κ κ κ2
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Details on the Matrix elements

|M|2 =
λ2κ2

4
VµνVαβ ϵ∗χαβϵχµν (for process ϕ†ϕ→ ϕ†ϕh)

Vµν = −
1
q2

1

(
p′

1µq1ν + p′
1νq1µ

)
+

1
q2

2

(
p′

2µq2ν + p′
2νq2µ

)
−

1
q2

3

(
p1µq3ν + p1νq3µ

)
−

1
q2

4

(
p2µq4ν + p2νq4µ

)
p'1

p'2

p1

p2

k

q

∑
χ

|M|2 =
λ2κ2

4
VµνVαβ Lµναβ

Lµναβ =
1
2

(
PµαPνβ + PµβPνα − PµνPαβ

)
, Pµν = ηµν −

kµnν + kνnµ
k · n

−
kµkν

(k · n)2

∑
χ

|M|2 =
λ216π

m2
p

(
(p′1 · p′2)

2

p′1 · k p′2 · k
+

(p1 · p2)
2

p1 · k p2 · k
−

(p′1 · p1)
2

p′1 · k p1 · k
−

(p′2 · p1)
2

p′2 · k p1 · k
−

(p′1 · p2)
2

p′1 · k p2 · k
−

(p′2 · p2)
2

p′2 · k p2 · k
− 2

)
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ḟ (i,j)h (k) =
1

2k
T 2
(

T
mp

)j

λi nB

(
k
T

)
ψ(i,j)

(
k
T

)
for (i , j) = (2,2) and (i , j) = (0,4)
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k/T
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100

101
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ψ
(k
/T

)

2→ 3

3→ 2

2↔ 3 = (2, 2)

2→ 2 = (0, 4)
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GW spectrum
Reminder:

fh(t , k) ≡ Number of gravitons with momentum k in d3k interval
V d3k/(2π)3 ,

d
dt
ρgw(t , k) = 2k ḟh(t , k)

d3k
(2π)3

In expanding universe:

(∂t + 4H)ρgw(t) =

ˆ
d3k
(2π)3 R(t , k) , R(t , k) ≡ 2 k ḟh(t , k)

We can integrate this by using ṡ + 3Hs = 0:

ρgw(t1)
s4/3(t1)

− ρgw(t0)
s4/3(t0)

=

ˆ t1

t0
dt

1
s4/3(t)

ˆ
d3k
(2π)3 R(T (t), k)

Use to convert to temperature integral:

dT
dt

= −
√

4π3

45
g∗ρ(T )

1
2

g∗s(T )

g∗c(T )

T 3

mp
16/11



Inflationary bound on Tmax

ρinf = 3H2
infM

2
P ≈ 3

2
π2rASM4

p

From CMB observations:

ρinf <
(
1.6 × 1016 GeV

)4

And with

ρinf =
π2

30
g∗ρ(Tmax)T 4

max

Tmax < 6.6 × 1015 GeV
[

106.75
g∗ρ(Tmax)

] 1
4

17/11



Stochastic GWs: dark radiation constraints

Ωgw =
1
ρ

dρgw

d ln f
, with ρ =

3H2
0

8πG

ρgw

ρ
=

ˆ ∞

0

df
f
Ωgw ≈ Ωgw(fpeak)

h2
0
ρgw

ρ
≤ h2

0
∆ρrad

ρ
= h2

0Ωγ
7
8

(
4
11

) 4
3

∆Neff = 5.6 × 10−6 ∆Neff

h2
0Ωgw(fpeak) ≤ 1.68 × 10−6

(
∆Neff

0.3

)
g∗s(T0) = 3.90, g∗s(T ) = 10.75, T0 = 2.72 K, h2Ωγ = 2.47 × 10−5
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[Ringwald, JSE, Tamarit 20]

SMASH: 8 × 109 GeV< Tmax < 2 × 109 GeV
νMSM: 3 × 1013 GeV< Tmax < 1 × 1014 GeV
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Detection prospects
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GW photon mixing

L ⊃ −1
4
ηµαηνβFµνFαβ

In curved spacetime:

L ⊃ −√−g
1
4

gµαgνβFµνFαβ

Linearized Gravity

gµν = ηµν + hµν

Then Lagrangian contains terms of the
form:

L ⊃ −1
4
ηµα hνβ FµνFαβ

cf. axions L ⊃ − 1
4 gaγ a Fµν F̃µν
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Resonance frequencies in GHz regime
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Sensitivity to stochastic GW background

Ssig(ω) =
ωn
Q

(ωωn)
2

(ω2−ω2
n)

2+(ωωn/Q)2 |η|2 B2
0VcavSh(ω)

Thermal noise
Snoise(ω) =

4πT (ωωn/Q)2

(ω2−ωn)2+(ωωn/Q)2

Non-coherent signal appears as an
additional noise source in the detector
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Sensitivity to stochastic GW background

SNR =
Ssig

Snoise
= ωnQ

4πT |η|2 B2
0VcavSh(ωg)

ΩGW(ω) = 2
3
ω3

H2
0
Sh(ω)

ΩGW = 8 × 1010 ×
(

(0.2)2

|η|2

)(
10 T
B0

)2 (
ωn

1 GHz

)2
(

1 m3

Vcav

) (
1012

Q

)(
Tsys

10 mK

)
Cosmologically produced GW backgrounds ΩGW < 10−6.
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GW production in primordial plasma

1

ρ
(0)
c

dρ0
CGMB

d lnf
= ΩCGMB(f )

ΩCGMB(f ) ≃
1440

√
10

2π2MP
Ωγ [g∗s(fin)]1/3 f 3

T 3
0

ˆ Tmax

Tewco
dT

g∗c (T )

[g∗s(T )]4/3 [g∗ρ(T )
]1/2

η̂

T , 2π

[
g∗s(T )

g∗s(fin)

]1/3 f

T0



(for SM)
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GW production in primordial plasma

ΩCGMB(fpeak) ≈ 2.7 × 10−8
(

g∗s(Tmax)

106.75

)−11/6 Tmax

Mp
× (model dep. factor)

fpeak(Tmax) ≈ 79.8 GHz
[

106.75
g∗s(Tmax)

] 1
3

× (model dep. factor)

SM νMSM SMASH MSSM
g∗s(Tmax) ≈ 106.75 109.75 124 228

characteristic amplitude:

hc(f ) = 1.26 × 10−18
[

Hz
f

]
×

√
h2 Ω

(0)
GW(f ) .
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