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Lorentz Covariant Quantum Physics :-

e Schrodinger wavefunction ¢ (xH)

— basic operators x,, and —thd,,

e abstract operators as Minkowski four-vectors

A

—Xz—>X“ and Pz'—>Pu
— [Xm P,,] = thnu

e Heisenberg-Weyl symmetry — [Y,, E,| = thecn,, M
— M 1is an effective Casimir element — Newtonian mass m

— mX p Y, , different m for different irr. representations

— P, — %Eu,constantc(... c — 0o limit )




Against Poincaré Symmetry :-

e P, P* cannot be Casimir operator (= —m2c?)

—[X;, P,P"] = 2ihP;

e consider E-dynamics with Lorentz force

= o (B — 24, ) (P - <Ar)

:L(pu_gjlu)ziﬁu’ di(pu_éjlu):()

A /’L . A A .
— 7t = m93— satisfies 7, 7" = —mZc? (no dynamical content)
T E

A

— but only P, is the true momentum (cf. Einstein 1935)

— 13“13“ evolves nontrivially




Position Operator for Composite System :-

— product representation with all abstract generators G as

A

G=G, I +1xG,

e additive mass M = Ma QI+1® Mb (m = mg + myp)

e additive momentum Pt =PrRI+1QP* (P

e position is not an additive notion
(m,X* @1 +1®m,X!") as center of mass

1
m

e Heisenberg-Weyl as part of Galilean (— 3+1 version)




Symmetry Theoretical Formulation :-

e take regular representation of H(1,3) (Heisenberg-Weyl)

— generators as left-invariant vector fields (h = 2)

Yi=2,i0c + 10y , E,=cv,id; —icOpm , M" =10,

e to irr. components (inverse Fourier-Plancherel transform)

Oé(’U'u,ZCM,C) — (2;)% fdmozm(v“, :13“) e_im<|m|”

—XfL:m“—ki(‘?pu, Pﬁzp“—iamu, ME =m

e complete rep. of proper extensive enveloping/group C*-algebra
— operators as o (p,,, €, )* = a(p,*x, T, x) = a(ﬁz, XZ)

e wavefunctions ¢(p*, z*) = (p", " |¢) = (pu,x.|P)




Minkowski Metric Operator 73 on Krein Space :-

e Minkowski nature of proper invariant inner product
— effectively, bra as (-| = (:| 7

— naive |@(x*)|? integral cannot avoid divergence

e observables (pseudo-)Hermitian, 77<-|AT"-> = 77<A : |>

A

— X, = HXHrqh~? and P, = qP*np~1

e noncommutative geometric picture

— X* and P*" as coordinates




The Symplectic Geometry — NC Vs C :-
e Heisenberg —

e Schrodinger — %fa(zn, z") = {fu(z™)s fu }

o f.(zm, 5m) = A1) (16) =X, =" 1) )

— as the pull-back of & under (z™,2") — (13“, X“)

e — bijective homomorphism between NC Poisson algebras

— NC Kahler product fox for = oo

Cirelli et.al 90




NC values of NC coordinates :-

— NC number as the new convenient fiction

e state as evaluative homorphism

— mapping observable algebra to algebra of their NC values

[ale = {fules Vinle b (Ve =38 =—fi2"+ Y, 2™ (m|a|n))

e Kihler product — [&d']p = [G]e * [&] 6
f = fafa —l_z Oén‘{x,/n ) ‘{x — _faalzn+zml m|0¢|l> <l| |n>

Deutsch € Hayden 00 ; Kong 23
e locality of quantum information (Heisenberg picture)

Galvao & Hardy 03
® Substituting a Qubit for an Arbitrarily Large Number of Classical Bits’




Concept of Numbers (in history) :

negative numbers

x+2=0

_
2c —1 =0 — rational numbers
—
_

2 —2=0 real numbers

2 +1=0 complex numbers

xy—x—1=0 (i,2), (i—%"i)’

xy —yr —1 =20 noncommutative numbers

* &p — p& —ih =0

needs NC/qg-number values for the variables




H;(1,3) symmetry :-

:J,Zwa J/ ] = ihc (ﬁuaJ/ + nupJ/ 77,ua<]/ UupJLg) ;
:J/iwa Y ] — ’LTLC (nquu T nquu) ’
E ] = ihc(nupEu - nupEu) 3

r 1/
-J,ulﬂ
Y,, B, =thcn, M

e semi-direct product of H(1,3) and Lorentz symmetry
e Casimir elements — M, 1T Ly THY, 4€“VPUT“,,TPO-
Tw=MJ, - Y,E, -Y,E,)

eH.(1,3) irr. reps. as direct products of those of

H(1,3) and Lorentz symmetry generated by T,

— spin operators .S,




Symmetry Contraction ¢ — oo :-
(Juw = 2J),), Ki = tJio, Pi=1E;, T' = =LY, H
e H(1,3) — Hen(3) D Hg(3)

e dynamical theory — ‘nonrelativistic’ theory

Symmetry Contraction to Classical :-

c _ 1 c — 1 .
Y=Y By = £FEys ky,ke — 00

e M decouples and [Y;, E;| =0
e quantum theory — classical theory
e projective Krein/Hilbert space — classical phase space

— Heisenberg picture direct (NC to C)

— Schrodinger picture to Koopman-von Neumann picture




Covariant Hamiltonian Dynamics :-

— evolution parameter 7 defined by the Hamiltonian (flow)

e Schrodinger equation %qb(m”) = %f[ﬁb(m”)

=

e

0, 7-independent eq. as Klein-Gordon eq.

e only V(X*) allows potential in ‘nonrelativistic’ limit

e Piron-Reuse (75) frame for two-particle dynamics

dr dr = Ox? ’

Pt = with £em. 7+ as common time
m C




‘Quantum Field Theory’ :-
e obtained from H;(1,3) symmetry + ‘2nd-quantization’

e m = 0 irr. representations (? quantum)

- D}/w E,,] =0, EMEA“ as effective Casimir operator

— e.g. vector space of |p) with p,p# = —mZ2c?

o Bn) = /2B ..

e not ‘2nd-quantization’ of RQM
— true ¢(z*) or ¢(p*), as span of [p*), theory

e ‘2nd-quantization’ of NRQM m — 0 limit 4+ Lorentz sym




Concluding Remarks :-

e fully consistent theory of quantum particle dynamics

o (X”, PM)-NC geometry as spacetime

— irr. representation, cf. classical Minkowski spacetime
— (3 4+ 1) Gel’fand-Kirillov dimension (module of Weyl algebra)

e quantum phase space as ‘Euclidean’ NC-geometry ?
noncommutative reality of NC-values

e issues about quantum field theory

e metric operator for quantum gravity ?

e noncommutative numbers 7
— Dirac’s g-number, Takesaki’s NC number theory

¢ X-X and P-P noncommutating physics 7




THANK YOU!



Fundamental (Special) Quantum Relativity:
SO(2,4) ~ SU(2,2) (cf. deformed S.R.)

e contains noncommuting Y, and P, , M
e contains Lorentz symmetry J,,
e stable symmetry, no deformation

e G, h, c in structural constants

SO(2,4) — Hp(1,3) — 2 (3) D G(3) D Hy(3)

l =z —0) l (
1SO(1,3) C —  S:(3)DG3)D

e (Lie algebra) contractions as approximations

e deformation is ‘inverse’ of contraction




