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3 Co l l inear	PDFs



4 T ransvers i t y 	PDFs

xh
1(

x)
xh

1(
x)

JAM: Phys.Rev.D 106 (2022) 3, 034014

chiral-odd



5 T ransvers i t y 	d i s t r ibu t ion

xxETMC, Phys.Rev.D 98 (2018) 9, 091503

δu(x) − δd(x)
Pz = 1.38 GeV
mπ = 130 MeV

δu(x) − δd(x)
mπ ∈ [222,358] MeV
Pz ∈ [1.62,3.24] GeV

LPC: arXiv 

x

Pz = 2.46 GeV
mπ = 358 MeV
HadStruc: Phys.Rev.D 105 (2022) 3, 034507



6 La t t i ce	se tup

• , a = 0.076 fm

• 2+1f HISQ gauge ensembles

• Clover-fermion,  MeV

• 1-HYP smearing for Wilson line

•  4 momentum from 0 to 1.52 GeV  

using boosted smearing

643 × 64

mπ = 140

R(ts, τ) =
⟨N(ts)𝒪 f

Γ( ⃗z, τ)N(0)⟩
⟨N(ts)N(0)⟩

ts→∞
hB(z, Pz)

Γ = iγ0γ⊥γ5

ts 0
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• Pseudo-PDF, Short Distance Factorization 

• …
A. Radyushkin, PRD 100 (2019)
A. Radyushkin, Int.J.Mod.Phys.A 2020

Par ton	d i s t r ibu t ion	 func t ions

q̃(x, Pz, μ) = ∫
dλ
2π

e−ixλhR(x, z, Pz, μ)

q(x, μ) = ∫
dy
y

C−1 ( x
y

,
μ

yPz ) q̃(y, Pz, μ) + 𝒪 (
Λ2

QCD

x2P2
z

,
Λ2

QCD

(1 − x)2P2
z ) large	Pz

• Quasi-PDF, Large-Momentum Effective Theory 
X. Ji, PRL 2013

X. Ji, et al, RevModPhys 2021



8 Bare	mat r ix	e lemen t s

Exci
ted

 st
ate

Grou
nd 

sta
te

Pz = 0.254nz GeV

R(ts, τ) ts→∞
hB(z, Pz)

hB(z, Pz)

hB(z = 0, Pz) = gT /ZT

z [fm]Preliminary
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• The twist-2 OPE formula.

ℳ(z2, Pz,0) =
∞

∑
n=0

(−izPz)n

n!
Cn(z2μ2)
C0(z2μ2)

⟨xn⟩
gT

‣ Real	part:	even	moments.	
‣ Imaginary	part:	odd	moments.

ℳ(z2, Pz, P0
z ) ≡ (

hB(z, Pz)
hB(z, P0

z ) ) (
hB(0,P0

z )
hB(0,Pz) ) = (

hR(z, Pz)
hR(z, P0

z ) ) (
hR(0,P0

z )
hR(0,Pz) )

• RG invariant double ratio.

Rat io - s cheme	renormal i za t ion

• Ratio scheme renormalization A. V. Radyushkin, PRD 2017

K. Orginos, et al, PRD 96, 2017

B. Joó, et al, PRL125, 2020

X. Gao, et al, PRD 102, 2020

Z. Fan, et al, PRD 102, 2020ℳ(z, Pz, P0

z ) =
hB(z, Pz, a)
hB(z, P0

z , a)
=

hR(z, Pz, μ)
hR(z, P0

z , μ)

X. Ji, J. H. Zhang and Y. Zhao, PRL120 (2018)
J. Green, K. Jansen and F. Steffens, PRL121 (2018)
T. Ishikawa, et al, PRD 96 (2017)

hB = e−δmzZ(a)hR



10 1.	Me l l i n	moments

Preliminary

⟨xn⟩u+d /gu+d
T

Preliminary

⟨xn⟩u−d /gu−d
T

μ = 2 GeV
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λ

Im[ℳ(λ, z2, Pz,0)]Re[ℳ(λ, z2, Pz,0)]

λ

Preliminary

1.	Me l l i n	moments



12 2.	T ransvers i t y 	PDFs	 f rom	mode l 	 recons t ruc t ion

q(x) = Axα(1 − x)β(1 + subleading terms)

hR(z, Pz, μ) = ∫
1

−1
dα𝒞(α, μ2z2)∫

1

−1
dye−iyλq(y, μ)+𝒪(z2Λ2

QCD)

Leading twist factorizaiton:

Deep neural network (DNN)

Model

q(x; α, β, θ) ≡ Axα(1 − x)β{1 + ϵ(x) ⋅ sin[ fDNN(x; θ)]}
BNL-ANL, Phys.Rev.D 107 (2023) 7, 074509
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Linear transformation: input 


Activation:                   output 


Loss function:             

z(l)
i = b(l)

i + ∑
j

W(l)
ij a(l−1)

j

a(l)
i = σ(l)

elu(z
(l)
i ) = θ(−z)(ez − 1) + θ(z)z

J ≡
η
2

𝒪(b, W) ⋅ 𝒪 +
1
2

χ2(𝒪, α, β)

Hidden layer:

2.	T ransvers i t y 	PDF	 f rom	mode l 	 recons t ruc t ion
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Re

ℳ
(λ

,z
2 ,P

z,0
)

2.	T ransvers i t y 	PDF	 f rom	mode l 	 recons t ruc t ion

u + d

u − d

Anti-quark distributions are negligible. 
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qu+
d (x

)/
gu+

d
T

qu−
d (x

)/
gu−

d
T

μ = 2 GeV
Preliminary

2.	T ransvers i t y 	PDF	 f rom	mode l 	 recons t ruc t ion
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hB = e−δmzZ(a)hR

Hybrid scheme renormalization

• Short distance :z ∈ [0,zs], zs ≪ ΛQCD • Long distance :z ∈ [zs, + ∞]

hR = eδm|z−zs|
hB(z, Pz, a)
hB(zs,0,a)

hR =
hB(z, Pz, a)
hB(z,0,a)

hB(z, pz = 0) = Z(a)e−δmze−m̄0zC0(z2μ2),

Renormalon ambiguityδm′ = δm+m̄0

hB(z, pz = 0)
hB(z − a, pz = 0)

= e−δmae−m̄0a
C0(z2μ2)

C0((z − a)2μ2)

Hybr id	 renormal i za t ion
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R. Zhang, et al, PLB, 844, 2023

Preliminary

Hybr id	 renormal i za t ion



18 3.	T ransvers i t y 	quas i -PDF

u − d

u + d

zPz

hR (z
,P

z)
hR (z

,P
z)

Preliminary

F.T.

q̃u+
d (x

)/
gu+

d
T

q̃u−
d (x

)/
gu−

d
T

x

Preliminary

LO

u − d

u + d



Summary

Bare transversity matrix elements of iso-vector and iso-scalar.

• The first few Mellin moments, ratio-scheme. 

• Reconstruct the PDF using DNN, ratio-scheme.

• Quasi-PDF, hybrid-scheme.  
The NLO+LRR+RG matching in on going.
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Thanks for your attention!
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Backup



21

q−(x) ≡ qq(x) − qq̄(x)

q+(x) ≡ qq(x) + qq̄(x)

Imaginary part:

Real part:

ℳ(λ, z2, Pz,0) =
∞

∑
n=0

(−izPz)n

n!
Cn(z2μ2)
C0(z2μ2)

⟨xn⟩
gT q+(x)

q−(x)

q+(x) − q−(x) ≡ 2qq̄(x) ๏ Anti-quark	distribution	negligible.

Transversity PDF from model reconstruction

Preliminary

qu−
d (x

)/
gu−

d
T

x

The difference:



22 LaMET	 fac to r i za t ion	and	hybr id	 renormal i za t ion

q̃(x, Pz, μ) = ∫ dzeixPzzhR(x, z, Pz, μ)

q(x, μ) = ∫
dy
y

C−1 ( x
y

,
μ

yPz ) q̃(y, Pz, μ) + 𝒪 (
Λ2

QCD

x2P2
z

,
Λ2

QCD

(1 − x)2P2
z )


