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Morris-Thorne 1988 Am.J.Phys. paper ...

To sustain wormholes, Weak Energy Condition needs be violated...

In General Relativity (GR): by introducing “exotic” ma�er

In modified gravity: “exotic” ma�er may not be needed...

4/16



New exact
vacuum

solutions and
wormholes in
R2 gravity

Hoang Ky
Nguyen

Why this talk?

R2 gravity

Wormholes

References

Morris-Thorne 1988 Am.J.Phys. paper ...

To sustain wormholes, Weak Energy Condition needs be violated...

In General Relativity (GR): by introducing “exotic” ma�er

In modified gravity: “exotic” ma�er may not be needed...

4/16



New exact
vacuum

solutions and
wormholes in
R2 gravity

Hoang Ky
Nguyen

Why this talk?

R2 gravity

Wormholes

References

Presentation based on:

Beyond Schwarzschild-de Si�er spacetimes I, Phys. Rev. D 106, 104004 (2022)

Beyond Schwarzschild-de Si�er spacetimes II, to appear in PhysRevD

Beyond Schwarzschild-de Si�er spacetimes III, to appear in PhysRevD

Properties of Buchdahl-inspired metrics, to be posted

Traversable Morris-Thorne-Buchdahl wormholes in quadratic gravity (with
M. Azreg-Aïnou)

A stationary axisymmetric vacuum solution for pure R2 gravity (with M.

Azreg-Aïnou)
—————–∞—————–

My thanks to:

Richard Shurtle�

Dieter Lüst

Tiberiu Harko

Mustapha Azreg-Aïnou

Timothy Cli�on

5/16



New exact
vacuum

solutions and
wormholes in
R2 gravity

Hoang Ky
Nguyen

Why this talk?

R2 gravity

Wormholes

References

R2 field equation

A GR =

∫
d4x

√
−g R (1)

A R2 =

∫
d4x

√
−g R2 Scale invariant ! (2)

R2 field equation in vacuo:

R
(
Rµν −

1
4

gµνR
)

+
(

gµν∇λ∇λ −∇µ∇ν
)
R = 0 (3)

Trace of gµν = 4 ⇒ Trace eqn: ∇λ∇λR = 0

Schwarzschild-de Si�er metric (R = 4Λ constant) is a solution toR2 field eqn.

But there are solutions with non-constant Ricci scalar curvature !
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The general Buchdahl-inspired metric

From Buchdahl’s 1962 Nuovo Cimento paper [Buchdahl-1962]...

I derived the metric

ds2 = ek
∫ dr

r q(r)

{
−p(r) q(r)

r
dt2 +

p(r) r
q(r)

dr2 + r2 (dθ2 + sin2 θdϕ2)} (4)

Evolution rules

dp
dr

=
3k2

4r
p
q2

(5)

dq
dr

=
(
1− Λ r2) p (6)

Ricci scalar
R(r) = 4Λ e−k

∫ dr
r q(r) Non-constant ! (7)

Two new higher-derivative parameters: Λ and k (the Buchdahl parameter)
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The special Buchdahl-inspired metric: Λ = 0

Metric with Λ = 0:

ds2 =

∣∣∣∣1− rs

ρ

∣∣∣∣k̃ {−(1− rs

ρ

)
dt2 +

r4(ρ) dρ2

ρ4(1− rs
ρ

)
+ r2(ρ)

(
dθ2 + sin2 θdϕ2)} (8)

r2(ρ) :=
ζ2r2

s

∣∣∣1− rs
ρ

∣∣∣ζ−1

(
1− sgn

(
1− rs

ρ

) ∣∣∣1− rs
ρ

∣∣∣ζ)2 ; ζ :=

√
1 + 3k̃2; k̃ :=

k
rs

(9)

Compared with Schwarzschild

ds2 = −
(

1−
rs

r

)
c2dt2 +

dr2

1− rs
r

+ r2 (dθ2 + sin2 θdϕ2) (10)

At k̃ = 0
ζ = 1 and r(ρ) = ρ ∀ρ ∈ R (11)

⇒ Recover Schwarzschild metric !

Buchdahl parameter k̃ is new higher-derivative characteristic
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ζ−Kruskal-Szekeres diagram

“Gulf” as Region (VI) is a new feature
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Traversable Morris-Thorne-Buchdahl WH

MT ansatz [Morris/Thorne-1988]

ds2 = −e2Φ(R)dt2 +
dR2

1− b(R)
R

+ R2 (dθ2 + sin2 θdϕ2) (12)

Four WH conditions:
1 Φ(R) be finite (no horizon)
2 b(R0) = R0 at the “throat” R = R0

3 b(R)/R ≤ 1 for R ≥ R0. Equal sign at “throat”. gRR does not flip sign as
R→ R+

0 .
4 Asymptotically flat: b(R)/R→ 0 as R→ +∞
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Traversable Morris-Thorne-Buchdahl WH

The special Buchdahl-inspired metric can be brought to the MT form

ds2 = −e2Φ(R)dt2 +
dR2

1− b(R)
R

+ R2 (dθ2 + sin2 θdϕ2) (13)

with

y(R) implicit

y :=

(
1− rs

ρ

)ζ
; R = (ζrs)

y
1
2

(
k̃−1
ζ

+1
)

1− y
(14)

Redshi� function
e2Φ(R) = y

k̃+1
ζ (15)

Shape function

1− b(R)

R
=

1
4y

[(
k̃ − 1
ζ

+ 1
)
−
(

k̃ − 1
ζ
− 1
)

y
]2

(16)
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Traversable Morris-Thorne-Buchdahl WH

y :=
(

1− rs
ρ

)ζ
; R = (ζrs)

y
1
2

(
k̃−1
ζ

+1
)

1−y

For k̃ ∈ (−1, 0): R(ρ) has a minimum in the exterior ⇒ A traversable
Morris-Thorne-Buchdahl wormhole connecting 2 asymptotically flat
sheets of spacetime

For k̃ ∈ (−∞,−1) ∪ (0,+∞): a naked singularity at ρ = rs
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Traversable Morris-Thorne-Buchdahl WH

The proper radial distance l(R)

l(R) = ±
∫ R

R0

dR√
1− b(R)

R

= ±
ζrs

1 + k̃−1
2ζ

[
y

1+ k̃−1
2ζ 2F1

(
2, 1 +

k̃ − 1

2ζ
; 2 +

k̃ − 1

2ζ
; y
)
− const

]
(17)

When a wormhole is formed, Weak Energy Condition is violated:

G00 =
k̃(k̃ + 1)

2r2
s ζ

4

[
1∓

∣∣∣1− rs
ρ

∣∣∣ζ]4

∣∣∣1− rs
ρ

∣∣∣2(ζ−1)
⇒ G00 < 0 for k̃ ∈ (−1, 0) (18)

... despite that there is no “exotic” ma�er !

13/16



New exact
vacuum

solutions and
wormholes in
R2 gravity

Hoang Ky
Nguyen

Why this talk?

R2 gravity

Wormholes

References

Traversable Morris-Thorne-Buchdahl WH

The proper radial distance l(R)

l(R) = ±
∫ R

R0

dR√
1− b(R)

R

= ±
ζrs

1 + k̃−1
2ζ

[
y

1+ k̃−1
2ζ 2F1

(
2, 1 +

k̃ − 1

2ζ
; 2 +

k̃ − 1

2ζ
; y
)
− const

]
(17)

When a wormhole is formed, Weak Energy Condition is violated:

G00 =
k̃(k̃ + 1)

2r2
s ζ

4

[
1∓

∣∣∣1− rs
ρ

∣∣∣ζ]4

∣∣∣1− rs
ρ

∣∣∣2(ζ−1)
⇒ G00 < 0 for k̃ ∈ (−1, 0) (18)

... despite that there is no “exotic” ma�er !

13/16



New exact
vacuum

solutions and
wormholes in
R2 gravity

Hoang Ky
Nguyen

Why this talk?

R2 gravity

Wormholes

References

Orbits, shadows, etc.

Perihelion and aphelion are not on opposite sides of massive object !

Model Sagi�arius A* asR2 wormhole ? Extracting bound for k̃ ?

In [Axisymmetric-2023] Azreg-Aïnou and I extended my work to axisymmetric
setup and applied for M87* shadow, and obtained:

−0.155 ≤ k̃ ≤ 0.004
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