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Lorentz Covariant Quantum Physics :-

• Schrödinger wavefunction φ(xµ)

— basic operators xµ and −ih̄∂µ

• abstract operators as Minkowski four-vectors

— X̂i −→ X̂µ and P̂i −→ P̂µ

— [X̂µ, P̂ν ] = ih̄ηµν

• Heisenberg-Weyl symmetry — [Yµ, Eν] = ih̄ c ηµν M

— M is an effective Casimir element → Newtonian mass m

— mX̂µ ←− Yµ , different m for different irr. representations

— P̂µ ←−
1

c
Eµ , constant c ( . . . c→∞ limit )



Against Poincaré Symmetry :-

• P̂µP̂ µ cannot be Casimir operator (= −m2
E
c2)

—[X̂i, P̂µP̂ µ] = 2ih̄P̂i

• consider E-dynamics with Lorentz force

Ĥτ = 1

2m

(

P̂µ −
e
c Âµ

)(

P̂µ
−

e
c Âµ

)

dX̂µ

dτ = 1

m

(

P̂µ
−

e
c Âµ

)

≡
1

m π̂µ , d
dτ

(

P̂µ
−

e
c Âµ

)

= 0

— π̂µ = mdX̂µ

dτ satisfies π̂µπ̂µ = −m2

E
c2 (no dynamical content)

— but only P̂µ is the true momentum (cf. Einstein 1935)

— P̂µP̂ µ evolves nontrivially



Position Operator for Composite System :-

— product representation with all abstract generators G as

Ĝ = Ĝa ⊗ Î + Î ⊗ Ĝb

• additive mass M̂ = M̂a ⊗ Î + Î ⊗ M̂b (m = ma + mb)

• additive momentum P̂µ = P̂µ
a ⊗ Î + Î ⊗ P̂µ

b (Pµ = 1

c
Eµ)

• position is not an additive notion

— X̂µ ≡
1

m
Ŷ µ = 1

m
(maX̂

µ
a ⊗ Î + Î ⊗ mbX̂

µ
b ) as center of mass

• Heisenberg-Weyl as part of Galilean (→ 3+1 version)



Symmetry Theoretical Formulation :-

• take regular representation of H(1, 3) (Heisenberg-Weyl)

— generators as left-invariant vector fields (h̄ = 2)

YL

µ = xµi∂ζ + i∂vµ , EL

µ = c vµi∂ζ − ic ∂xµ , ML = i∂ζ

• to irr. components (inverse Fourier-Plancherel transform)

α(vµ, xµ, ζ) = 1

(2π)
1
2

∫

dm αm(vµ, xµ) e−imζ
|m|

n

— X̂L

µ
= xµ + i∂pµ , P̂L

µ
= pµ − i∂xµ , M̂L = m

• complete rep. of proper extensive enveloping/group C∗-algebra

— operators as α(pµ, xµ)# = α(pµ#, xµ#) ≡ α(P̂L

µ
, X̂L

µ
)

• wavefunctions φ(pµ, xµ) = η〈pµ, xµ|φ〉 = 〈pµ, xµ|φ〉



Minkowski Metric Operator η̂ on Krein Space :-

• Minkowski nature of proper invariant inner product

— effectively, bra as η〈·| = 〈·| η̂

— naive |φ(xµ)|2 integral cannot avoid divergence

• observables (pseudo-)Hermitian, η

〈

·|Â†η

·

〉

= η

〈

Â · |·

〉

— X̂µ = η̂X̂µη̂−1 and P̂µ = η̂P̂ µη̂−1

• noncommutative geometric picture

— X̂µ and P̂ µ as coordinates



The Symplectic Geometry — NC Vs C :-

• Heisenberg — d
ds

α(P̂µ, X̂µ) = 1
ih̄

[α(P̂µ, X̂µ), Ĥs]

• Schrödinger — d
ds

fα(zn, z̄n) = {fα(zn), fHs
}

• fα(zn, z̄n) ≡
η〈φ|α(P̂µ,X̂µ)|φ〉

η〈φ|φ〉

(

|φ〉 =
∑

n zn
|n〉

)

— as the pull-back of α̂ under (zn, z̄n) −→ (P̂µ, X̂µ)

• → bijective homomorphism between NC Poisson algebras
Cirelli et.al 90

— NC Kähler product fα"κfα′ = fαα′



NC values of NC coordinates :-

— NC number as the new convenient fiction

• state as evaluative homorphism

— mapping observable algebra to algebra of their NC values

[α̂]φ = {f
α
|φ, V

αn
|φ } (Vαn =

∂fα
∂zn =−fβ z̄n+

∑
m

z̄m〈m|α̂|n〉)

• Kähler product — [α̂α̂′]φ = [α̂]φ "κ [α̂′]φ

fαα′ = fαfα′ +
∑

n
VαnVα′

n̄
, Vαα′

n
= −fαα′ z̄n +

∑
m,l

z̄m〈m|α̂|l〉〈l|α̂′|n〉

• locality of quantum information (Heisenberg picture)
Deutsch & Hayden 00 ; Kong 23

• Substituting a Qubit for an Arbitrarily Large Number of Classical Bits’
Galvão & Hardy 03



Concept of Numbers (in history) :

• x + 2 = 0 → negative numbers

• 2x − 1 = 0 → rational numbers

• x2
− 2 = 0 → real numbers

• x2 + 1 = 0 → complex numbers

• xy − x − i = 0 → (i,2), ( 1

i−1
,-i), . . .

• xy − yx − 1 = 0 → noncommutative numbers

? x̂p̂ − p̂x̂ − ih̄ = 0

needs NC/q-number values for the variables



HR(1, 3) symmetry :-

[J ′

µν , J ′

ρσ] = ih̄ c
(
ηνσJ ′

µρ + ηµρJ
′

νσ − ηµσJ ′

νρ − ηνρJ
′

µσ

)
,

[J ′

µν
, Yρ] = ih̄ c (ηµρYν − ηνρYµ) ,

[J ′

µν
, Eρ] = ih̄ c (ηµρEν − ηνρEµ) ,

[Yµ, Eν ] = ih̄ c ηµν M

• semi-direct product of H(1,3) and Lorentz symmetry

• Casimir elements – M , 1

2
TµνT µν , 1

4
εµνρσTµνTρσ

Tµν ≡ MJ ′

µν − (YµEν − YνEµ)

•HR(1, 3) irr. reps. as direct products of those of

H(1, 3) and Lorentz symmetry generated by Tµν

— spin operators Ŝµν = 1

mc
T̂µν = Ĵµν − L̂µν



Symmetry Contraction c → ∞ :-

(Jµν = 1

c
J ′

µν), Ki = 1

c
Ji0, Pi = 1

c
Ei, T ′ = −1

c
Y0, H ≡ −E0

• HR(1, 3) → HGH(3) ⊃ HR(3)

• dynamical theory → ‘nonrelativistic’ theory

Symmetry Contraction to Classical :-

Y c

µ = 1

ky
Yµ, Ec

µ = 1

ke
Eµ; ky, ke → ∞

• M decouples and [Y c

µ
, Ec

ν
] = 0

• quantum theory → classical theory

• projective Krein/Hilbert space → classical phase space

— Heisenberg picture direct (NC to C)

— Schrödinger picture to Koopman-von Neumann picture



Covariant Hamiltonian Dynamics :-

•
d

dτ
= −

1
ih̄

[Ĥτ , ·]

— evolution parameter τ defined by the Hamiltonian (flow)

• Schrödinger equation d
dτ

φ(xµ) = 1
ih̄

Ĥτφ(xµ)

— Ĥτ = P̂µP̂ µ

2m
+ V (X̂µ)

V (X̂µ) = 0, τ -independent eq. as Klein-Gordon eq.

• only V (X̂µ) allows potential in ‘nonrelativistic’ limit

• Piron-Reuse (75) frame for two-particle dynamics

pi = µ
dxi

dτ
,

dpi

dτ
= −

∂V (xixi)
∂xi , with Ec.m.

m c
τ as common time



‘Quantum Field Theory’ :-

• obtained from HR(1, 3) symmetry + ‘2nd-quantization’

• m = 0 irr. representations (? quantum)

— [Ŷµ, Êν ] = 0, ÊµÊµ as effective Casimir operator

— e.g. vector space of |~p〉 with pµpµ = −m2

E
c2 (Êµ = cpµ)

• â~p |0〉 = 0 , |~p1 . . . ~pn〉 =
√

2E~p1
. . . 2E~pn

â
†

~p1

. . . â
†

~pn

. . . |0〉

• not ‘2nd-quantization’ of RQM

— true φ(xµ) or φ̃(pµ), as span of |pµ〉, theory

• ‘2nd-quantization’ of NRQM m → 0 limit + Lorentz sym



Concluding Remarks :-

• fully consistent theory of quantum particle dynamics

• (X̂µ, P̂µ)-NC geometry as spacetime

— irr. representation, cf. classical Minkowski spacetime

— (3 + 1) Gel’fand-Kirillov dimension (module of Weyl algebra)

• quantum phase space as ‘Euclidean’ NC-geometry ?

• noncommutative reality of NC-values

• issues about quantum field theory

• metric operator for quantum gravity ?

• noncommutative numbers ?

— Dirac’s q-number, Takesaki’s NC number theory

• X-X and P -P noncommutating physics ?



THANK Y OU !

well done Otto !



Fundamental (Special) Quantum Relativity:

SO(2,4) ∼ SU(2,2) (cf. deformed S.R.)

• contains noncommuting Yµ and Pµ , M

• contains Lorentz symmetry Jµν

• stable symmetry, no deformation

• G, h̄, c in structural constants

SO(2,4) −→ HR(1, 3) −→ HGH(3) ⊃ G̃(3) ⊃ HR(3)

↓ ( 1

c2 → 0) ↓ (h̄ ↓ 0)

ISO(1,3) ⊂ S(1,3) −→ SG(3) ⊃ G(3) ⊃ S(3)

• (Lie algebra) contractions as approximations

• deformation is ‘inverse’ of contraction


