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Introduction: why modified gravity?

Einstein’s theory is very successful, but...

Dark matter,

Dark energy,
Hubble tension,

Singularities,

Renormalization...

Particle-like solutions in the generalized SU(2) Proca theory
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Proca theory

A. Gallego et. al., Phys. Rev. D.,2020.
Y. Rodriguez et al., Phys. Dark Univ.,2018.
https://bit.ly/2Z5m6XT.
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Generalized SU(2) Proca theory (GSU2P)

Aditional vectorial degrees of freedom

Second order equations of motion

Correct number of propagating degrees of freedom
Global internal SU(2) symmetry,
Early inflation: constant roll,

Late acceleration: dark energy.

Particle-like solutions in the generalized SU(2) Proca theory

J. C. Garnica et. al., Ann. Phys. (Berl.), 2022.



Lagrangian GSU2P
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J. C. Garnica et. al., Ann. Phys. (Berl.), 2022.



Lagrangian GSU2P

£y=(B"-B,)(B" By), L= (B" By)Auq A"
L3=(B"-By)(B"- By), Lj=(B" By)AusA™",

Ly = BzprA“””’Apm ) A =Vuby, = VB,
L3 = BB, A" AP, o = VB, +V, B,

£3 = B BLA" A,

J. C. Garnica et. al., Ann. Phys. (Berl.), 2022.
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Lagrangian GSU2P

Lh, = (B,-BY) [S1aSy, — §1S" | +2(B, - By) [S1aS¥ — SHasth]

pa

L: 19 = — A“ S,u,bBuBo AQ S;szuBa_i_Aa SabB,u,Bu

pv=o puv™~o puv™~o

3

Lis = B"R,, BaaB*B] + 7 (B* - B,) (B B") R,

o P
Lis=|(B"-B.) (B"-B) +2(B"- B") (B.- By) | R,
L, =G,,B"B. (B By)

L8, =G,B"B" (B, By).
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J. C. Garnica et. al., Ann. Phys. (Berl.), 2022.



Einstein + Yang—Mills vector fields

Static, localized solutions, asymptotically flat: soliton, particlelike
Attractive (gravity) and repulsive (Yang-Mills) interactions.

EYM Good: particlelike and BHs. Bad: unstable

Einstein + Skyrme: Particlelike, BHs. Stable solutions

Are there particlelike, BH solutions in GSU2P theory?

R. Bartnik et. al., Phys. Rev. Lett., 1988.
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Stationary and spherical symmetric solution

Regular solutions: all algebraic curvature invariants, energy density and pressure are finite.

ds* = —e*Pdt* + (1 — 2m/r) " dr® + r*(d6” + sin® Od¢?),

e’® = e (1 — 2m/r),

Asymptotic flatness: when 7 — oo, m — M = const.,0 — 1,

Vector fields configuration:

,7_7,

B=—
g,

[Aoﬁdt
T

Ay

Lid j

rr2

dx’

where 7T; are the Pauli matrices.

g

Lid j

fr.2

1 —w)

)dil?j — Eijk$j (

T2

dz”.
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J. Martinez et. al., JCAP, 2023.
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Field equations

@ Variation with respect to metric,

() T ff
Tettee = : 5( o A ) cettee = R
- ST/ —( 0 gHv ’ ’

@ \Variation with respect vector field,

oL
A Bar -

@ Individually the only configuration consistent with asymptotic flatness: ‘t Hooft-Polyakov monopole

AO:A1:¢1:O,w7éO,

@ Normalized variables by &.,7 —> T'g., M — Mg,..

Particle-like solutions in the generalized SU(2) Proca theory



Analytic solution for X1, X2
Schwarzschild and Reissnar Nordstrom black hole

12

@ \We found an analytic solution for the parameters x12 = 2x1 + X2, w = w, = const.,

@ Black holes:
2 2
Q711 1 2M Q7
QUC:UJ]’]], m = M , O =—-Inl(1l | 5 ,
27 2 r r
1+ 2x12 = /1 + 8x12 ) 1 — 4x12(5 + 2x12) F (1 + 8x12)v/1 + 8x12
Wr,ir = ; Q.11 = )

2 — 2X12 2(1 — Xlz)3
with X12 ~ —1/8-

@ For the solution | the charge can be imaginary in Y12 € (O, 1).

Particle-like solutions in the generalized SU(2) Proca theory



Asymptotic solutions when 7 — 0

Power series expansion:

m = ag + arr + asr® + asr® + agrt + asr® + O(r°),
w = by + by + bor® + by + byr* + O(r°),
® = 17 + cor® + 31’ + eyrt + O(r°).
@ Curvature invariants are finteat 7 = ) when ay = a, = ¢; = 0.

@ Effective energy density and pressure are finite when py = —1.b; = 0.
_ op2 |
a3 = 2b2 )
= — 122 — — 4xgb
5u - + 3 + 15 X602
2 2 3 3 _ 3
b 305 4b; 5 4 Tasby X505 3
1= 10 T s Tt g T b
Co = ng
2b;  4by 1205 ashs 2505
Cq = u — 2 + —8(11()4 i’ — X572 — 2X6b%~

D 5 5 10 D
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Asymptotic solutions when 7 — o0
Globally neutral and Charged SOlUtiOnS

@ 5SU(2) global symmetry breaks ‘U — —W.

@ \We obtained globally neutral solutions (EYM generalizations) and new globally charge solutions.

@ Solutions as a series of inverse powers of r,

a a a 1
m:MICLlICLQIaBIO(—)a

r r2 o r4
by by b 1

W =Weo | 5 | 3 | @, 1 :
r r r

Particle-like solutions in the generalized SU(2) Proca theory



Asymptotic solutions when 77 — OO

w, =—1 W, = 1 Woo = WLII
~ )
#1 0 0 Oin/?2
672 0 0 0
- 2. R

a, 72 64(25ay — 36az + Sy)/ 15 — b% 02:Weo + D12 + G2 = Do + 212w

> — D5 - 4

! +w_] + E(woo + 1)4(25(1] — 36a; + Sy)
b, Free Free 0
= ~ - (W, + 1)3(8(11 + 3az — 8y)
b, 32M — b)b,/4 16a; + 603 — 16y + 3(2M + b)b,/4 e+ 1 — 3wt 7
(512a/M + 96a; — 512y,M )/20 ) R

7 T ) T T ~ 2.‘1’! xlﬁ—3 3 ao+l >
b, b,[48M~ — 42Mb| + (11 — 2y,,)b7]/20 +16b,(26a; + 13a; + 25 — 26y)/20 ( 72— S ) )

B - | . - - 31wy, + 12— 3w + 13

+(48M? — 42Mb, + 115%)/20 .
€y —M —M -M
: M? —M? + Oy, /2
Cs — M2 - III
9

2, —4M>°/3 —4M>/3 —4M>/3 + QM2
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Asymptotic charged solution

Case X12

@ Series of inverse powers of r with noninteger exponent:

m = M

) =

where

| |
§3§E —"—(:1-— V/
2

2 2D 1 1
@ d :O< | ).

Iy ..,,‘2,3 +1

d

-~ © oo
r3d+l .r2d+2

| 1 1
w=w+—=+0| o5+ 55 |
, * ,-,) [ + .'-) 3

d? 32 1

. 1 1
(1 + [3) r2b+2 ' O(r‘zdm ' ,,3.5+2) ;

34+ 15x12 + 6\/1 + 8Y12

1 — x12 ) ’

T+ 8x12 — 282(x12 — 1)

25)(x12 — 1)
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Effective charge and topological charge

@ Effective charge is defined by comparing with the RN solution
Q* = 2r (M —m),
@ The topological charge is defined from the Bianchi identity:
d("F) =0,

@ The conserved topological charge is,

({[ _ /V/t(*Fa“O) /_—gdgilf _ /a/l(6/100[3Fa(}3)d31: _ /dsk /_—!](*FAO)«

@ The topological charge depends on the value of the value of the fields at spatial infinity

({[ X (1 —w io )a

Q= Qy +q
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EYM

1.00 -

0.75 A

0.50 A

0.25 A

0.00 A
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—0.75 A

—1.00 A

— Vi(r)
—== Va(r)
— V3(r)
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s

by € [O, 0.706).
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1.0 A

0.0 -

—— m(r)
—== my(r)
—— m;3(r)
—— Maq(r)

LA | L LELBLILAAL | [ ] LELBLILAAL | [ ] L
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R. Bartnik et. al., Phys. Rev. Lett., 1988.

Particle-like solutions in the generalized SU(2) Proca theory



Numerical solution

Case o
One node Two nodes
2.0- 1.5-
1.5- |
I 1.0
1.0-
0.5° 0.5
0.0- ~
10~3 102 10°%! 10° 101! 102 103 103 101
T8 rgc
Continuous a; = 0.029519 dashed a; = 0.017 Continuous and dashed vy = —1, dotted-

dotted-dashed EYM. dashed EYM.
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Energy density

Case o

2
A7re pess

0.0100-
0.0075
0.0050
0.0025

— @ =0.0295 |

a1 =0.018
— EYM

0.0000
—0.0025-

—0.0050-

ETS

ETS

4
3 [
2 [
5
3 Z
1
| — @ =0.0270 Q J }
Oj—_ a; =0.0260 \
{ = a=0.0295 (bifurcation) /U
: ay =0 (EYM)
-1 : ; ; '
102 10° 102 10°
rg
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Equilibrium sequence: One node solutions

Case (x3

0.80-
0.75
0.701
0.65 -

’°’*’060

0.55‘_
0.50
0.455

0.40

.............................

vvvvvvvvvvvvvvvvvvvvvvvvvvvvv

—0.15 -0.10 —-0.05 0.00 0.05 0.10

a3

1.00{_

S N2
0.95-
£ 0.90-
0.85
0.80 ﬁ |
-0.2 -0 00 01

a3
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Numerical solution
Case X6

103

Y

BET ORI Y

Fgc

T

- 10°

—) I

y6=—10.0280 .

! Y6=—10.0320 -.
' 76=—0.0371 (bifurcation) :
76=0 (EYM)
10_2 100 ]_()2 104
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Equilibrium sequence: One node solutions

Case X6

0.60
0.55-
'é\l

0.50"

0.45

~0.04  -0.02 000  0.02

X6

0.88-
0.86-
180 .
= 0.841

0.82-

0.80-

~0.04  -0.02 000  0.02

X6

Particle-like solutions in the generalized SU(2) Proca theory



Charged solutions

Case X12

One node
2 mg.
: — |l 4w
| Q222
1 -
0
—1- .

1072 107 1071 10°

rgc

X12 = —1

‘\'\@0.42—

%

S

Equilibrium sequence

0.6
o.5§

0.3§
0.2|

01b. . N
—0.1 0.0 0.1 0.2
X12

No bifurcations, no change in stabilicy (?)
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Results

@ \We have found particlelike solutions in the GSU2P theory,

@ Generalization of the EYM case: charged solutions with negative energy density regions,

@ We have constructed equilibrium sequences and found bifurcations points for in the cases
1, (i3, X6, Which hints towards the existence of stable solutions,

@ Highly compact objects with photon sphere,

@ Black hole solutions and solutions with matter.

J. Martinez et. al., JCAP, 2023.
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