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The Quantum NocloningTheorem
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since k 14TKMplmaids I the aboveequality cannothold TheLHS

must besmaller in magnitude than therighthand side

Thusno cloning machine can exist



Quantum Cryptography

Suppose Hice wants to sendBob a secretmessage Oneoptionthat Alicehas is t

communicatewithBob usinga privatechannel Butwhat if such a private channel isnot
available or they think that the securityoftheirprivate channel hasbeen compromised
Undersuchcircumstances theymust consider publicchannel but to keepanyone else

from readingTheir message Alice needs to encrypt hermessage She does it by

using a privatekey Anyonewhowantsto readthemessagemustdecrypt it usingthe

same Key

suppose themessagethatAlicewants tosend isexpressed in a stringof binarydigits bits
WecallThisthe plaintext It consists on nbitsTheplaintext is convertedinto a codeby
adding to it modulo2 an nbit key

Plaintext o I I 0 l o o I 1 I 0 1

key I 0 i o o 1 I 1 0 I 1 0

Cyphertext I 1 0 0 1 I 1 0 I 0 I 1

Theresultofadding thekey totheplaintextresults in thecyphertext Alicethenshares
theciphertextwithBols over a public channel Without having accessto the keythecyphertext reads like completegiberish

Bob whenherecievesthe cyphertext addstheprivatekey to decryptthe message
Cyphertext I 1 0 0 1 I 1 0 I 0 I 1

key I 0 i o o 1 I 1 0 I 1 0

Plaintext 0 1 I 0 1 0 0 1 I 1 0 I



For large n it becomes increasingly moredifficult I guess the key For n there are 2

possibilitiesBut inprinciple withthehelpof a powerful computer the evesdropperEve can crackthe
codeThere isalso theworry thatthekeyitselfmightbecompromised Inthefirstinstance
Hice Bobwillhave to meetupto exchangethekey
Quant cryptography offersmany advantages over classical cryptography Herewe describe

a protocolfor quantum key distribution ARD known as BB84 named afterits

inventorsCharlesBennet GillesBrassard andtheyear 1984 inwhich they proposed it

BB84 is considered the beginningofthefieldof quantum cryptography

In BB84protocol Aliceproducestworandomstrings One consistsofOs andIscalledthe
parentstring Andthestring consists of F Xandis called thebasisstring

She chooses a qubit in astate givenbythefollowing chart

Beis tent ifitstate
Z 1 In
X O 1 7
X I 17

AlicegivesBob a stringofqubits according tothis ruleBelowweconsider a sample
Z X Z Z X Z X X X Z Alice's basisstring
I 0 I 1 I 0 1 0 I 1 Alias parentstring
117 17 117 117 17 107 17 17 17 ID qubitStates

Bobdoesn't knoweitherof Alice's string He thengenerates his own randombasis
string and measures the qubitaccording to those basis states



Z Z X Z X X Z X Z X Bob'sbasis string
117 107 17 117 17 17 117 17 07 17 Bob'sresultsofmeasurement in the

basis givenby Bob's basisstring

Bobthen constructs a parentstring according to the same rule as Alice
I 0 1 I 1 0 0 0 1 Bob's parent string

Bob thencompares hisbasisstringwithAlias over a public channel and

hethrowsaway all the qubits and the corresponding parentbits inwhich hemeasuredin thewrongbasis

Right Y N N Y Y N N Y N N
basis

key I 1 I 0

string

In thisway Bob andAlice generate a key
NowwhataboutEve Eve canonly gatherinformation about the basis strings used

But if shedoesn'thave access to parentbits corresponding to the common basis bits
shehas no knowlegeaboutthekey

SinceAlice uses N 4 States and the dimensionof the Hilbertspace 4 2 we

seeThat on each qubit Eve's probability of error is
PE3 1 I

Whathappens if Eve intercepts the qubitsentbyAlice makes a measurement
andthen sends it to Bob Since Evewill sometimes misidentify the state thestate

that she passesonto Bobwillbe in a state differentfrom the state that Alice

preparedThus even if Alice and Bobmeasures in the same basis they will obtain



different parentbits

Alice Bob can detectEve's meddling by choosing a random sample of their

keybitsand compare them over a public channel and then eliminate them

fromtheirkey since these bitsare no longerUseful as keybits If evenafter compan

ng
several hundred bits Alice and Bobfind no discrepancy they can beconfident that

noone had been interfering
comments

1 Bobgetstheright parent bit about751ofthetime probofguessing the rightbasis

I Pub if guessingthewrongbasis x Pnbofgettingtheright parentbitt It

I
2 Although Bobgetsthe correct parent bit 751 ofthetime it is onlywhenhischoice

of thebasisbit agreeswith thatof Hice is when he can sure of the parentbit
being the same as that of Alice Tens Bob only keeps those 150 of his
parentbits



TheEPR CritiqueofQuantumMechanics
In 1935AlbertEinstein BorisPodolsky and NathanRosen EPR offered an argument that

quantum mechanics is an incomplete Theory TheEPRargumentiftrue would imply thatthere
There mustexist hiddenvariables whichare notpartof quantummechanics Suchtheories
are called hiddenvariabletheories

Herewepresent a versionofthe EPR argument that is dueto JohnBell who derived
a testable version ofthe argument which led tothe Bellinequalities
Suppose wehavetwo qubits say twoparticles withspint which are in an entangled

stategivenby theBellstate

Ipi 107 1107

Fortwospinto particles in thisstate it canbe shown that the total angular
momentumoperator 5 5 Hpt 1 5 has eigenvalue givenby 52 s stilt

with 1 0 Thisstateis called a singletstate

The nice thingaboutthesingletstate is that it hasthe sameform in anybasis so if we

express it in the X basis it becomes

Ip f I 1 7 17 It 17 I 1 7 1 7 1 7 17 1 7 1 7

1 7 1 7 Itt I t It 7 1 7 I 1 7

None
supposetheparticle Aendsup in Alice's lab whileparticle B endsup in Bob's

lab Alice and Bob's labs can befar apart EPRargued that anymeasurement that
Alicemade on herqubit must be independent of anymeasurement thatBobdid
and viceversa Wemay call this assumption the locality assumption

Nowaccording toquantummechanics Alice can do a bunchof incompatible measurementon



her qubit Suppose Alicehas a choiceoftwomeasurementsX or 2 Suppose Bob alsohas

the same choice X or It Butaccording to 9M the value ofThese variables do
not exist before Alice or Bobmakesthe measurement

If Alicechoosesto measure Xp then the valueofBob's qubit's Xp value is determined
Onthe otherhand a measurement of24 willyield thevalue of 2B Butthe

apparentlyreasonable assumptionof localitymeansthatAlice'schoice

of measurement doesn't influence the measurement that Bob does Thus the
valuesof X 5 It must exist even though they are not simultaneously measureable
according to quantum mechanics Itu aspect of a physical systemwhich canbe

measuredwithout disturbing it is called an elementofreality This assumption isknown
as the reality assumption

his versionoflocalrealism seems compelling since there is no known mechanism bywhich
tu two particles can interact overvast distances Furthermore AliceandBob canevendotheir

measurements so that theelapsed between the events ofmeasurement shorterthan thetime

akenfor a beamof light to traversethe distancebetweenthem Inthelanguageof
specialrelativity the twoevents are spacelike separated

CriticismoftheEPRargumentinvolves

i Its counterfactual SoAlice can neverdobothXa Zameasurements andso making
the statement the valuesof both Xp It exist is not a factual statement

ii NielsBohrargued that thereneedn't be a physical mechanism bywhichthe two

qubitscancommunicate witheachother Heargued that thetwo different choicesof
measurementswere complementary toeach other inthe sameway the waveaspect and the



particleaspect of a quantumparticle are complementary Thelatter is the statementof
principleof complementarity which says that whether wesee theparticle orwavenature

of a quantum particle depends on theexperimental setup

TheBell Inequalities or the Bell Theorem

In 1964 JohnBellproposed a statistical experimental testof the EPRargument Herewe
present a versionoftheargument due to John Clauser MichaelHorne AbnerShimony andRich
archHolt CASH

LetAliceandBobhavechoice of making measurements A orAz and B orBa

respectivelyThusjoint there are fourpossiblemeasurements AiBD AiBa ALB CA2Ba

suppose we chooseunitssuchthat thesemeasurements cantake the values I or 1 Forour

case we takethe state tobe an entangled singlet stateand so we aremeasuring in units

of5 2
Notethateachpairofthese observables are mutually exclusiveas a setbut wecanbuilt us

a statistics oftheir jointvalues AiBj Thisquantitytakesthe valueeither t l or 1
CHSH Then proposed tomeasure the averagevalueof 9 A B Ba Az B t Ba I then

cantakevalues between 2 and 2

This means that the averagevalueof A lies between 2 2

21 A B CAB2 A B LA BI E 2

This is knows as theCHSH inequality and it is anexampleof a Bell inequality Itwas
derivedassumingthat Ai Bjcan takevalues independentofeachother

Whatvaluesdoesquantum mechanicspredict

Thevaluesof 2A B in quantummechanics willdependon both our choiceof Ai B

as well as the statewithrespect towhichwetake the average



Formeasurement we consider a spinmeasurement in the myplane inwhichtheangleoftheaxis

ofmeasurement makes an angle o fromthezaxis This direction is definedbythe unitrector

I SinO O cos0 andthe measurement is Wo I n 5 Sino X t cos0 It

Wecan now calculate WaoWoo forthe singlet Bell state

Wefirst observe
107 117 117 107

Andso

a AXBpi XaXB 101 1107 fall107 1017 1g 101 11075 Ipa
b XaZt 1pm X Z 1,1101 1107 ta 1117 1007 I 1007 1117 Ifool

c ZA BIBi 212 101 1107 j 1017 1107 Ipu
d ZAXBpi FAXFz 1017 1107 t 1007 1117 Ipod

Thus WaowBoi SinoSino LXAXB T SindCosO XaZtB
Cos0Sino Z X Cos0GO ZAZ

SinoSino t o t o Cosacoso Cos10 0

Letuspausefor a momentand see ifThisresultmakessense For Ip t 1017 1107
weseethat Ita 2B are anti correlated This agreeswith 0 01 WaowD 1

Nowfor Ai Bj we choose As
BA No B WE

A2 WE B2 WII 7 Az

By



Andso

a WOW S W WED WEWE WEWag
C E E I E f t
252 L 2

Thus we see that in AM297violatesthe CASHinequality Bychanging asi o we

can also obtain 207 252 2

Thusweseethat 914 violates the predictionof locally realistichiddenvariabletheory
Wehavesnored Bell's Theorem


