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Outline.

• Introduction. Motivation. Wentzel’s consideration on the photon self 
energyenergy.

• Exact solution of the Dirac equation in a quantized electromagnetic 
plane wave; ‘Quantized Volkov states’ of charged particlesplane wave; Quantized Volkov states  of charged particles.

• Derivation of the electromagnetic mass formula for the X17 from the 
quantized Volkov state. A possible plasma interpretation.quantized Volkov state. A possible plasma interpretation.

• Summary.
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New experiments are also pointing to the existence of the X17 vector 
b C id ti th fifth f l i i th ATOMKIboson. Considerations on the fifth force explaining the ATOMKI 
anomaly...



QED meson description of the X17 particle and dark matter.



Wentzel’s deduction of the ‘non-vanishing self-energy of the photon’ (1948). 

“CONCLUSION. The results of the last section are hardly 
encouraging in view of higher approximations. We have tried 
to take the quantum theory of fields seriously, without q y y
admitting any ad hoc subtractions inconsistent with the 
principles of quantum mechanics. The outcome shows that the 
empirical fact, that the photon has no rest-mass, does not fit 
naturally into the framework of quantum electrodynamics. It y q y
seems questionable to what extent the predictions of such a
theory in higher order effects are trustworthy.
Finally, it should be remembered that the pair creation of other 
charged particles (mesons, protons) is likely to contribute to
the photon selfenergy. Therefore, the phenomena involving
electrons, positrons, and photons only, can hardly be expected 
to be quite independent, in the higher order effects, of the 
existence of other particles and their nature.”
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Perturbation theory plus an extrapolation:
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Wentzel G, New aspects of the photon self-energy problem. Physical Rewiev 74 (1), 1070-1075 (1948).



Volkov states [ 1935 ]. Exact solutions of the Dirac equation of a charged [ ] q g
particle interacting with a classical plane electromagnetic field.  
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Wolkow D M, Über eine Klasse von Lösungen der Diracschen Gleichung. Zeitschrift für Physik 
94, 250-260 (1935). [Application to strong-field and multiphoton processes: from ~1960...]



Exact solutions of the Dirac equation in a quantized plane wave. Nonlinear Compton scattering 
(HHG) beyond the semiclassical description (1981) The generalization of the Klein Nishina(HHG) beyond the semiclassical description (1981). The generalization of the Klein–Nishina 
formula. [The effect of depletion of the laser field; e.g. altered kinematics (spectrum) .]

The calculation of the nonlinear Compton process was based on the
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Exact solutions for the ‘Dirac electron + quantized e.m. radiation mode’ system [1-3]:
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 ‚depletion factor’ [1-3]
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The generalization of the Klein–Nishina formula (complete depletion of the photon mode):
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[1] S. Varró, Theoretical study of the interaction of free electrons with intense light. ( Ph.D. dissertation, 1981 ). (in Hungarian ) 
Hungarian Physical Journal XXXI, 399-454 (1983). [2] J. Bergou, S. Varró:J. Phys. A: Math. Gen. 14, l469-l482 (1981) . [3] J. B. S. V., 
Nonlinear scattering processes in the presence of a quantised radiation field: II. Relativistic treatment. Ibid. 14, 2281 (1981).



The matrix elements of the squeezing operator between (unperturbed) photon 
number eigenstates. Expression in terms of classical Gegenbauer polynomials.
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Remark: SU(1,1); SL(2,R) group. Lorentz group in 2 + 1 dimensions (osc. repr.).
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Varró S, Coherent and incoherent superposition of transition matrix elements of the squeezing operator.  New Journal of Physics 
24, 053035  (2021). E-print: arXiv: 2112.08430 [quant-ph] .  29th Int. Las. Phys. (LPHYS’21).  J. Phys. Conf. Ser. 2249 012013 (2022).



Derivation of the electromagnetic mass formula on the basis of quantized Volkov 
t t C t ib ti f th b t t th d tstates. Contributions of the sub-systems to the energy and momentum.
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Derivation of the electromagnetic mass formula for X17 on the basis of quantized 
Volkov states Sum over the charged particle’s momentum; cut off functionVolkov states. Sum over the charged particle’s momentum; cut-off function.

1.5

Cut-off function  4 μ f  y1  
)(4)(122 1

22
2

2
0

0

222 yfmc
c

ek
q

nnnccm zyx   







MeVcm
c

e
p 2206.45)(1 2

2




yyyyyf  )1log(1)( 22

1.0

μ
f

y 1


Here we have taken mp as the proton mass. This is 
‘Wentzel-type’ mass term, though we did not consider 
vacuum polarization. Rather, we have taken a real 
positive energy charge. We now proceed with a Fermi 
gas picture, and define the Fermi radius
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Taking kFrF=1, and multiplying with the average number of 
particles N within the Fermi sphere, we have the proposed 
mass formula for the X17:
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Dispersion relations, rest mass. Plasma consideration.
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Dispersion relations
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The ‘mass-shell relation’ of e.m. radiation in an 
underdense plasma does not depend on the frequency !
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Momentum  Wavevector



Summary.

• We have briefly shown Wentzel’s consideration on the non• We have briefly shown Wentzel’s consideration on the non-
vanishing photon self energy.

• We have given the exact solution of the Dirac equation of a proton• We have given the exact solution of the Dirac equation of a proton 
in a quantized electromagnetic plane wave;. This leads to a ‘Wentzel-
type’ mass term for the dressed radiation. We did not consider 
vacuum polarization Rather we have taken a real positive energyvacuum polarization. Rather, we have taken a real positive energy 
charge, which dresses the radiation. 

• According to the present analysis, the dressed radiation is a According to the present analysis, the dressed radiation is a 
massive vector boson field with (rest mass)c2 = 17.0087 MeV, which 
may perhaps be identified with the X17 resonace, found by the 
ATOMKI group in several experiments.g p p
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Appendix.
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New experiments are also pointing to the existence of the X17 vector boson.



Considerations on the fifth force explaining the ATOMKI anomaly.



The Bloch-Nordsieck model:The very first „non-perturbative true multiphoton 
description”. [ Elimination of the ‘infrared divergence’ from QED.]p [ g Q ]
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F. Bloch and A. Nordsieck, Note on the radiation field of the electron. Phys. Rev. 15, 54-59 (1937). 

)]([e 00 zJnnn aa 
 

Matrix elements of D Poisson; Laguerre polynomial )]([e 00 zJnnn nMatrix elements of D Poisson; Laguerre polynomial



Non-relativistic illustration. Diagonalization: elimination of the p.A and A2 terms. 
The appearance of the „quantized space-translated potential”.pp „q p p
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a ó S, Qua tu opt ca aspects o g a o c ge e at o oto cs 0 , 8 ( ), 69 ( 0 ) e a geb a c
elimination technique is the same as in V S (1983), B J and V S, J. Phys. A 14, 1469 (1981), ibid. 14, 2281 (1981) 
used for free Schrödinger and Dirac electrons, resp.



Transformation properties of the ‘disentengling operators’ have the same structure for any 
SU(1,1) generators. Thus, the elimination of the interaction terms for exactly solving the Dirac 
equation in a quantized field, relies on the SU(1,1) algebra.

Exact solutions for the ‘Dirac electron + quantized e.m. radiation mode’ system in  case of two co-
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propagating circularly polarized quantized modes. E.g. subharmonic EPR pair generation.

20121, )(
2

1 nnnDDUeuAA
Qk gQE 





 P 


  baK abK  )1(2

1
0   bbaaK 121 )(ˆ   bbaaC

),()exp()( 0 SitKgU  ,jiji KMUUK 

Remark: SU(1 1); SL(2 R) group Lorentz group in 2 + 1 dimensions (osc repr )
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Remark: SU(1,1); SL(2,R) group. Lorentz group in 2 + 1 dimensions (osc. repr.).
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The expansion coefficients of the Dirac stationary states, i.e. The photon statistics is, at the same time, are the 
transition probabilities in the parametric down-conversion; generation of entangled photon pairs. 



Gordon-Volkov states (1927, 1935): Exact solutions of the Klein–Gordon and Dirac equations of an 
electron in an arbitrary intense ‘laser field’ propagating in vacuum. After ~ 80 years; the only new 
exact, closed form solutions for the ‘monochromatic problem’ in a medium [S. V. (2013, 2014)]. , p [ ( , )]
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Origin of the dielectric function and index of refraction. Elementary (textbook) considerations. 
Maxwell equations in a plasma; field equations of a massive vector boson. [‘Massive photon’.]
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Index of refraction propagation of e m radiation in an underdense plasma:Index of refraction, propagation of e.m. radiation in an underdense plasma:
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‘Equivalence’ of the Maxwell equations in a plasma medium with the field 
equations of a massive vector boson in vacuum; ‘mass’: c/ equations of a massive vector boson in vacuum; mass :

,4   D
Gauss                       Maxwell  fields                           Massive vector fields
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Covariant formalism for the massive vector field cp / 
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Lagrange density: Field strength tensor:
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Lánczos C, Die tensoranalytischen Beziehungen der Diracschen Gleichung. Z. für Physik 57, 447 (1929). Proca A, 
Sur la théorie ondulatoire des électrons positifs et négatifs. J. Phys. Radium 7, 347-353 (1936). See recent review 
Goldhaber A S and Nieto M N, Photon and graviton mass limits. RMP 82, 939 (2010).



The »Lánczos–Proca vector field« 
[A] „Neither the titles nor the detailed texts of Proca’s papers indicate explicitly that 
this is an equation for the electromagnetic field. Indeed, from the context it is clear 
that he was thinking of a charged massive spin-1 field. The idea that this could be t at e as t g o a c a ged ass e sp e d e dea t at t s cou d be
identified with a massive photon came later.” [A] Goldhaber and Nieto (2010).

[B] „Since 1928, Dirac’s relativistic wave-equation has been written in various 
f i d t f ilit t it i t t ti F l i 1930 S t [1]forms in order to facilitate its interpretation. For example, in 1930 Sauter [1] 
and Proca [2] rewrote it using Clifford numbers. However, the most direct road 
was taken by Lanczos in 1929 [3].... Hence, (1) [Lánczos’s coupled quaternionic 
equations SV] can be seen as Maxwell’s equations with feed-back This was aequations, SV] can be seen as Maxwell s equations with feed-back. This was a 
very important idea, and precisely the one that lead Proca in 1936 to discover 
the correct equation for the massive spin one particle [5]. The concept was 
easily generalized, and Kemmer finally wrote down the wave-equation of the y g , y q
(peudo-) scalar and (pseudo-) vector particles in the form we still use today [6]. 
Later, Gürsey [7] showed that Proca’s and Kemmer’s equations are just 
degenated cases of Lanczos’s.” [B] Gsponer and Hurni (1993).

[A] Goldhaber A S and Nieto M M, Photon and graviton mass limits. Rev. Mod. Phys. 82, 939-978 (2010). Quote; 
de Broglie L, La Méchanique Ondulatoire du Photon, Une Novelle Théorie de la Lumiere (Hermann, Paris, 1940).

[B] Gsponer A and Hurni J-P Lanczos’ equation to replace Dirac’s equation? In J D Brown et al eds[B] Gsponer A and Hurni J-P, Lanczos  equation to replace Dirac s equation?  In J. D. Brown et al., eds., 
Proceedings of the Cornelius Lanczos International Centennary Conference, Raleigh, NC, 12-17 December 1993 
(SIAM, Philadelpia, 1994) pp. 509-512. Varró S, Klein-Gordon rádió...  ATOMKISzeminárium 03 Oct 2019.


