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q2 = (Ein − Eout)2

Intro: exclusive semileptonic 
meson decay

RBC/UKQCD PRD 91, 074510 (2015)
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• finite lattice spacing (UV)

• finite volume (IR)

• worsening signal-to-noise

limited 

kinematic 


reach

need 

extra/interpolation

Objective: obtain model-independent theory

                  prediction over entire kinematical range
Input:  
• sum rules: 

• lattice QCD:

q2 ≈ 0



BGL fitting strategies
fX(q2

i ) =
1

BX(q2
i )ϕX(q2

i , t0)

KX−1

∑
n=0

aX,nz(q2
i )n

Determine all  from finite set of theory dataaX,n

|aX |2 ≤ 1

3

Boyd, Grinstein, Lebed, PRL 74 (1995)

unitarity constraint:

http://arxiv.org/abs/hep-ph/9412324
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•   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→ K
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Bayesian fit: • fit including higher order  expansion meaningful

• need regulator to control higher-order coefficients

• well-defined meaning of unitarity constraint

z
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Here: Combined Frequentist + Bayesian perspective

unitarity constraint:

http://arxiv.org/abs/hep-ph/9412324


BGL — conventions

f T = (fT
+, fT

0) = ( f+(q2
0), f+(q2

1), …, f+(q2
N+−1), f0(q2

0), f0(q2
1), …, f0(q2

N0−1))

aT = (aT
+, aT

0) = (a+,0, a+,1, a+,2, . . . , a+,K+−1, a0,1, . . . , a0,K0−1)

Input (e.g. lattice ff):

Output (BGL params):

fX(q2
i ) =

1
BX(q2

i )ϕX(q2
i , t0)

KX−1

∑
n=0

aX,nz(q2
i )n = ZXX,inaX,n

4

(  is  matrix)Z Ndata × K

E.g.  transition:P → P



BGL — frequentist fit with kinematical 
constraint

Frequentist fit fX(q2
i ) = ZXX,inaX,n

Flynn, AJ, Tsang, arXiv:2303.11285

5

χ2(a, f) = [f − Za]TC−1
f [f − Za]

https://arxiv.org/abs/2303.11285
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BGL — frequentist fit with kinematical 
constraint

Frequentist fit fX(q2
i ) = ZXX,inaX,n

Flynn, AJ, Tsang, arXiv:2303.11285

For combined fit over  and   
with constraint :

f+(q2) f0(q2)
f+(0) = f0(0)

expressions in arXiv:2303.11285

a = (ZTC−1
f Z)−1 ZC−1

f f

Ca = (ZTC−1
f Z)−1

Solution:

5

χ2(a, f) = [f − Za]TC−1
f [f − Za]

https://arxiv.org/abs/2303.11285
https://arxiv.org/abs/2303.11285


Compute BGL parameters as expectation values ⟨g(a)⟩ = 𝒩∫ da g(a) π(a | f, Cf) πa

where probability for parameters given model and data (assume input Gaussian)

πa ∝ θ (1 − |a+ |2
αBsK ) θ (1 − |a0 |2

αBsK )

Bayesian form-factor fit

π(a | f, Cf) ∝ exp (−
1
2

χ2(a, f)) χ2(a, f) = (f − Za)TC−1
f (f − Za)where

where prior knowledge is only QFT unitarity constraint (flat prior for BGL params):

In practice MC integration: draw samples for  from multivariate normal distribution 
                                               and drop samples not compatible with unitarity

a

Flynn, AJ, Tsang, arXiv:2303.11285
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https://arxiv.org/abs/2303.11285


Example 1: Bs → Kℓν
[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023) FNAL/MILC 19 PRD 100 (2019)]

RBC/UKQCD 23 PRD 107 (2023)

Lattice input from HPQCD 14, FNAL/MILC 19, RBC/UKQCD 23

[RBC/UKQCD PRD 107 (2023)]

RBC/UKQCD 23: Results for  disagree depending on strategy for continuum/chiral  
                              limit; requires independent confirmation

f0(q2)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/1712821
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/2644180
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Frequentist

Frequentist

Example 1:  — fit to HPQCD 14Bs → Kℓν
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11285
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results stable as truncation relaxed

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11285
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Example 1:  — fit to HPQCD 14Bs → Kℓν



Example 1:  — Bs → Kℓν |Vub |
[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023) FNAL/MILC 19 PRD 100 (2019)]

[LHCb PRD 108 (2023)]

Lattice input from HPQCD 14, FNAL/MILC 19, RBC/UKQCD 23

Experimental input — two bins from LHCb

[LHCb PRD 101 (2020)]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/1712821
https://inspirehep.net/literature/2684465
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.101.072004


results for 

phenomenology 


in Bayesian setup

independent 

of truncation
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Results for HPQCD 14  PRD 90 (2014) 054506 Flynn, AJ, Tsang, arXiv:2303.11285

Example 1:  — fit to HPQCD 14Bs → Kℓν

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11285


Combined fit over three lattice data sets — 

let’s first look at Frequentist:

12

Example 1:  — global fitBs → Kℓν
[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023) FNAL/MILC 19 PRD 100 (2019)]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/1712821
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Example 1:  — global fitBs → Kℓν
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Bayesian fit works but doesn’t describe

data:

[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023) FNAL/MILC 19 PRD 100 (2019)]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/1712821


Combined fit over three lattice data sets — 

let’s first look at Frequentist:

Bayesian and frequentist provide complementary information —  
use both to gain comprehensive understanding of data and fit

In the case at hand: World lattice data for  requires further scrutiny;

Frequentist fit indicates problem!

Bs → Kℓν
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Example 1:  — global fitBs → Kℓν
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Bayesian fit works but doesn’t describe

data:

[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023) FNAL/MILC 19 PRD 100 (2019)]

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://inspirehep.net/literature/1712821
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Example 1:  — global fitBs → Kℓν

Frequentist works:

Let’s fit just HPQCD 14 and RBC/UKQCD 23

(FNAL/MILC 19 excluded):


Bayesian fit works:



Example 2: B → D*lν

14

[FNAL/MILC Eur.Phys.J.C 82 (2022), HPQCD 23 arXiv:2304.03137, JLQCD 23 arXiv:2306.05657]
Combined fit of FNAL/MILC 21, HPQCD 23 and JLQCD 23 with 2 kinematic constraints

Results for  — FrequentistF2
Results for  — BayesianF2

• Frequentist fit to all data acceptable 
(however: very correlated data)


• Bayesian fit shows convergence

• Unitarity constraint constrains error and  

central value of higher-order coefficients 

FNAL/MILC

HPQCD

JLQCD

PRELIMINARY

https://inspirehep.net/literature/1865940
https://inspirehep.net/literature/2649580
https://inspirehep.net/literature/2667537


Example 2: B → D*lν

15

z

without unitarity 
constraint

Bayesian fit to JLQCD 23 data 2306.05657 

F1(q2 = 0)

Combined fit over 3 form 
factors including 

two kinematic constraints

https://arxiv.org/abs/2306.05657


Example 2: B → D*lν

15

z

without unitarity 
constraint

Bayesian fit to JLQCD 23 data 2306.05657 

F1(q2 = 0)

Combined fit over 3 form 
factors including 

two kinematic constraints

z F1(q2 = 0)

with unitarity 
constraint

Unitarity constrains 
leads to  

substantial reduction 
in stat. error

z(
q2

=
0)

https://arxiv.org/abs/2306.05657


Example 2: B → D*lν

16

[FNAL/MILC Eur.Phys.J.C 82 (2022), HPQCD 23 arXiv:2304.03137, JLQCD 23 arXiv:2306.05657]

Experimental input — I use Belle 2023 

diff. decay rate   , each with 10 binsdΓ/dx (x ∈ {w, cos θν, cos θℓ, χ})

[Belle PRD 108 (2023)]

•  

• lattice data with Bayesian -BGL

• integrate ff for each bin 

 CKM result for each bin

•  — singular correlation  

matrix for ; idea: 
 sample over fits over subset of  

     bin results (e.g. magenta points) 
 systematic?


• work in progress

|Vcb | =
dΓ/dx |exp

dΓ̄/dx |th

K = 5

→
Nlattice < Nbin

dΓ/dx |lat
→

→

Combined fit of FNAL/MILC 21, HPQCD 23 and JLQCD 23 with 2 kinematic constraints

https://inspirehep.net/literature/1865940
https://inspirehep.net/literature/2649580
https://inspirehep.net/literature/2667537
https://inspirehep.net/literature/2624324


Example 3:  and  B → πlν Bs → Klν

17

χX ≥
∞

∫
tBπ

dt
WBπ(t) | fB→π

X (t) |2

(t − q2)nX
+

∞

∫
tBsK

dt
WBsK(t) | fBs→K

X (t) |2

(t − q2)nX
1 ≥ | ⃗aB→π

X |2 + | ⃗aBs→K
X |2 (X = + , 0)

Idea: simultaneous Bayesian fit over both channels subject to combined unitarity constraint

dispersion 
relation →
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Lattice data: 
                                         

Bs → K
B → π0 10 20
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[HPQCD 14  PRD 90 (2014), RBC/UKQCD 23 PRD 107 (2023)]

[JLQCD 22 PRD 106 (2022)]

• we find simultaneous unitarity constraint  
stronger than individual 


• effect will depend on channel

• in case at hand coefficients have noticeably  

smaller error

• work in progress

Example 3:  and  B → πlν Bs → Klν

17

χX ≥
∞

∫
tBπ

dt
WBπ(t) | fB→π

X (t) |2

(t − q2)nX
+

∞

∫
tBsK

dt
WBsK(t) | fBs→K

X (t) |2

(t − q2)nX
1 ≥ | ⃗aB→π

X |2 + | ⃗aBs→K
X |2 (X = + , 0)

Idea: simultaneous Bayesian fit over both channels subject to combined unitarity constraint

dispersion 
relation →

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.90.054506
https://arxiv.org/abs/2303.11280
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.106.054502


Code: BFF
Flynn, AJ, Tsang, arXiv:2303.11285

Python3 available via github/Zenodo
https://github.com/andreasjuettner/BFF https://zenodo.org/record/7799543#.ZEezTy8Ro80
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https://arxiv.org/abs/2303.11285
https://github.com
https://zenodo.org
https://github.com/andreasjuettner/BFF
https://zenodo.org/record/7799543#.ZEezTy8Ro80
https://zenodo.org/record/7799543#.ZEezTy8Ro80


Summary
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Framework for truncation- and model-independent form-factor fitting 

combining Frequentist and Bayesian statistics


Implemented and demonstrated for

•  and  transitions

• Framework imposes unitarity constraint with meaningful statistical interpretation

• Unitarity constraint acts as regulator for higher-order coefficients

• Results converge to stable and truncation independent values

• Combined fits over data sets straight-forwardly implemented 

with simultaneous unitarity constraint increasing constraining power

• Primary output are BGL-coefficients (central values and standard deviation or 

samples with distributions / covariance)

P → P P → V



other



Flynn, AJ, Tsang, arXiv:2303.11285

In practice high-dimensional  low probability of drawing random number

compatible with constraint

→

πa(a | fp, Cfp
)πa(a |ap, M) ∝ θ(a)exp (−

1
2

(fp − Za)TC−1
fp

(fp − Za) −
1
2

aTM/σ2 a)
• Add ‘technical’ prior

• Choose  such that  in presence of kinematical constraint 

• Correct towards ‘flat unitarity-only prior’ with accept-reject step with probability

M aTMa ≤ 1

p ≤
exp(−1/σ2)

exp(−aTMa/2σ2)

FINAL RESULT INDEPENDENT OF TECHNICAL PRIOR
21

Bayesian form-factor fit — Algorithm

https://arxiv.org/abs/2303.11285


t* = (MB + Mπ)2

q2

q2
max = t−

M2
B*(1−) M2

B*(0+)

t+ = (MBs
+ MK)2

An aside: correct BGL unitarity 
constraint for for Bs → Kℓν

  
 

B → π : t* = t+
Bs → K : t* < t+

e.g. Bs → Kℓν
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t* = (MB + Mπ)2

q2

q2
max = t−

M2
B*(1−) M2

B*(0+)

t+ = (MBs
+ MK)2

An aside: correct BGL unitarity 
constraint for for Bs → Kℓν

  
 

B → π : t* = t+
Bs → K : t* < t+

−1 Re(z)

Im(z)

+1

αBsK = arg[z(t+)]

αBsK

Gubernari et al. JHEP 2021,2022,  
Blake et al. arXiv:2205.06041

Okubo, PRD 3, 2807 (1971), PRD 4, 725 (1971). 

Okubo, Shih, PRD 4, 2020 (1971). 


Boyd, Grinstein, Lebed, PLB 353, 306 (1995).  

NPB461, 493 (1996).  PRD 56, 6895 (1997).

e.g. Bs → Kℓν
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fX(q2
i ) =

1
BX(q2

i )ϕX(q2
i , t0)

KX−1

∑
n=0

aX,nz(q2
i )n

Boyd, Grinstein, Lebed, PRL 74 (1995)

unitarity constraint
1

2πi ∮C

dz
z

θBsK |BX(q2)ϕX(q2, t0)fX(q2) |2 ≤ 1

X = + ,0

1
πχT

J (q2) ∫
∞

t+

dt
W(t) | f+(t) |2

(t − q2)3
≤ 1
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e.g.

An aside: correct BGL unitarity 
constraint for for Bs → Kℓν

http://arxiv.org/abs/hep-ph/9412324
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i )ϕX(q2
i , t0)

KX−1

∑
n=0

aX,nz(q2
i )n

Boyd, Grinstein, Lebed, PRL 74 (1995)

unitarity constraint
1

2πi ∮C

dz
z

θBsK |BX(q2)ϕX(q2, t0)fX(q2) |2 ≤ 1

X = + ,0

1
πχT

J (q2) ∫
∞

t+

dt
W(t) | f+(t) |2

(t − q2)3
≤ 1
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e.g.

aX,i⟨zi |zj⟩aX,j ≤ 1

Flynn, AJ, Tsang, arXiv:2303.11285

modified unitarity constraint 
for channels where relevant  
threshold  not the lowestt*

Gubernari et al. JHEP 2021,2022,  
Blake et al. arXiv:2205.06041

An aside: correct BGL unitarity 
constraint for for Bs → Kℓν

http://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/2303.11285


Bayesian inference and dispersive-matrix method produce very similar results. 
Practical advantages of Bayesian inference: 
• kinematical constraints exactly and cleanly implemented

• simultaneous fit over various (correlated) data sets possible 

• clean statistical underpinning of unitarity constraint

• produces set of coefficients for further use

• simultaneous unitarity constraint

Relation to dispersive-matrix method?
Di Carlo, Martinelli, Naviglio et al. PRD 104 (2021) 054502 
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https://arxiv.org/abs/2105.02497

